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Abstract
In this paper we prove that every n-cycle (n > 6) with parallel
chords is graceful for all n > 6 and every n~cycle with parallel
Pi-chords of increasing lengths is graceful for n = 2 (mod 4) with
1<k< |3 -1
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1 Introduction

A function f is called a graceful labeling of a graph G with m edges if f is
an injection from the vertex set of G to the set {0,1,2,...,m} such that,
when each edge zy is assigned the label |f(z) — f(v)|, the resulting edge
labels are distinct. For an excellent survey on graph labeling see [2].

A graph G is called cycle with parallel chords if G is obtained from a
cycle Cy, : vov1,- -+ ,Un—1v0(n > 6) by adding the chords v1v,—1, V2Un—2,
veey VaUp, Wherea = |3| —1land B = || +2,ifnisodd or § = | }] +1,
if n is even.

A graph G is called cycle with parallel Pi-chords of increasing lengths
if G is obtained from the cycle C, : vov1...vn—1% (R > 6) by adding
digjoint path of length k, Pi41, between the pair of vertices (vg, Un—k), for
1<k < |%] —1. The path Pi,, joining the pair of vertices (v, ¥n—k) is
called Pyyj-chord, for 1<k <|%] —1.

In [1] Delorme et al., proved that every cycle with a chord is graceful.
Koh and Yap (3] have shown that cycles with P;-chords are graceful and
conjectured that all cycles with a Px-chords are graceful. This was proved
for k > 4 by Punnim and Pabhapote [4].

In this paper we prove that every n-cycle (n > 6) with parallel chords
is graceful and every n-cycle with parallel Pi-chords of increasing lengths
is graceful forn =2 (mod 4) with 1 <k < | 3] - 1.

2 Gracefulness of a cycle with parallel chords
and parallel Pi-chords of different lengths

In this section we prove that every n-cycle (n > 6) with parallel chords is
graceful and every n-cycle with parallel Px-chords of increasing lengths is
graceful for n =2 (mod 4) with 1 <k < (3] - 1.
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Theorem 1 : For n > 6, every n-cycle with parallel chords is graceful.

Proof : Let G be an n-cycle with parallel chords for n > 6.
Let v, v1,--+ ,Vn—1 be the vertices of an n-cycle of G. Observe that by
definition, G' has n vertices and M = 3—“2:3 edges, where p = 3, if n is odd
or p=2, if n is even.

We give labels to the vertices of G in the following two cases:

Case 1: When n is odd

Define f(vp) = 0

fvaie1) = 3i-2, for 1<i< I—"—E-l
n—-6i+1 n—1
D) = —,———— L < | ———
f('uh) 2 ’ for 1<i< i 2 ]
3 — Bi i
fn—(2i-1)) = n__ztiz_-k_g’ for 1<i< n_41_
fop-2i) = 3i, for 1<i< LEZ_I
Case 2: When n is even
Define f(vg) = 0
fn) =
3n—2
flonr) = )
flvn) = n-6i+2 o 1<ic |t
2 | 4 ]
f(Vp-2i+1)) = 3n— 63, for 1<i< |22 4
2 | 4]
f(vn-2) = 3i, for 1<i< |2 Z 4
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flvap1) = 3i+2,for 1<i<4,
n—4

where 6 = I,TJ — 1,when n = 4r,for some r>1

or 0= lﬁ?J y,when n=4r+2,forsome r>1
[ 3n
'Z"p
3(n+2)
\ 4

when n=4r forsome r>1

flog-1) =

when n=4r+2,forsome r>1
( 3n—-8
4 ?

3(n+4)+2
\ 4 ?

when n=4r,forsome r2>1
flvg) = o

when n=4r+2,forsome r>1.

It is clear that f is injective and the edge values are distinct and range
from 1 to M. Thus f is graceful labeling. Hence the graph G is graceful.

Theorem 2 : Forn > 6 and n = 2 (mod 4) every n-cycle with parallel
Py.-chords of increasing lengths is graceful with1 < k< |3|—1.

Proof : Let G denote an n-cycle with parallel Pi-chords of increasing
lengths with n = 2 (mod 4) and 1 < k < | 2] ~ 1. By definition of G, G
is obtained from the n-cycle of order n : vgv; - - - vn—1v0(n > 6) by adding
disjoint path of length k, P31, between the pair of vertices (v, vn—&), for
1<k < |2]-1. Observe that G has N = 822838 yertices and M = 228n
edges (when n = 2 (mod 4), here n denote the number of vertices of an
n-cycle in G).

Observe that G has a hamiltonian path containing all the Py-chords of
G, starting with vg of n~cycle in G and ending up with v, of an n-cycle in
G, where a = | 2}. Let upu; - - - un—1 be the hamiltonian path in G.
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We give labels to the vertices ug,u1,- -+ ,¥N—2,un~1 in the following
two cases.
Case (i):
When n = 4k + 2, for some k > 1 (i.e., n = 2 (mod 4), and k even).

Then equivalently, we can consider n = 8t + 2, for some ¢ > 1.

Define  f(ug) = 0
flug) = i, forl1<i< (¥34)
fluzo) = M-(i-1), for1<is (24ea)
flun-@in) = M—(F)+j-1, forl<j<t
flun—(ats2i41)) = M—(§)+t+j, for1<j<te
flun-1) = flun—@e+n) +1
flun—z) = f(un-4)+2.
Case (ii):
When n = 4k + 2, for some k > 1 (i.e., n =2 (mod 4), and k odd).

Then equivalently, we can consider n = 8t — 2, for some ¢ > 2.

Define  f(ug) = 0
flum) = 4, forlgis (M=)

fluzicy) = M-—(i—1), for1<i< (%32)

Flun—@zj+1) = (ﬂif_;—‘—zl) , for1<j<t
f(‘uN—(2t+2j+1)) = (N‘ 2"2*'2"1 ) , forl<j<t-1

flun-1) = flun—(a-n) -1

It is clear that f is injective and the edge values are distinct and range
from 1 to M. Thus f is graceful labeling. Hence the graph G is graceful.
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Here, in this paper we have proved that graph obtained from an n-cycle
of order n : vovy . .. p—19p (R 2 6) by adding the path Py of length with
k or 1 between a pair (vk,vn-k), for 1 < k < [3] — 1 are graceful. Is it
true that the graph obtained from an n-cycle of order n : vov; ... v5—1 by
adding Pi-chord of an arbitrary length k — 1 between the pairs (vg, vp—z),
for1 <k <|%]—1 is graceful?
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