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Abstract

Cahit and Yilmaz [15] called a graph G is E § —cordial if it is
possible to label its edges with numbers from the set {0, 1, ooy k — 1} in such
a way that, at each vertex V of G , the sum modulo K of the labels on the
edges incident with V satisfies the inequalities Im i)—m( )I <1 and
|n i)—n( )l <1, where m(5)and n(t) are, respectively, the number
of edges labeled with § and the number of vertices labeled with £ . In this
paper, we give a necessary condition for a graph to be E x — cordial for

certain K . We also give some new families of E ¢ — cordial graphs and we

prove Lee's conjecture about the edge-gracefulness of the disjoint union of two
cycles.
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1. Introduction

All graphs in this paper are finite, simple and undirected. We follow
the basic notations and terminology of graph theory as in [5].

Let G be a graph with vertex set vV (G ) and edge set E (G) . An
edge labeling f E (G) - {O, 1,...,k —'1} induces a vertex labeling

fPV(G)>Z, definedbyf *(u)= Y, f (wv)(@modk),

uveE(G)
for all vertex ueV (G) . Fori € Z £ let

m;(f)=|{ec EG): f(e)=i}|ama
n,.(f)=|{ueV(G): f*(u)=i}|. fis called an
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E x — cordial labeling of G ,if the following conditions are satisfied for all
i,j€Zy:|m(F)—m;(f)|<and| n, (F )=, (F )| <1
A graph G is called E;, — cordial if it admits a E, — cordial labeling.

The notion of E § —cordial labeling was introduced by Cahit and
Yilmaz [4] in 2000. Yilmaz and Cahit {15] first introduced the notion of

E, —cordial labeling in 1997 under the name of E-cordial as a weaker
2
version of edge-graceful labeling.

Lo [10] introduced the notion of edge-graceful graphs. A (p,q)
graph G is said to be edge-graceful if there exists a bijection f from
E(G)to {1,2,...,q}so that the induced mapping f +from |4 (G)to

{O,l,...,p—l}deﬁned by f+(u)= Z f(uv)(modp) for

uveE (G)
every UV (G ), is a bijection.

We present some definition of labelings related to our work. Let G be
a graph with vertex set V (G)and edge set E (G) . A vertex labeling

f VG - Zk inducesanedgelabelingf+2 EG) —» Zk ,

defined by f T(xy)=f (x)+f (), for all edge xy € E(G).
Fri€Z,, tee n(f)=|peV(@G): fw)=i}| aud

m,-(f)=| {eeE(G): f*(e)=i}| .Alabelingf of a graph G

is  called  k-cordial  if ln,.(f )—nj(f)|51 and

m;(f)—m;(f) '51 forall i,j€Z,. A graph G is called k-
cordial if it admits a k-cordial labeling.

The notion of k-cordial labeling of graphs was introduced by Hovey [8] as
a generalization of harmonious and cordial labelings. Harmonious labeling was

introduced by Graham and Sloane [7]. They defined a graph G of g edges to
be harmonious if there is an injection f from V (G ) to Z q such that the

induced function f *fom E (G)to Z 7’ defined by ,
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f *(xy )=f (x)+f (y) for all edge xy € E(G), is a bijection,
while cordial labeling was introduced by Cahit [2] who called a graph Gis
cordial if there is a vertex labeling f VG) —){0, 1} such that the

induced labeling f *.E G)-> {0, 1} , defined by

Frey)=lf £)=f (y)|. for al edge xy €E(G)and the
following inequalities hold: |n0(f )—n,(f )l <1 and

|m0(f )— m,(f )l <1, where n; (f )(resp. m; (f )) is the number of
vertices (resp. edges) labeled with .

Shiu et al. {12] proved that the composition of the path P3 and any null

graph of odd order is edge-graceful. Hovey [8] has obtained the following
results: odd cycles with pendant edges attached are k-cordial for all k ;cycles

are k-cordial for all odd k , for k even C Imk +j is k-cordial

when0 < j <%+2 and when k < j <2k ; C(2m+])k is not k-

cordial for even K and he conjectured that C 2mk +j is k-cordial if and only

if j # k ,where k and j are evenand 0 < j < 2k . This conjecture was
verified by Tao [13]. This result combined with those of Hovey [8] show that
for all positive integer k the n-cycle is k-cordial with the exception that kis

evenand 1 = 2mk + Kk . Terms and notations not defined in the paper can
be found in ( [5] and [6]). The later reference surveyed the known results to all
variations of graph labelings appears in this paper.

In the next section of this paper we give a necessary condition on
E ¢ —cordial labelings for certain k and we give new families of

E ¢ —cordial graphs. In Section 3, we deal with cycles and we present a
proof of a conjecture due to Lee (see [9]).

2. New families of £ ¢ — cordial graphs

In this section, we give A necessary condition for a graph to be E P

cordial in certain cases of K and give some new families of E ¢ — cordial

graphs.
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Cabaniss et al. [1] observed that if G is a (p,q) graph with
q =np , then an edge-graceful with edges labeled 1to q is equivalent to

using each edge label 1, 2,..., D exactly 7 times so that the induced vertex
labeling yields distinct labels modulo P . We formalize this observation in the
following theorem.

Theorem 1. Let G be a (p,q)graph with ¢ =np , then G is edge-
graceful if and only if G is E p ~cordial.

Corollary 1. C n is edge-graceful if and only if C nis E n — cordial.

Yilmaz and Cahit [15] have observed that any graph of order P fails to
be E-cordial when p = 2(mod 4) . In the following theorem we generalize
the result of Yilmaz and Cahit for all even K .

Theorem 2. Let k be even. If G is a (p ,q) E x —cordial graph with
pandg =0(modk ), then p =0(mod2k).

Proof. Let [ isa E, — cordial labeling of G , then

2 fT0)=2 Y f(e) (modk).

veV (G) ecE(G)

As pandq =0(modk ), then mi(f)=%and n,-(f)=%forall

ie Zk and hence

k-1 k-1 -
Zif—sZZi%(modk):%QEO(modk), and as
i=0 i=0

k is even, then p =0(mod2k).0

Corollary 2. (i) If GisE o-cordial of even order P, then
p =0(mod4)[i5].
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(ii) Every graph of order congruent to 4(mod 8) and of size congruent to
O(mod 4) isnot E 4-cordial.

Theorem 3. Let k be odd and let G be a non-null ( p,q) E ¢ — cordial
graph with p =0(modk) and H be (n,m) E, —cordial graph. If
gorm = O(modk ), then G +His Ek — cordial graph.

Proof. Let V (H)= {ul,uz,...,un}and let g, h be the Ek — cordial

labelings of G, H respectively. Define
fE@G+H)—{0,1,...k —1} as follows:

flg(c)=g, flE(H)=h and for all v €V (G):

f@v)=iic g*@)=i and for al u€V (H), in case of
n £#—1(modk ) and otherwise,

f@v)=ii g'w)=i, fo an ueV(@H)—{u,} and
fwy)=k-1-iig @)=i.

For every U eV (H),as

f *(u)=(h*(u)+—’?-'§i)(modk)
k iz

pk -1)
2

=(h* @)+ ) (mod k)

=h*(u) (modk), (as k odd)

we get nj(f |V(H))=nj(h),forall 0.<_j <k -1.

Again, as k odd, there exists a permutation O € S P such that
f*(v,.)=g+(va(i)) foo all 1<i<p, tha s,
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n,-(flv«;)):",-(g) for alll 0<j<k —1. Now, for all
0<i <k -1, n,.(f)=n,.(g)+n,.(h)=7'c'i+n,.(h) and
m, (f ) =m; (g)+m, (k) + £

As |n,.(f)—nj(f)|=|n,.(h)-nj(h)|51 and if  qor
m =0(modk ), we get

i (F ) =m (£ )| =|m; (&) —m; (&) +m, () —m ()| <1
and fisa E ¢ —cordial labeling of G +H and this completes the
proof. [

Corollary 3. If G is a non-null (p,q) E, —cordial graph with k odd
and p =0(modk ), then G + I?n is Ek = cordial.

Corollary 4. Let k be odd, then K, is E, —cordial if n =0or
1 (modk).

Proof. As K x is edge-graceful for odd k [1], then by Theorem 1, K k is
E ¢ — cordial. Now, applying Theorem 3 recursively by taking firstly both of
the graphs G and H as K k and secondly consider one of the two graphs as
K 2 and the other as K ¢ and so on, we get that K nis E x —cordial if
n=0 (modk)and then applying the same theorem taking the graph
G as Kn n=0 (modk), and H as Kl’ we get Knis
E, —cordialif n =1 (modk).o

Cahit and Yilmaz [4] proved that K, is E; —cordial forall n 2 3.
Their proof is so long. However we present a simple one
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Corollary 5. K, is E; —cordial for all 23 4.

Proof. If 1 =0 or 1 (mod3), then K, is E5 —cordial, by Corollary 4.
If n =2(mod3), n =5 we prove only that Kis E; —cordial and
then applying Theorem 3 by taking the graph Has K sand firstly the graph
Ga K 3., secondly as K ¢ and thirdly as K g and so on, we get the
required. Now, we show that K 5 s E 3 —cordial.  Let
V(K5)={v1,v2,...,v5}, define f :E(Ks)—){o,l,z}as
FOp)=2,i=234,f0ps)=1fop,)=1i=34,
FOp)=0, fop)=0, f@ps)=2amd fOps)=0.
One can easily show that f isan E 3 —cordial labeling of K 5-0

3. Cycles and other labelings

We note that the notion of E ¢ — cordial and k-cordial labelings coincide

for cycles or for the graph consisting of disjoint union of cycles. We formalize
this observation in the following theorem.

Theorem 4. Let G be the disjoint union of cycles of P vertices, G is

E p — cordial if and only if G p-cordial.

Corollary 6. C , is E, —cordial if and only if C, k-cordial.

Cahit and Yilmaz [4] proved that C , is E 5 —cordial for all 72 2 3.
However, from the work of Hovey [8] and Tao [13], we get the following:

Corollary 7. C n I8 E ¢ — cordial for all odd k and if k is even, C n s
E, —cordial ifand only if # ¥k (mod 2k ).

Graham and Sloane [7] showed that C n is harmonious if and onlyif n

is odd. Again as C p is n-cordial if and only if C n is harmonious [8). Lo
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[10] and Cabaniss et. Al [1] proved that C n is edge-graceful when 72 is odd.
However, from Corollary 1 and Corollary 6, we get the following result:

Corollary 8. C n is edge-graceful if and only if 7 isodd.

In 1987, Lee (see [9]) conjectured that C m uC 2n+1 15 edge-graceful

forall m 22and n 21 except for (m ,n) = (2, 1). Lee, Seah and Lo
[9] have proved this conjecture for the case M2 = 1 and 11 is odd. They also
prove: mC n is edge-graceful if 71 and 7 are odd, C n uC on+2 1S edge-

graceful when M isoddand C n uC 4 18 edge-graceful for 7 odd. Cahit
(3] proved that mC n is harmonious for all 72 and 72 are odd. Same result

have done by Youssef [16] who proved that if G is a harmonious graph of
odd order then MG is harmonious for all odd 7 . Seoud, Abdel Magsoud
and Sheehan [11] proved that when M or Ris even, mC nis not

harmonious. They also proved that C n uC n+1is harmonious if and only if

n 24 and conjectured that C5 \UC,, is harmonious when 7 = 3. This
conjectured proved by Yang, Lu and Zeng [14]. They proved that all graphs of
the form C2j+1 uCz,, are harmonious except for (n,j) = (2,1).

Combining the above results with our results in this paper enable us to prove
the conjecture of Lee in the following corollary:

Corollary 9. C,,, UC,, . is edge-graceful for all m =2and n 21
except for (m ,n) = (2, l).

Again as, mC n is harmonious if and only if 72 and 7 are odd, we get

Corollary 10. mC n is edge-graceful if and only if 72 and 7 are odd.
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