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Abstract

The support of a t-design is the set of all distinct blocks in the
design. The notation ¢-(v,k,A | b%) is used to denote a t-design
with precisely b* distinct blocks. We present some results about
the structure of support in t-designs. Some of them are about the
number and the range of occurrences of i-sets (1 < ¢ < t) in the
support. A new bound for the support sizes of t-designs is presented.
In particular given a t-(v, k, A | b*) design with b > bg, where b and bo
are the cardinality and the minimum cardinality of block sets in the
design, respectively, then it is shown that b* > [Mlg\lﬁ’]. We also
show that when A vary over all positive integers, then there is no ¢-
(v, k, A | b*)-design with the support sizes equal to b° . +1, b* .. +2
and b°_. -3, where b°_; . denotes the least possible cardinality of
the support sizes in this design.

1 Introduction

Let t,v,k and A be positive integers with v > k > t. A t-(v, k, A) design is
a set of collection D of k-subsets called blocks of a v-set V(| V |= v) such
that every t-subset of V is contained in exactly A blocks. It is well known
that if 1 < i < t, then every t-design is also an i-design. In other words
every i-subset is contained in exactly A; blocks in D. Let A = A; and let
b be the number of all blocks in D (] D | = b), then the following are the
necessary relations for the existence of a t-(v, k, A) design:

A(""?) =).,.(’°‘?); b(’?) =A,-(‘.’),15a'st.
t—1 t—1 [ i

Let by, Ag and Ag; denote the least positive integers which satisfy the above
relations, then these relations are hold only for b = bgs, A = Ags, A; = Agis,
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where s € N. The support of a t-design D denoted by D* is the set of all
distinct blocks of D. We use b* =| D* | to denote the support size. The least
possible value of b* in a given design is denoted by b¢,;,. We sometimes
denote a t-(v, k, A) design with the support size b*, b = bys, A = Ags and
Ai = Ag;s, by a full configuration ¢-(v, bys, &, Ag;s, Ags, | b*) or with a more
detailed format, by t-(v, bos, k, Ao15, Ag2s, - - -, Aps, | b*).

For a family of t-(v,k,\) design one of the important mathematical
problems is to determine the set of all possible b* or their existence bounds|see
for example 4,5]. In this paper we give a new existence bound for the sup-
port sizes of t-designs, in general.

Let D be a t-(v, k&, A | b*) design. If b* < b, then D is called a ¢-design
with repeated blocks. Let D* = {B,,B,, -+, B,.} be the support of D.
We denote by f, the multiplicity or frequency of a block B € D* in D.
Consider f as the greatest common divisor of frequency of blocks or f =
ged(fg 50, Js,.)- I ged(f, A) > 1, then by applying the Trade Off Method
{6], b can be reduced by dividing it over the greatest common divisor of A
and f without any change on the size of D* (note that b = Jp, +--+ s, ).
Since the main interest in this note is the study of support sizes, we usually
assume that ged(f,A) = 1. Now consider the following subsets of D* for
every j € N:

E;Y{BeD|f, =ik H;'¥{BeD"|f,24}=U,,E,

123
AL (BeD | f, =njne N}=UEjn.

Also, the notations E'; , A;- and H_; are used for their set complements
in D*, respectively. Let E C D*, where D is a {-design with the element set
V. Let X be an i-subset of V. By A{z(X), we denote the number of blocks
in E containing X. By A;z(X) we denote the sum of frequency of blocks
in E containing X. When we write A\;g or A{g without any specification
of a special i-set X then a property about all i-subsets in E is considered.
When E = D* we usually drop E in A;g or Al and write them as A; and
A;. We use the notation a | b, when integer a divides integer b.

2 On the structure of support

The first theorem is about the number of occurrences of i-subsets in some
special subsets of the support set.
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Theorem 1. Let D be a t-(v, bys, k, Aois, Aos, | b*) design, fo"l~ afitedse€ N
and let 1 < i £t. Then we have:

(1) s|Xar, and A%4r # 1. Ifi <t we also have A*;5/, #1,2.

(2) Ifi<t ‘and k—1i3 2, then«\,‘N #1,2,3.

(3) Either |A'y] =0, or |A's| > 7.

(4) Ifi < t, then A p # (Mg —1).

(5) Ifi<tand X I)\o,, then A} g, # ((Aoi/Xo) —1). Also if for an i-set
X we have Ajg, = (Ao,/Ao), then for all (t — i)-sets in V \ X we
have /\(t_‘) BT 0.

(6) In case of Ao =2 and 1 < i < ¢, if for anz-setz\,‘ﬁn > 0, then for
the same set Afy; # Aoi — 1.

Proof. (1) We have A; = Ajps = dia, + A;p2,- By definition of A, it is
clear that s | Adia,, hence s | A4, this unphes to Aj, =0or2 2. Now

let i <t and X be an i-set with A7,, (X ) = 2. Since i < ¢ then by above,
all (i +1)-sets, containing X in one of these two blocks of A', should occur
in the second block too. This leads to the equality of two blocks in D*
which is impossible.

(2) Let X be an i-set with A7, (X ) = 3 number of occurrences in

blocks B,, B,, B, of A,. Since A', C D*, by part (1) every two blocks of
these three blocks have a common point out of X, which do not appear in
the third one. Since k — i > 2 there are enough points to distinct these
three blocks. Now let ¥ € V \ X be a point such that y € B, N B, but
y & B;. Hence the (i +1)-set (X U {y}) C B, N B, and do not appears
clsewhere in A,. By Part (1), s|(fs, + fa,)- Also sl(,fn1 + fo, + fa )

consequently s|f,_, which is impossible, since B, € A

(3) If A’y # ¢, then by part (2) we may consider a point z € V
thh maximum A*; s , greater than or equal to 4. We study three cases
A ({2} = 4,5 and > 6 and show that in each case the claim holds.

Let z\m, ({z}) = 4, so A’ has at least 4 blocks B,, B,, B,, B all of which

contain the point z. Let y € V\{z}andye B, \ B,. By part (2) above y
appears at least 4 times in A’,. By Parts (1) and (2) the point y does not
appear in both blocks B3 and By, for otherwise, considering A} At {=,v})

implies that s|f3 or s| fa, which in not possible. Hence y needs at least two
other appearances in A', to satisfy the conditions of part (2). In other
words A, has at least 6 blocks. Considering distinctness of the 5-th and
the 6-th block, implies that A', > 7. For the other two cases A} a({zh) =35
and A, ({z}) 2 6, a similar argument implies the claim.
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(4) Let X, (X) = (A3 — 1) for an i-set X C V. Then Ag;(X) = s,
which by part (1) implies the equality of two blocks and this is not possible.

(5) Let X C V be an i-subset with AJg, (X) = ((Moi/Xo) — 1). Since
each t-set appears in at most one block of E), the number of all t-sets
containing X that do not appear in E) is

v—i Agi k—i k—i

(t—i) "(K"”(t—:‘) = (t-i)
The i-set X has at least two occurrences in E), (note that A; — A;g, = ),
which leads to a common occurrences of all these ':::), (t —3)-sets with X.
This leads to the equality of at least two blocks in E), which is impossible.
Now, let X be an i-set with X:.-EA(X) = (Mi/Ao), 50 Xig, (X) = A; and
hence X does not appear in E . This implies that all (}7}), (t — i)-sets
from V \ X appear in E). In other words )\z‘_,.) g, 7 0 for all these (¢ —i)-
sets.

(8) Let X C V be an i-set with A}y (X) = Ap; — 1. Since Mg = 2, no
t-sets appear more than two times in H,. Let M and N be the collections of
all t-sets containing X, which appear in one and two of these Ag; — 1 blocks
in H;, respectively. Let |M| = m and |[N| = n. Counting the number of all
these t-sets in H, (not necessarily different) imply the equation m + 2n =
(Moi — 1)(52J). Also all possible (Y) number of these t-sets (including
X) should appear in H,, hence clearly m +n = (Y7}). Solving these two
equations simultaneously, yields m = (¥=]) and n = (¥Z¥) - (¢2§). An
elements of N do not appear in H',. Elements of M appear in H', (since

i ¢ (X) > 0), but they may make only one block there. This implies that
in H, they occur in blocks with frequency greater than s. Hence they build
their unique block in H; again, which is not possible. a

The following theorem presents a new bound for the support sizes.

Theorem 2. Let D be a t-(v, bys, k, Agis, Ms, | b*) design, we have:
(i) Ifb > by, then b* > [[Zlo)I¥Ty

(i) If b > bo and k — i > 2, then b* > [[Me/20d1321 for ) < j < &,
(iii) If Hy = ¢, then b* > [bo/Xi]l +bp for 1 <i<t.
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Proof. (i) If b > &g, then clearly s > 1 hence A’y # ¢. For otherwise
we have D = A, and and this contradicts our general assumption(in the
introduction) that ged(f,\) = 1. In this situation at least ((%) — (¥)|A])
number of all t-sets do not appear in A,. By Part (1) of Theorem 1 these

’ ’ vy _ [k
t-sets have at least 2 occurrences in A ,, hence |A,| > f2££)—é§y] or
|A"5] > [2(bo/A0)] = 24|, s0 b* = |As| +|A] 2 [(26,/2)] = |244]. By
Part (3) of Theorem 1, |A'y| > 7, therefore b* > 7+ |A,|. Summing up
these two inequalities, we get b* > [[(26 ! 5 )'l+7-|'

(ii) Now let i < t and k — i > 2, then as above at least ((3) — (§)14sl)
number of all i-sets do not appear in A;. By Part (2) of Theorem 1 these

DAl

i-sets have at least 4 occurrences in A';, hence |A',| > [434= ] or

A" o] 2 [4(bo/M0i)] = 4]A], 50 b* = |A's| +[A,] 2 [(4by/20:)] - 3As]. By
Part (3) of Theorem 1, JA';| > 7, therefore 3b* > 21 +3|A,|. Summing up
the above two inequalities for b*, we get b* > [ML’%&)_I"'_”].

(iii) If H; = ¢, then D* = H', and each i-set has at least Ag; + 1
occurrences in D*. Hence D* should contain at least (})(Xo: + 1) of i-sets.
Consequently

62 1(%) Oos + 1/ (5)1 = Do+ G20 = b + fbo/Yor

Corollary 3. Let D be a t-(v,k,A) design with Ao = 1. Then D has no
support sizes equal to by + 1, bp +2 and bp + 3. This, in particular implies
that when by = b*min then the support sizes equal to b*min + 1, b*min +
2, b*nin + 3 do not ezist.

Proof. Setting b, = b"min and Ap = 1 in case (i) of the above Theorem,
implies the claim. o

In the following we study the range and dependence of the number of
occurrences of i-sets in the support of a t-design.
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Proposition 4.(i) Let A} be as defined above the number of occurrences of
i-sets in the support of a t-(v, k, A) design, then

[Ai/R] < Af < min{),, (Z : :) b

where b = min{\;, bfv}.
(ii) Let A; be the set of i-sets with j occurrences in D*. Also let a; =

|Aj|. Then
Ej:u\: jaj = (’i‘)b‘
Zj:)\; a; =()

where A} vary over the range given in (i).

Proof. (i) The least number of cccurrences of an i-set in the support of a
design is obtained if it occurs in blocks with the highest possible frequency,
where by Mann’s inequality {7] is at most equal to A, so clearly [);/h] < A!.
On the other hand, the least possible frequency of blocks is 1. This gives
at most A; occurrences of an i-set in D*. Also the maximum number of
times that an é-set occur in D* is just the maximum number of blocks that
could be made by a specified i-set which is clearly equal to (}_}). Therefore

Ap < mindx, (29}

ii) The first equation in this system is obtained by computing the total
number of “occurrences” of i-sets that appear in the support. The second
equation is obtained by computing the total number of i-sets that appear
in the support. (]

Remark. If we apply the above proposition to study a special subset of
D, then the values of the right sides of the above equations and the ranges
of A} may change.

Application. One can build a method from the above theorems to
search for the existence of support sizes near the by. The following are a
few examples:

2-(9,3) designs. It is proved that the support sizes b* = 13, 14, 15, 16,17
and 19 do not exist. A design with the support size b* = 18 is also pre-
sented (2].

2-(13,3) designs. It is shown that the support sizes b* = 27,28, 29, 31
do not exist. A design with the support size b* = 30 is also given [1].

2-(15,3) designs. It is shown that the support sizes b* = 36,37, 38, 40
do not exist. A design with the support size b* = 39 is also given [1].

2-(11,5) designs. It is shown that the support sizes b* = 12,13, 14,15
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do not exist [1].

4-(11,5) designs. There is no design with the support sizes b* =
67,68, 69, for we have A9 = 1 and by = 66, now the corollary 3 yields the
claim(3].

3-(8,4) designs. There is no design with the support sizes b* =
15,16,17. For we have A\g = 1 and by = 14, now the corollary 3 yields
the claim(3].

3-(10,4) designs. There is no design with the support sizes b* =
31,32,33. For we have A\g = 1 and bp = 30, now the corollary 3 yields the
claim(3].
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