A NOTE ON ¢-BERNOULLI NUMBERS AND
¢-BERNSTEIN POLYNOMIALS

TAEKYUN KIM, CHEON SEOUNG RYOO, AND HEUNGSU YI

ABSTRACT. The purpose of this paper is to investigate some prop-
erties of several g-Bernstein type polynomials to express the bosonic
p-adic g-integral of those polynomials on Z,.

1. INTRODUCTION

Let p be a fixed prime number. Throughout this paper, Z;, @, and C,
will denote the ring of p-adic integers, the field of p-adic rational numbers
and the completion of the algebraic closure of Qp, respectively. Let N be
the set of natural numbers and Z, = NU {0}. Let v, be the normalized
exponential valuation of C, with |p|, = p~*»®) = 3. Let g be regarded as
either a complex number g € C or a p-adic number g € C,. If ¢ € C, then
we always assume |g| < 1. If g € C,, we usually assume that |1 —g|, < 1.
In this paper we define the g-number of = by

o=l ql=——L.
1-¢
Let UD(Z,) be the set of uniformly differentiable functions on Z,. For

f € UD(Z,), the bosonic p-adic g-integral on Zp is defined by

pV-1

) = [ fe)na(e) = Jim o 3 @, (e 23D ()

=0

2000 Mathematics Subject Classification. Primary 11B68, Secondary 41A36, 41A30,

05A30, 11P81.
Key words and phrases. Kim’s g-Bernstein polynomial, extended Kim's g-Bernstein

operator, g-Bernoulli numbers.
This study is supported in part by the Research Grant of Kwangwoon University in

2010.

ARS COMBINATORIA 104(2012), pp. 437-447



In [2], the Carlitz’s q-Bernoulli numbers are inductively defined by

1, ifk=1
=1, )f = Brg=< ’ 2
Boq 9(gB +1)% = Br,q { 0, ifk>1, (2)
with the usual convention of replacing * with ;4.
The Carlitz’s g-Bernoulli polynomials are also defined by
k Ik . .
Brat@) = @0+ el = 3 (5) o Bualals~. ®)

i=0

In [2], Kim proved that the Carlitz g-Bernoulli numbers and polynomials
are represented by p-adic g-integral as follows: for n € Z,,

Bra = /z,, Elydaa(@), Buglo) = [ lo+aldia) @
The Kim’s q-Bernstein polynomials are defined by
Bun(e,0) = () llbla = 2=, (see (18], ®)

where n,k € Z,, and z € [0,1].
Let f be continuous functions on [0,1]. Then the Kim’s g-Bernstein
operator of order n for f is defined by

n
~ E\ ~
Bralf 19)= 3 1 (£) Buntei0, (500 I5).
k=0

In this paper, we consider the p-adic analogue of the extended Kim’s
g-Bernstein polynomials on Z, and investigate some properties of several
extended Kim’s g-Bernstein polynomials to express the bosonic p-adic ¢-
integral of those polynomials.

2. EXTENDED g¢-BERNSTEIN POLYNOMIALS

In this section we assume that ¢ € R with 0 < ¢ < 1. Let C[0, 1] be the
set of continuous function on [0, 1].

For f € C[0,1], we consider the ertended Kim’s q- Bernstein operator of
order n as follows:
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Bag(f | 21,22) = kZ:;)f (g) (Z) [z1]5[1 — =2 ::nk

= Z_f (%) §k,n(xl7m2 | q)‘
k=0

For n,k € Z,, and 2,z € [0,1], the extended Kim’s q-Bernstein polyno-
mials of degree n are defined by

(6)

Buntorma 9 = () lmlslt -zl ™

In the special case x; = z2 = z, then §k,n(x1,x2 |q) = Ek,n(x,q).
From (6) and (7) we can derive the generating function for
§k,n(m1,x2 | ¢) as follows:

t{z1)e)® exp(t[l — z2),-
F(a1, 3, ¢) = 21l ",5![ 2ly), (8)
where k € Z4 and x,,z, € [0,1].
By (8), we get
oo

[""l]k[1 ) n
I,—-ék)(g,,hw2 | t) = Z _QkT‘J_t +k

n=0
. [n T Ald
n=
oo gn
e ZkBk,n(mlaxZ | Q)m-

Thus, we have

q—l ’

G [xl]";[l —z"F, ifn>k
0, ifn<k,

Bin(zr,22| q) = {

forn,k € Z,.
It is easy to check that

Buokn(l— 23,1 —21]¢7") = Bn(z1,72 | 9) (10)
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and that for 0 < k <,
[1 - 22)g-1 Bi n1(21, %2 | 9) + [21)g Bror,n-1(21, 22 | 9)
= 1=l (1 oulia -zl
+lorlo(y Z 1 )il — iyt (1)
= (})eatta - zalz=

= Byn(21,72 | 9).
Therefore, we obtain the following theorem.
Theorem 1. For z,,z; € [0,1] end n,k € Z,,

[1 — za]g-1 B n(21,22 | g) + [21]gBr-1,n(z1, 2 | 9) = By nia(21,22 | g).

It is also easy to see that for k € Z;, n € N and ,,z, € [0,1],

0 ~
oo — By n(z1,72 | q) = 'i(iqz’an-l.n-l(xl,xz | 9)

and

0 = lo ~
a—zsz,n(xnwz lq) = I—E%qz’n&m-l(ﬁfhm l9).

These show that the partial defiva.tives of ﬁk,,.(:cl,xz | q) are also g-
polynomials of degree n — 1. Therefore, we obtain the following lemma.

Lemma 2. Fork € Z,,ncN and z;,z; € [0,1],
%ﬁk,n(zl,zz lg)= -?Lin{(q—l)[leqﬁk—l.n-l(zl,-‘l-'z | @)+Br-1,n-1(z1,72 | 9)}
" —

and

b—z—Bk.n(zl.zz lg)= l n{(q—l)[zzquk.u-l(znzz | 9)+Bin-1(z1,22 | 9)}.



If f =1, then we get from (6)

n
Bng(1 ] 21, 22) = ZBk.n(mlsxz | 9)
k=0

= Z (7’:) [-’171]2[1 _ le"r;_—)k (12)

k=0
= (1+ [1]q — [72]0)™,
where n € N and 1,22 € [0,1]. Therefore we have
1
1+ [z1)g — [z2lo)™
If f(¢t) = t, we also get from (6) that for n € N and z,,z; € [0,1],

Brg(t] z1,22) = Zn: ('f}) bmalglt = zalg= (k)

k=0

_Z[a:l]q[l a.-z]"-k( i)

=[1:1]q’§ (”;1)[x,]q[1 e ol

k=0

Brg(l]2z1,22) = 1.

Thus, we have

1
(1 + [z1]q = [2lg)™*

Note also that if f(t) = t2, then we get from (6)

Byt | 21,22) = [z1]q-

Tﬁ;n.q(tz ' 11’12)

L+ el — bl + B [l )

where n € N and z,,z; € [0,1].
In the special case of ; = 72 = =,

Bt | 71,22) = Bog® | 20) = T2+ B2 (13)
Notice from (13) that

Jim B (¢ | 7, 2) = [
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We see from (6) that for n € N and z,,z, € [0, 1],

Bl lo0z) =Y f ( 2) Bunton,zz

k=0
=) ) 1lﬁg(n;k)(—l)"[lei

=55 (e () ens (2) ()"

Also, we have from the definition of Bk,n(wl,xz | g) that for n € N,
ke€Z, and z,,z, € [0,1],

n—k=~ k+1
Bin(z1,72 | g) +

-1)! _ —1)!
- k!('r(zn— k 1 1)! loalglt ~ malg + k!(r(zn— kl-)- 1)! [e1lg

= ([xI]q + [1 - aa]q'l )ﬁk.n—l(z11$2 I Q)
= ([z1]g + 1 - [#2]g) Bn—1(z1,2 | 9)-

Bisin(z1,72| @)

+l[1 .’L‘]n —k—1

(14)
We note from the binomial theorem that

Bin(z1,22 | q) = ({—z—;}f)k g (Ilc) (7)(—1)l—k[z2]£;.

It is possible to write [:1:1]'; as a linear combination of Ek,n(a:l, z2 | q) by
using the degree evaluation formulae and mathematical induction:

(1 + [-Tl]q [:Bglq)“-l z (ﬂ) Bk'n(zl,zz I Q) [a,'l]q

By the same method, we get

1+ [x;]q [xz]q)n—2 Z (n) Bk.n(xl, z2 | q) = [:171]2.

Continuing this process, we obtain the following theorem.

Theorem 3. For j € Z; and x;,z3 € [0,1],

i 5 95, @2 10) =
T+ iy =l 2 () e
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We get from Theorem 3 that
1 ¢ - .
(1 + [x1]q — [2lg)™ 7 :;, (n) A Bin(z1,72 | ) = ’gq( )( ) (k]q!Sq(k, 5—K),

where [k]y! = [klq[k—1]q - - - [2]4[1]q and S,(k, j—k) is the g-Stirling numbers
of the second kind.

3. ¢-BERNSTEIN POLYNOMIALS ASSOCIATED WITH THE BOSONIC p-ADIC
g-INTEGRAL ON Z,.

In this section we assume that ¢ € C, with |1 — g|, < 1. We easily get
from (1) that for n € Z,.,

/ =2+ mlfdug (o) = (" / et aild). (9)
We also get from (4) and (15) that for n € Z,,
Brg-1(1 — 7) = (—1)"¢"Bn,q(2)- (16)
Hence we get from (2), (3) and (16) that if n > 1, then
¢*Bng(@) — (n+ 1) +a=g(@B +1)" = Png-

Thus, we have 11
Bng(2)=(n+1)— E + 'é'z'ﬂ"-q‘ 17

Also, it is easy to see that

/z [1 = 2J2-1dpg(z) = (~1)"0"Bng(=1) = Pag-:(2)-

Therefore we get the following equation ( 18) from (15), (16) and (17): if
n > 1, then

[ 1= aldute) = g + 4D -0 (18)
P
Taking double bosonic p-adic g-integral on Z,, we get from (18) that
[ [ Buntenma | dda(@)dua(es)
Z,JZ,

- (%) /z,[“”l]’;d#q(’“)/z,[l — zal=F dpg (w2

Thus, we obtain the following theorem.

(19)

443



Theorem 4. For z,,z; € [0,1) and n,k € Z,,
L[ Bunteiza | dug(en)dg(a)
z,Jz,

(D)Bra(0Bakg-r + (R —k+1)—q), if n>k+1

(k +1)Br41,e81,4-1(2), fn=k+1
=< 0, if n<k

ﬂk,qs 7‘f n=k

1, if n=k=0

We get from the g-symmetric properties of the g-Bernstein polynomials,
(10) that for n,k € Z,,

/ / Bn (21,2 | Q)ditq(@1)dptg(w2)
z,

-Z(n k)( )( —1)kH / / [1 = 2] [ — ma]pFdpg(21)dpg(=5)

1=0

- ( k) /z,, (1~ zal] g (m2) {1 — k /z [ zal-sdig(e)

(20)
We also get from (20) that for n,k € Z,.,
|| Bunter,za | dug(on)dg(a)
z, Jz,
e k
= (1) Lo-spbae{(-k-5)
+ Z ( )(—l)k*‘(qzﬂk_,,.,-x +k-l+1-9)}.
=0

Therefore we obtain the following theorem by (19) and (21).

Theorem 5. For k€ Z, withk > 2,

o= (1-5- ) +Z ( D @Bt k=141 ).



Note that for m,n,k € Z,,

/z /z Bion(z1,72 | 0)Brm(®1,72 | 0)diig(z1)dig(z2)

)0) Lt st o

N (:) (Tl:)ﬁzkvq / [1 — 2]y dpsg ()

Note also from (10) that for m,n,k € Z,

/ / By (1,22 | 9)Br,m (21,72 | @)dpq(z1)dpq(z2)

O b

/ (1 =zl g (22) )

( )( )/ -z ]“*"“”dﬂq(“’?){l—?k/zpll—xllq—xduq(m)

2k—2

2k -
£y (l)(—l)”‘”’” /z (1 = 2125 g () }.
=0 P
(23)
Therefore we see from (22) and (23) that the following theorem holds.

Theorem 6. For ke N,

AN = 2 AV
Brq = ( — 2k - [2]q) +2 ( )( 1)+ (Bt -1 +2k—1+1—g).
=0

Note that for ny,n2,...,n.,k € Z; and s €N,

[ [ TLBen(@r,2a | alung(en)dia(z)
2, JZp

B (H (TZ))/ [ dutg (1) / (1 — ol R dg(2)  (24)

8

H(n,) Boka / -z ]n1+ sk (2,).

i=1
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Note also from the binomial theorem that n,7n,,...,n,,k € Z;yand s €N,

/ /z HBkm(zl,zz|q)duq(z1)duq<zz)

= Z: (H (na)) (slk) (~1)%k+H { /;, [1 - 1] dpg (1) (25)
x /z,,[l - 1-2];'1-10-...+n.—skdpq(x2)}.

Therefore we get from (24) and (25) that

ﬂsk‘q—z( ) -k / (1 — 4] g (1)

i=0
=1- sk/ [1 - xl]q-aduq(:zzl) (26)
sk—2 sk
+ 1)3k+l 11— sk d ).
Z; ( )( / (1 = 21]327 dptg (21

Thus we see from (26) that the following theorem holds.

Theorem 7. For s € N and for k € N satisfying sk > 2,

k sk—2 k
Bua = (1-sk =2 )+ 3 ()0 @Bkt ok 1410,
9 =0
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