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Abstract

A graph G(V,E) with order p and size q s called (a,d)-edge-antimagic
total labeling graph if there exists a bijective function f : V(G)J E(G) —
{1,2,...,p+q} such that the edge-weights As(uv) = f(u)+f(v)+f(uv),w €
E(G), form an arithmetic sequence with first term a and common difference
d. Such a labeling is called super if the p smallest possible labels appear at
the vertices. In this paper, we study super (a, 1)-edge-antimagic properties
of m(P4OP,) for m,n>1 and m(C,, ® Ki) for n even and m,l > 1.

1 Introduction

All graph mentioned in this paper is finite, undirected and simple. For
a graph G, V(G) and E(G) denote the vertex set and the edge set, re-
spectively. A (p,q) graph G is a graph with order |V(G)| = p and size
|E(G)| = g. For a (p,q) graph G, a bijective mapping f : V(G)|J E(G) =
{1,2,---,p + g} is a total labeling of G and the associated edge-weights
are As(uv) = f(u) + f(v) + f(uwv), for every uv € E(G). The total labeling
is called an (a,d)-edge-antimagic total labeling ((a,d)-EAT labeling for
short) of G if the set of all edge-weights equals {a,a + d,a +2d,---,a +
(g — 1)d}, where @ > 0 and d > 0 are two fixed integers. Furthermore,
f is a super (a,d)-EAT labeling of G if the vertex labels are the integers
{1,2,---,p}. A graph that admits an (a, d)-EAT labeling or a super (a,d)-
EAT labeling is called an (a,d)-EAT graph or a super (a,d)-EAT graph,
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respectively.

The definition of an (a,d)-EAT labeling was introduced by Simanjun-
tak et al. in [12]. In [14], the authors described how to construct su-
per (a,d)-EAT labelings of all caterpillars for d = 0,1,2 and of certain
caterpillars for d = 3. Some construction of super (a,d)-EAT labeling for
disconnected graphs are presented using the notion of an a-labeling [1].
Bacda et al. also studied super (a,d)-EAT labeling for path-like trees [6],
mK, [2], mKnn [3], mKnnn [8] and mCyr,mP, [9]. Even regular graph
and odd regular graph with a 1-factor are super (a,1)-EAT, see [5]. The
super (a, d)-EAT properties of P,OP,, m(C, ®K;) and mP, UuC, studied
in [13] and [4].

In this paper, we deal with the existence of super (a,1)-EAT labeling
of m(P40OP,) for m,n > 1 and m(C,, ® K;) for n even and m,! > 1.

2 (a,1)-EAT labeling for grids

The Cartesian product of graphs G; and Gs, written G10Gj3, is the graph
with vertex set V(G1)x V(G3) specified by putting (u, v) adjacent to (u’,v’)
if and only if (1) u = «’ and vv’ € E(G3), or (2) v = ' and uu’ € E(G,).
Let P, be a path on n vertices. We call POP,(l,n > 2) a grid.

Assuming that I, n > 2 are integers. Let P, be a path with an ordered list
of distinct vertices uy, ug, - - -, u; such that u;_ju; isanedgeforall2 <i <l
Similarly, we assume a path P, as an ordered list vy, v, -+, v, such that
all v;_,v; are edges. In the graph POP,, the vertex (u;,v;) € V(POPR,) is
represented by w; ;, and the edge [(u;,v;), (ui,vj41)] € E(POP,) is repre-
sented by e; j, and the edge [(ui,v;), (uis1,v4)] € E(ROP,) is represented
by &;,5. Clearly, [V((ROPR,))| = in, |[E((POFP,))|=2nl -l —n.

Let Abea set, A= {alva'Z:"'rau)alva%'”’ans $00y01,02,¢ ", an}:
in which the amount of a; is ¢ for all i = 1,--.,n, we simply denote A by
t{a1,a2, --,a,}. As illustrations, if A = {a,b,¢,a,b,c}, we denote A by
2{a, b, c}.

Lemma 2.1 Let A be a set, A = {¢,c+2,c+4, - ,c+2k} Ut{c+k—1,c+
k,c+k+1}U{c+k} for positive integers c,k andt. For a graph G = (p, q),
if there exists a bijective function h from V(G) onto the set {1,2,---,p}
such that the set of edge-sums {s(uv) = h(u) + h(v) : wv € E(G)} equals
A, then G has a super (c+p+k +1,1)-EAT labeling.

Proof. Let E(G) = {e1, €2, -+, €.}, where ¢ = |A| = k + 3t + 2. For our
convenience, suppose that
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sples)=c+2i—2, fori=1,2,--+,k+1
sp(es) =c+k+1, fori=k+2,k+4,---,k+2t
splei)=c+k—-1, fori=k+3,k+5---,k+2t+1
sn(e)) = c+k, fori=k+2t+2,k+2t+3,---,k+3t+2.
Define a bijective total labeling f : V(G) UE(G) — {1,2,---,p+q} in
the following way:

f(u) = h(u), for u € V(G)
fle)=p+k+2—-i fori=12,---k+1
fle) =p+i, fori=k+2,k+3-- k+3t+2.

The edge-weights Ay of G under the labeling f, constitute the sets

={As(e;) =sn(e;) + f(e:) =c+p+k+i:i=1,2,--- k+1}
={c+p+k+l,c+p+k+2,-,c+p+2%k+1},
Wo={As(ei) =sn(e:) + fles) =c+p+k+itl:i=k+2,k+4, .-, k+2t}
={c+p+2k+3,c+p+2k+5, -,c+p+2k+2+1},
={As(ei) = sn(ei) + f(ei) =c+p+k+i-1:i=k+3,k+5,---,k+2t+1}
={c+p+2k+2,c+p+2k+4, - ,c+p+2k+2t},
Wa={As(ei) = snlei) + fles) =c+p+k+iii=k+2t+2,--- ,k+3t+2}
={c+p+2k+2t+2,c+p+2k+2t+43,--,c+p+2k+3t+2}.

Hence, the set J2_, W, = {c+p+k+1,c+p+k+2,---,c+p+2k+3t+2}
consists of consecutlve mtegers Thus f is a super (c +p+k+1,1)-EAT
labeling of G. a

Theorem 2.2 Let n > 2 be an integer. Then the graph P,OP, is a super
(8n +2,1)-FAT.

Proof. Note that p = |V(P40F,)| = 4n, ¢ = |[E(P,0P,)| = Tn — 4. We
define the vertex labeling h : V(P4,0OF,) — {1,2,...,4n} in the following
way:

h(wy;) =25 -1, forj=1,2,---,n
h(w2,j)=4'n—2j+1, forj=1.2,"',n
h(ws,;) = 27, forj=1,2,---,n

h(wg;) =4n—25+2, forj=1,2,---,n.
It is not difficult to see the vertex labeling f is a bijective function
from V(P;0F,) onto the set {1,2,...,4n}. The set of edge-sums {s, (uv) =
h(u) + h(v) : wv € E(P,0R,)} is given by:



sn(e1,3) = h(wy,;) + h(wy,j+1) = 45, forj=1,2,--,n-1

sn(ea,;) = h(wa ;) + h{wa j4+1) = 8n — 45, forj=1,2,---,n—1

sh(es,j) = h(ws ;) + h(wsj41) = 45 + 2, forj=1,2,--,n—1
4 sh(eq,;) = h(wa;) + h(wyj41) =8n—-4j+2, forj=1,2,---,n-1

sn(e1,3) = h(wy, ;) + h(wa,;) = 4n, forj=1,2,---,n

sn(e2,5) = h(wz,;) + h(ws ;) = 4n+1, forj=1,2,---,n

sn(€s,j) = h(ws ;) + h(wy;) = 4n +2, forj=1,2,---,n.
That is,

Ar={sn(ei;):i=1,2,3,4;5=1,2,---,n — 1} U {sn(€1,n)} U {sn(es,n)}
={4,6,8,---,4n —2,dn +4,---,8n — 2} U {dn} U {dn + 2}
={4,6,8,--+,8n — 2}, and

Ay={sn(ei;):1=1,2,3;i=1,2,---,n — 1} U {sx(e2,n)}
=(n-1){4n,4n +1,4n+ 2} U {4n +1}.

Hence, the set A; U A, satisfies the conditions in Lemma 2.1 with ¢ = 4

and k = 4n — 3. Thus by Lemma 2.1, P,OP, is a super (8n + 2,1)-EAT

graph. a
In the paper [7] is proved the following theorem:

Theorem 2.3[7] Let G be a super (a,1)-EAT graph. Then the disjoint
union of arbitrary number of copies of G, i.e. mG,m > 1, also admits a
super (b, 1)-FEAT labeling.

Directly from Theorem 2.2 and 2.3 follows:

Theorem 2.4 Letm 2> 1,n > 2 be integers. Then the graph m(P40F,) is
a super (b,1)-EAT.

3 (a,1)-EAT labeling for I-crowns

In [4], the authors studied the super (a,d)-EAT labeling of m(C, ® K)).
They remained an open problem:

Open Problem [4] For the graph m(C, ® K;), m odd and n(l + 1) even,
it would determine if there is a super (a,1)-EAT labeling.

In this section, we show the open problem is true for even n.

The I-crowns, denoted by C, ® K}, is the graph with vertex set V(C, ®
K)={c:1<i<n}U{zir:1<i<n1<k<I} and the edge set
ECh oK) ={cicip1:1Si<n—1}U{cra}U{azir:1<i<n,1<
k < 1}. Cleatly, [V(Ca 0 Ki)| = |E(Cr 0 Ki)| = n(l +1).
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Lemma 3.1 Let A be a set, A= {c,c+1,c+2,---,c+k} U{c+§},k even.
For a graph G = (p, q), if there ezists a bijective function h from V(G) onto
the set {1,2,---,p} such that the set of edge-sums {sp(uv) = h(u) + h(v) :
wv € E(G)} equals A, then G has a super (c+p+ g +1,1)-EAT labeling.

Proof. Let E(G) = {eg,e1,*,€q—1}, Where ¢ = |A| = k + 2. For our
convenience, suppose that
{ sn(es) = e +1, fori=0,1,2,---,k
snler+1) = c+ £.
Define a bijective total labeling f : V(G) J E(G) — {1,2,---,p+q} in
the following way:
f(u) = h(u), for v € V(G)
fle)=p+ 5% +1, for i =0,2,4,---,k
fle)=p+k—514+2, fori=1,3,5-.-,k—1
flex+1) =p+k+2.
The edge-weights Ay of G under the labeling f, constitute the sets:

k+i ,
W1={z\f(e.-)=sh(e,-)+f(e,-) =C+p+'Tz+1!Z=0,2,4,”~,k}
k k
={c+p+-2-+1,c+p+—2-+2,---,C+p+k+1},
i+3

W2={)\f(e.~) = sp(e;) + fle:) =c+p+k+ = l,3,---,k—1}

2
3k
={c+p+k+2,c+p+k+3,-~-,c+p+—2-+1},

3k
Wi={As(er+1) = sn(ex+1) + flers1) =c+p+ 5 +2}.

Hence, the set >, W, = {c+p+5+1,c+p+E5+2,--- c+p+ 3 +2}
consists of consecutive integers. Thus f is a super (¢ +p + £ + 1,1)-EAT
labeling of G. O

Theorem 3.2 Let | be a positive integer and n > 2 be even. Then the
graph C, ® K; is a super (2n(l + 1) +2,1)-EAT.

Proof. Note that |V(C,0K))| = |E(Crn ©K})| = n(l+1). We distinguish
the proof into two cases for n = 4t and n = 4t + 2.

Case 1. n =4t.

We define the vertex labeling k : V(C, © K;) — {1,2,+--,n(l + 1)} in
the following way:
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IH+r+(g+nDwr'---‘e+@+Nwree+ @+ 1w
THI+a+DR e+ (T +HDw e+ (T+ D))=
{1—2*To=s9"-g'1=9:2+s+ ¥+ Dw}=
{12 1=9'g +sp=1: (Vrz0)¥s}=ry
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{1—2‘To=s49" g 1=9:1+5+2+ (g + 3 +12)%5}=
{1---' ¢ 1=9'¢+sp=1: (Tia)¥s}=ty
fa+(@+ie)e'--- o+ (c+18)1 1+ (3 +18)%C
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‘st yeq,
b+ 5p =1 1) ‘B+s+1+ (31 + 1= Ty + ()y = (Y1ak)¥s
g+ sp =110 ‘T+s+ (3 + 12 = (Yra)y + (P)y = (YrzW)¥s

g+ =110 ‘T+5+2+(c+y+12)1= (M2)y+ (o)y = (Ttxh0)¥s
1+sp =110 T+5+(2+y+18)18 = (T1z)y + (P)y = (Yrz)¥s
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: ‘14 (2 +12)16 = (0)y + (*ro)y = (To%0)4s }
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swns-o8po Jo o8 oy, “{(I + )u*"‘g‘1} 198 oy oquo (137 ® “H)A woy
UOIQOIIH} GAIQOG!:!(] L1 1{ Bunaq‘e] p.CARETN 9({3 998 0]} :;[nog;p jou st E;I
P T =Y+ sp =1 10 ‘6 —3—y3g = (T1z)y
1°--‘g'1=9'g+sp =110 ‘s — 335 = (Y)Y
18 1=yC+sy =110 ‘s—34+(1+7+3)=(Tz)y
1“2 IT=y4T+sp =110 ‘s —(g+1+ 3= (T1z)y
W pg=110 ‘et (14 )18 = (P)y
T—w' ‘g1 =110 ‘T + 1z = (P)y




2t(21) +2,2t(2l) + 3,---,2¢(2l) + t + 1},
As={sn(cizix):i=4s+4,k=1,2,---,1}
={2t(l+k)+t+s+2:k=12,---,;5=0,1,---,t — 1}
=2t +1)+t+2,20(0+1) +t+3,---,20( + 1) + 2t + 1,
(L +2)+t+2,20(L+2) +t+3,---,2(0+2) + 2t +1,
2t(20) + ¢ +2,2¢(20) + t + 3, -+, 26(2l) + 2t + 1},
A6={sh(c,uc1) = 2t(2l + 2) + 1}.
Hence, the set A = (U, 4;))UAs = {2t(1+1)+2, 2t(1+1)+3, -+, ¢(3l+
2) + 2t} U {2t(2] + 2) + 1} satisfies the conditions in Lemma 3.1 with ¢ =
2t(l+1)+2 and k = 4¢(l+ 1) — 2. Thus by Lemma 3.1, C4; ® K] is a super
(c+p+ !;- +1,1)-EAT graph, i.e. C, ®K; is a super (2n(l+1) +2,1)-EAT.

Case 2. n =4t + 2.
We define the vertex labeling & : V(C, ©@ K;) = {1,2,...,n(l + 1)} in
the following way:

[ h(c:) = (2t + 1) + 2, fori=1,3,---,4t+1
h(c:) = (2t +1)(1 +1) + 5, fori=2,4,---,4t+2
hzig) =2t +1)(k+1+2)—3s, fori=4s+1,k=1,2,---,1
hzip) =2t +1)k—t —s, fori=4s+2,k=1,2,---,l
h(zix) = (2t + 1)k — s, fori=4s+3,k=1,2,---,1
| h(zig) = (2t +1)(k+1+1)+t—s, fori=4s+4,k=1,2,---,L

It is not difficult to see the vertex labeling h is a bijective function
from V(C,, ® K;) onto the set {1,2,---,n(! + 1)}. The set of edge-sums
{sn(uv) = h(u) + h(v) : wv € E(C, ® K})} is given by:

{s,.(c.-ci+1)= h(c:) + h(cip1) = (2t + 1)L+ 1) +i+1, fori=1,2,---,4t+1
8},(04“.261): h(C4g+2) + h(C1) = (2t + 1)(2[ -+ 2) +1,

and for k=1,2,---,1,
sn(cizin)=h(c:) + h{zix) = (2t +1) 2+ 5k +2) +s+1, fori=4s+1
sn(cizik)= h(ci) + h(zix) = 2t +1)(I+ k) +t+ s+ 2, fori=4s+2
sp(cizsn)= h(c:i) + h(zix) = (2t +1)(1+ k) + s+ 2, fori=4s+3
su(cimin) = h(c:) + h(zix) = (2t +1) 2L+ k+2) +t+ 5+ 2, fori=4s+4.

That is,

Ar={sn(ciciq1):i=1,2,---,4t + 1}
={t+1)(2+1)+2,(2t+ 1) +1)+3,---, (2t +1)(2 + 1) + 4t + 2},
As={sn(cizix) :i=4s+1,k=1,2,---,l}
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={(2t+1)2A+k+2)+s+1:k=1,2,---,l;5=0,1,..-,t}
={(2t+1)(2+3)+1,(2+1)(2+3)+2,---, (2t +1)(2A+3) +t+1,
t+1)QL+4)+1,(2+ 1)L +4) +2,---, (2 + 1) +4) +t+1,
(2t +1)(81+2) +1,(2t+1)(B+2) +2,---, (2t + 1)(3L +2) + t + 1},
As={sn(cizix) :i=4s+2,k=1,2,-.-,1}
={(@+1)(+k)+t+s+2:k=1,2--,5;s=0,1,---,t}
{2+ 1)+ 1) +t4+2,2+ D)+ 1)+t 43, -, (2 + DI+ 1)+ 2t + 2,
@+ 1)U +2) +t+2,2t+ 1) +2)+t+3,---, (2t + 1)1 +2) + 2t +2,
(2t +1)(20) + 42, (2t + 1)(2) + ¢+ 3,- -+, (2t + 1)(20) + 2t + 2},
Ag={sn(cizix) :i=4s+3,k=1,2,---,1}
={(2t+1)(l+k)+s5+2:k=1,2,---,;5=0,1,-.-,t — 1}
=@+ DI+ +2,@t+ DA+ 1) +3,-, 2+ DI+ 1) +E+1,
2+ +2)+2,+ DI +2) 43, -, (2t + DI +2) +t+1,
2t+ 1)) +2,(2t+1)(2) +3,--, (2t + 1)) + t + 1},
As={sn(cizix):i=4s+4,k=1,2,---,1}
={2t+1)(A+k+2)+t+s+2:k=1,2,---,5;5=0,1,---,t — 1}
={(2t+1)(20 +3) + £ +2,(2t +1)(2 +3) + t +3,- -+, (2t +1)(2L +3) +2¢ +1,
(2t +1)(2+4) +t+2, (2t +1)(2A +4) +t +3,---, (2t +1) (2 +4) +2t +1,
(2t +1)Bl+2) +t+2, (2t +1)(3L +2) +t +3,---,(2t +1)(3 +2) +2t +1},
As={sn(caes+2c1) = (2t +1)(2l + 2) + 1}.

Hence, the set A = ({JS_, A))U4s = {2t +1)(1 +1) +2,(2t + 1)(1 + 1) +
3,--+, (2t +1)(31+2) + 2t + 1} U {(2t + 1)(2l + 2) + 1}, which satisfies the
conditions in Lemma 3.1 with e = (2t +1)(! +1) + 2 and k = (2t + 1)(2! +
2) — 2. Thus by Lemma 3.1, Cy 2 O K; is a super (c+p+ % +1,1)-EAT
graph, i.e. C, ® K; is a super (2n(l + 1) + 2,1)-EAT. a

Directly from Theorem 3.2 and 2.3 follows:

Theorem 3.3 Let I, m be positive integers and n > 2 be even. Then the
graph m(C,, ® K;) is a super (b,1)-EAT.
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