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ABSTRACT. In this paper, we study the symmetry for the generalized twisted
Genocchi polynomials and numbers. We give some interesting identities of
the power sums and the generalized twisted Genocchi polynomials using the
symmetric properties for the p-adic invariant g- integral on Z;.

1. INTRODUCTION

Let p be a fixed odd prime number. Throughout this paper, the symbols
Z2,Zy,Q,,C, and C, will denote the ring of rational integers, the ring of p—adic
integers, the field of p—adic rational numbers, the complex number field, and the
completion of the algebraic closure of Q,, respectively. Let N be the set of natural
numbers and Z; = N[ J{0}. Let v, be the normalized exponential valuation of C,
with |p|, = p~* ) = 1/p.

Let UD(Z,) be the space of uniformly differentiable function on Z,. For f ¢
UD(Z,), the p-adic invariant g-integral on Z, is defined by Kim (7] :

-1
A Ly)= [ i) = Jm e S S
P 9 =0

Note that
I-1(f) = lim I_o(f).

From the definition of g—integral, we have
(1.2) I1(fi) + I-1(f) = 2f(0), where fi(z) = f(z+1).

For n € N, let f,(z) = f(z + n).
Then we can derive the following equation from (1.2):

n—1

(13)  La(fa) = ()M +2 3 (-1)"'TH(Q), (see [1-8)).

=0
For a fixed odd positive integer d with (p,d) = 1, set
(1.4) X = Xy =1limZ/dp"2Z, X, =2,
N
X' = U (e+di,),
U<a<dp,

(a.p)=1
a+dp"Z, = {z € X| z = a (mod dp")},
where a € Z satisfies the condition 0 < a < dp" (see (1 — 19]).
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It is easy to see that
(15) [ 1@du-g@) = [ e)dug(o), for f € UDE,).
X Z,

The ordinary Genocchi polynomials Gn(z) are defined as

ZG' (:z:)—

n=0
and G,, = G(0) are called the Genocchi numbers (see [4,12 — 13,16]).
For n € N,let T, be the p-adic locally constant space defined by

1.7 Ty = |J Cpr = lim Cpr = Cpoo

n>1

(1.6)

where Cpn = {( € C,|¢P" =1 for some n > 0} is the cyclic group of order p™.
It is well known that the twisted Genocchi polynomials are defined as

4
3 _nz_':)c ,((:z:) |,(e T,

and the twisted Genocchi numbers Gj, ¢ are defined as Gy ¢ = Gn ¢(0). Let x be the
Dirichlet character with conductor d € N with d = 1( mod 2). Then the generalized
twisted Genocchi polynomials Gy, 5,¢(z) attached to x are defined as follows:

!
(1.9) 2 Z'de(dt 2 i‘(l)e Z G () ,,c €T,

(1.8)

n=0

In the special case £ = 0, Gy x,¢ = Gn,x,c(0) are called the n-th twisted generalized
Genocchi numbers attached to x (see [5 — 11]).

2. SYMMETRY FOR THE GENERALIZED GENOCCHI POLYNOMIALS
Let x be the Dirichlet character with conductor d € N with d = 1(mod2) .
For ( € T,, we have

=11 y()elt
) ef C‘x(z)e"d#-:(w)=2tz’zge(d,2i‘(l)

"
=t "+1aXl(
z n+l n!
n=0
where G, x,¢ are the n-th generalized twisted Genocchi numbers attached to x. We
also see that the generalized twisted Genocchi polynomials attached to x are given

by

=L 1)y (et
(22) t [ e ) = 2 Z’?ﬁe(a L

=t Z Gﬂ"l‘l X-((z) m

n+l nl

2

where G,, x¢(z) are the n-th generalized tw1sted Genocchi polynomials attached
to x.

268



By (2.1) and (2.2), we can easily see that

ey [ oxweriraua) = 25 i 6y, o) =

In particular,

[ x@)a"dur(a) = ZEEE and G = 0

By (1.3) and (1.5), we have that for n € N,

(2.4) / f(z +n)du_y(z) = (-1)" / F@Na(e) + 2311 1)

1=0
By taking f(z) = (*x(z)e® in (2.4), it follows that

(25 ¢ / ¢t x(z + nd)e™ N dp_y () +t / ¢*x(z)e*dp—1(z)
X X

nd-1

=2t 3 (~1)'¢x(Det
1=0
nd-1
NI 1)‘<‘x(l)l‘}—
k=0 =0
For k € Z, let us define the p-adic functional T  ¢(n) as follows:
(26) Texc(m) = D_(=1'¢xOF.

=0
From (2.5) and (2.6), we observe that for k,n,d € N,

1) [ Cxt)nd +2dus@) + /x C=x(x)e du_y (2) = i pc(nd - 1).
From (2.3) and (2.7), we obtain the following result.
Theorem 2.1 For k£ € Z,. and n,d € N. We have

Gi+41,x.¢(nd) + Cr+1x.¢ _ 9Ty xclnd—1),C € T

(2:8) k+1 k+1

Let w),w; € N with w; =1 (mod 2) and wa =1 (mod 2). Then we set

(2.9)
R, €, wn, ) = Ix Jx x(@)x(z2)(rmr ¥ amaglwimtwazatwiwantyy, | (z))dp_(z,)
15, 1, W2 fX de;w:zedwlu.rgz:td“_l(x) :

By the definition of p-adic invariant integral on Z,,, we can derive that

oo Gl "
(2.10) R(x,c,wl,wz)=ZM'”2—x)“’l szcw, (dw; — )_._

= i+1 poerd
00 { f
i+1,"1, (ng) i -—f t
= Zo{z; ( ) L:_ﬁ'_ﬂ—i,cwx(dwl - Dwjwh™ T

From the symmetry of R(x, ¢, w;,ws) in wy and wy, we also see that
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(2.11)

i w: A —i tl
Rl G wn,un) = 3 :{2 : ( ) —t‘—‘,—;”;(""—”‘)n_..m.x(dwz - Dujui ).
=0 i=0

By the comparing the coefficients on the both sides of (2.10) and (2.11), we have
the following result.
Theorem 2.2 Let ¢ € Tyand d,w,,w; € N. Then we have

[

Git1xcv

(2.12) > (ﬁ) —“-’f-gr‘l(ﬂﬂfr,_ owa(dwy — Vwiwh™
i=0

{
— [ i+1,x,{¥3 (wla:) i
B g ('L) i+1 Th—ixgo (dwa — Dwhw; ™,

where w;, wy € N with w; = 1( mod 2), we = 1( mod 2).

We also obtain some identities for the generalized twisted Genocchi polynomials.
Taking z = 0 in Theorem 2.2, we have the following corollary.

Corollary 2.3 Let ¢ € T, and d,w;, wz € N. Then we have

3

I\ Gisrmce -

(2.13) > (z) Ctrhs 1, o o — DY
=0

- it1,x,(%2 » _ 1—i
; ( ) i + 1 Tl-l.x»( 1 (d’u)2 l)w2w ?
where wy, ws € N with w; = 1( mod 2), wp = 1( mod 2).

Now we will derive another interesting identities for the generalized twisted
Genocchi polynomials using the symmetric property of R(x, ¢, w:, w2).

(2.14)

R(X: Cy uy, "WQ)

— l wywazt w) Ty ,wy Tyt 2fx x(zz)CW2zzewzzald“_l (332)
=3 1wz {L x(zl)c 121 dﬂ—l(wl)}x{ fX (dwgzgedwlwzz;tdﬂ_l(zl) }

dwy—l

= Z (_l)lclx(l)/ x(zl)Cwlz;e(z;+wzz+-zl)w;td“ l(zl)
1=0 X
oo dwy-—1

._Z:{ Z( 1)’(' ) Gni1,x¢v x(’uJ2:+_al) 1}

n=0

From the symmetric property of R(x, ¢, w1, w2), we also see that

oo dwy—1 G, xCw2 +-’-l
219)  RixGwwn) = 303 (-0'¢x0) e T S
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Comparing the coefficients on the both sides of (2.14) and (2.15), we obtain the
following theorem.

Theorem 2.4 Let ¢ € T, and d,w;, w2 € N .Then we have

dwy—1 w wy)
1 Cnt1,xgw (woz + $21)
(2.16) wf ‘g( 1)'¢'x®) i1
dwy—1 w
+1,x¢%2 (w1.1:+ #l)
—up 3 (Dl T —_
=0

If we take = 0 in Theorem 2.4 , we also derive the interesting identity for the
generalized twisted Genocchi numbers as follows:

017 dwl—l ” . ) n.H’xcw'(%}[)
(2.17) Z( )¢'x ()—n_-l-l_

dw;—l

= w Z( 1ctx (I)L’(),
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