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Abstract

In this note, motivated by the non-existence of a vertex-transitive
strongly regular graph with parameters (3250, 57,0, 1), we obtain a
feasibility condition concerning strongly regular graphs admitting an
automorphism group with exactly two orbits on vertices. We also
establish a result on the possible orbit sizes of a potential strongly
regular graph with parameters (3250, 57,0, 1). We use our results to
obtain a list of only 11 possible orbit size combinations for a potential
strongly regular graph with parameters (3250, 57,0, 1) admitting an
automorphism group with exactly two orbits.

1 Introduction

A strongly regular graph with parameters v, k, A, and g, or an srg(v, k, A, p),
is a finite simple k-regular graph with v vertices, not complete or edgeless,
such that any two adjacent vertices have exactly A common neighbors and
any two distinct non-adjacent vertices have exactly x4 common neighbors.

This note is motivated by the following two results concerning strongly
regular graphs.

Theorem 1.1. ([2]) If an srg(v, k,0,1) exzists, then (v, k) is (5,2), (10, 3),
(50,7), or (3250,57).

It is well-known that there exists a unique srg(5, 2,0, 1) (the pentagon),
a unique srg(10, 3,0, 1) (the Petersen graph), and a unique srg(50,7,0,1)
(the Hoffman-Singleton graph) [2]. These three graphs are are all known to
be vertez-transitive (they admit an automorphism group that is transitive
on the set of vertices).
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It is unknown is there exists an srg(3250, 57,0, 1). However, the follow-
ing is known concerning a potential srg(3250,57,0,1) [1].

Theorem 1.2. (G. Higman, unpublished) There does not ezist a vertez-
transitive srg(3250,57,0,1).

Stated in a different way, Theorem 1.2 says that there does not exist
an srg(3250,57,0,1) admitting an automorphism group with exactly one
orbit (on vertices). Does there exist an srg(3250,57,0,1) admitting an
automorphism group with exactly two orbits?

Motivated by this question, in this note we obtain a feasibility condition
concerning strongly regular graphs admitting an automorphism group with
exactly two orbits. We also establish a result on the possible orbit sizes
of an srg(3250,57,0,1). We use our results to obtain a list of only 11
possible orbit size combinations for a potential srg(3250,57,0, 1) admitting
an automorphism group with exactly two orbits.

2 Results

We now establish our results and apply them to a potential srg(3250, 57,0, 1)
admitting an automorphism group with exactly two orbits.
First, we need the following two well-known results.

Theorem 2.1. If there ezists an srg(v,k, A, u), then
kk=A-1)=@w-k-1)pu 1)
Theorem 2.2. The eigenvalues of an srg(v,k, A\, p) are k > v > s where

T=A—p+\/(k—2u)2+4(k—u) @)

and

_A-—p— O TG
s= 5 . 3)

Theorem 2.3. Let G be an srg(v,k,\, p) edmitting an automorphism
group T with exactly two orbits, say O and Op. Then either

(k=nIOi| __, (E=r)iOs]
v v

are both positive integers less than k or

(=)l , , (=90l
v v

are both positive integers less than k.
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Proof. Since I' acts transitively on each of O; and Oy, the subgraph of G
induced by O;, i = 1,2, is regular. Therefore, since G is regular, given a
vertex in O;, ¢ = 1,2, the number of vertices it is adjacent to in 0;,7=1,2,
depends only on ¢ and j. Thus, we define k;j, i,7 = 1,2, to be the number
of vertices in Oj; that a vertex in O; is adjacent to.

Clearly, we have the three equations

|O1| + 02| = v, (4)

kll + k12 = k, (5)
and

ko1 + ka2 = k. (6)

Counting in three different ways the number of ordered triples (z,y, 2)
of vertices of G such that z is adjacent to y, y is adjacent to 2, z € @y, and
z € O, yields the two equations

[O1]k11k12 + |O2 ka1 k2g = [O1]k12A + |O1|(|O2] — k12)p (7)

and
[O11k11k12 + |O2lkar k22 = |Oa)ka1 A + |O2|(|O1| — ka1 )pe. (8)

Solving equations (5), (6), (7), and (8) for kyy, k12, ko1, and koo and
using (1), (2), (3), and (4) gives the two solutions

A N R (o 12X
v v
by = EZINO (k=)0
v v
and k O k &)
k11=k—( -s), 2', k12=( —S)I 2|,
v v
k21 = (k—S)'Oll, and k22 =k— (k_s)loll
v v
The result now follows. a

The following result is essentially contained in [1].

Theorem 2.4. There does not ezist an srg(3250,57,0,1) admitting an
automorphism group with all orbils of even size.
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Proof. Let G be an srg(3250,57,0,1) and let I" be an automorphism group
of G with all orbits of even size. Then |I'| is even and, therefore, I" contains
an involution 7.

It is known that any involutory automorphism of G must have exactly 56
fixed points. Thus, any involution in I" contains exactly 1597 transpositions
and is, therefore, an odd permutation.

Since v is not fixed-point-free, v is in some one-point stabilizer T',.
Therefore, |T'| = |z7||T¢| is divisible by four since |z| and |T'z| are both
even. Thus, IF n A3250| = IP ||A3250| / IPA3250| = F/ 2 since I'Aass0 = Sa2s0
because I' contains an odd permutation.

Therefore, |I' N Asgs0| is even and I' N A3zs0 contains an involution.
However, this is a contradiction since any involution in I' must be an odd
permutation. a

Remark 2.5. It is clear from the proof of Theorem 2.4 that we do not
actually need all orbits to be of even size, just an orbit containing a fixed
point of an involution.

Corollary 2.8. If there erists an srg(3250,57,0,1) admitting en automor-
phism group with ezactly two orbits, say 01 and Oz (|O1| < |02]), then
|O1] = 195 + 1307, |02 = 3055 — 130¢, k11 = 10 + 2, ko = 47 — 21,
ko1 = 3 4 2i, and kog = 54 — 2i for some integer i, 0 < ¢ < 10.

Proof. An srg(3250,57,0,1) has eigenvalues k = 57, 7 = 7, and s = —8.
Therefore, (k — r)/v = 1/65 and (k — s)/v = 1/50.

Since v = 3250 is even, by Theorem 2.4, |O;| and |O2| are both odd
and, therefore, cannot be divisible by 50. Thus, by Theorem 2.3, |O;| and
|O2| are both divisible by 65.

The only integer values of |O;| and |O;] such that |O,| + |O2] = 3250,
|O1| and |O;] are both odd, |O;| and |O2| are both divisible by 65, and
0 < |0y]/65 < 57 and 0 < |O2|/65 < 57 are |O;| = 65 + 1307 and |02 =
3185 — 130z for some integer ¢, 0 < i < 11.

However, if |O;| = 65 and |O2| = 3185, then k;; = 8 and k2; = 1, imply-
ing that the subgraph induced by O, is an srg(65,8,0,1). An srg(65,8,0,1)
does not exist by Theorem 1.1. The result now follows. O
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