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Abstract

Suppose that graphs H and G are graceful, and that at least one of A and G has
an a-labeling. Four graph operations on H and G are provided. By utilizing
repeatedly or in turn the four graph operations, we can construct a large number
of graceful graphs. In particular, if both A and G have a-labelings, then each of
the graphs obtained by the four graph operations on / and G has an a-labeling.

1. Introduction

All graphs considered here will be finite, undirected, and without loops and
multiple edges. For any graph G with n edges, the symbols ¥(G) and £(G) will
denote its vertex set and edge set, respectively. A graceful labeling of G is an
injection fof (G) into the set {0, 1, ..., n} with the property: if, for each edge e
€ E(G) with the end vertices u, v € V(G), the value f(e) of the edge e is defined
by f(e)= |f(u)- f(v)|, then /" is a bijection of £(G) onto the set {1, 2, ..., n}.

A graceful labeling fis an a-labeling if there is an integer A (0 S A< n - 1) such
that for each edge (u, v),

min{f{u), fv)} < A <max{f{u), [v)}.

Clearly, a graph admitting an a-labeling is necessarily bipartite. For the sake
of convenience, we shall call an a-labeling a A-graceful labeling. A graph with a
graceful labeling or a A-graceful labeling is said to be graceful or A-graceful,
respectively.

Let G be a graceful graph with » edges and let f'be a graceful labeling of G.
The graceful labeling /* of G given for each vertex u by

S @) =n-fu)

is called complementary labeling [6] of f.

Suppose that fis a A-graceful labeling of G, and that (4, B) is a bipartition of
G, that is, a partition of /(G) into two independent subsets 4 and B. Throughout
this paper, we will assume A to be the part of the bipartition of the vertex set of
G for which f{u) < A, and B the part of the bipartition of the vertex set of G for
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which f{x) > A. .
The inverse labeling f* [6] of fis given by
; A-f(u ifued,
flay={/w
n+A+1-f(u) ifueB.
Note that if fis a A-graceful labeling of G then f© and flare (n— A~ 1)-and
A-graceful labelings of G, respectively. Let £ and f'° be inverse and
complementary labelings of /° and f* of G defined as

IM-A-f(u) ifucd,

A (u)={n—k—l—fc(u) ifueB,;

and
f*(u) = n— fi(u), for each vertex u € V(G).

It should be noted that both /* and f*° are also (n — A — 1)-graceful labelings
of G. In fact,

£ = fie = n-A+f(u) ifueA,

~7 TS -r-1 ifues.

If flu) = i, then /() = n — i. Moreover, f(u) = A— i, f(w)=n-A+i,ifue 4
andf{(@)=n+A+1—-i,f*u)=i-A-1,ifu e B. Consequently, if flz,) = 4,
fluz) = A+ 1 and f{us) = n then we have fi(u;) = f*(uz) = f*(s) = 0.

Snevily [8] proved that if two graphs G, and G, have a-labelings then their
weak tensor product G; ® G, has an a-labeling. Koh, Rogers, and Tan [4, 5]
provided methods for combining graceful trees to yield larger graceful trees. Wu
[11, 12] gave a number of methods for constructing larger graceful graphs from
graceful graphs. Further results on graceful labelings can refer to a dynamic
survey [2].

We also find graceful labelings and A-graceful labelings attractive because of
the following theorems.

Theorem 1.1. [7] Let G be a graph with n edges having an a-labeling. Then
the complete graph Kapne, can be decomposed into the isomorphic copies of G,
where p is any positive integer.

Theorem 1.2. [10] Suppose that G is a graph with n edges, and let &G be the
class of graphs obtained from G by adding k (2 1) distinct pendent edges to the
vertices of G. If G is graceful, then the complete graph Kymuy. can be
decomposed into the isomorphic copies of H for each positive integer k and
every H e ©,G.

2. A necessary condition
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The necessary condition for an Eulerian graph to have a graceful labeling was
presented by Rosa [7].

Theorem 2.1. [7]  If an Eulerian graph G with n edges has a graceful labeling,
then n=0 or 3 (mod 4).

In [9] Sheppard proved that there are exactly n! graceful graphs with n edges.
Thus, we first investigate the number of A-graceful graphs with » edges. By
IG(n, }»)I we mean the number of A-graceful graphs with n edges (including
isomorphic graphs). Since for any graph G with n edges a A-graceful labeling is
also a (n — 4 — I)-graceful labeling, it suffices to consider the A-graceful

labeling with 0 < 4 < liz—'J .

Theorem 2.2.
(1) Umis evem, then [G(n, 1) =127 241", 05222,
1222 A2+ )" 2, 0<h < P23
@) Unis odd, then |G(n,2)|= 2
1222 ...(”__])Zﬂ r=n1
2 2’ 2

Proof.
(1) Suppose that G is a graph with  edges. For each j, where 1 <j < n, let S;(j)

denote the set of edges (u, v) such that | f(u)-f (v)| = j for some A-graceful
labeling f, and let [S,L ( j)| be the number of distinct edges in S;(j). For brevity,

if /is a A-graceful labeling, we describe an edge (u, v) by its vertex-labels (f{u),
Jv). Observing the value of each edge in the A-graceful graph G, we have

So()) = {(j, 0)}, 1 <j < n, and

{G+Li—j+1),(+2,i=j+2),,(i+/,D}, 1<j<i,
S;(N=y,,. . . ._n
{(.,:0)1(J+1’1)""’(J""sl)}’ l+]$j.<_5.

.. n-2

(1<is< 5 )

It is easy to see that

[So(/)] =1,1<j<n,and
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n-2
o
|Si(.l)| i+l i+1$j$§. (1<i< > )

The proof then follows from the fact that
G(n, 1) = |S2)-[S2.@)]-+|S2. ()]
(2) The proofis similar to that of (1) and omitted. 0

Remark. The A-graceful graph considered in Theorem 2.2 could be disconnected.
As an example consider the A-graceful graph G with B(G) = {(7, 0), (6, 0), (7, 2),
(5, 1), (6,3), 4,2), (4, 3)}.

For the following Theorem the reader is referred to [3, ch.2, §6, Th.2].

Theorem 2.3. Equation fd,,x,- s(;) (mod n) has a solution (x,, x3, ..., Xp)
i=l

of integers ifand only if g.c.d. (d\, d,, ..., dp, n) | (;)

Assume V(G) = {uy, uy, ..., Up} t0 be the vertex set of G, and d(u;) = d to be
the degree of vertex u; in G, 1 < i < p. Consider, now, the necessary condition
for G to have a A-graceful labeling.

Theorem 2.4. Let (d\, s, ..., dy) be the degree sequence of G. If a graph G
with n edges is A-graceful, then g.c.d. (d\, d,, ..., dp, n) | ; .

Proof. Suppose that fis any A-graceful labeling of G, and let f{u;) = r;, where u;
€ VG) and |1 £ i < p. Let (f{v), fAw)) denote the edge of G satisfying
| ;)= f(w )| =, If r;> A, then set x; = r;; if r; £ A, then set x; = -r;. Consider

the following equation
Edix, = El70v)- S om0
= ==

=l+2+..+n

(;) +n

= (;) (mod n).

Clearly, it has a solution of integers. By Theorem 2.3, we have therefore g.c.d

1]
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n
(dl’ dZs e dp’ n) I (2] . 0

As an immediate consequence of Theorem 2.4, we have the following.

Corollary 2.5. Let H be a k-regular bipartite graph with |V (H)|=v. If one of

the following conditions holds, then H is not A-graceful.
(1) v=1(mod4)and k=0 (mod4).
(2) v=2(mod4)and k=0 (mod?2).
(3) v=3(mod4)and k=0 (mod4).

3. The constructions

We start with introducing the definitions of the following four graph
operations on graphs H and G. Suppose that H and G are vertex-disjoint graphs
with distinguished vertices v and » and distinguished edges (v,, v,) and (1, u2),
respectively.

(1) The vertex-amalgamated operation H ® G is the graph obtained from H
and G by amalgamating H and G at vertices v and u, that is, by identifying
v with u.

(2) The edge-amalgamated operation H © G is the graph obtained from H and
G by amalgamating / and G at edges (v;, v;) and (u), uy), that is, by
identifying (v, v;) with (), u,).

(3) The vertex-edge-attached operation H ® G is the graph obtained by
adjoining to the graphs H and G a new vertex w accompanied two edges
(w, v) and (w, ).

(4) The edge-attached operation H ® G is the graph obtained from 4 and G by
attaching one edge to vertices v and u of graphs H and G.

Although the vertices v and u and the edges (v,, v;) and (u;, u,) do no
explicitly appear in each notation, it will be always clear from the context which
vertices or edges are identified or adjoined.

In what follows we will assume that the graphs H and G with m and n edges
have respectively A4)- and A,-graceful labelings 4 and g, let (4, B) be the
bipartition of G, and let £, and E; denote the sets of values of edges of graphs H
and G, respectively.

Theorem 3.1.  If h(v) = 0 and g(u) = 0, then the graph H ® G is

(A4 + Ay)-graceful.
Proof. Let fbe a labeling of H ® G defined as
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g' if xe 4,
F()={r, +h(x) ifxeV(H),
m+g'(x) ifxeB.

Clearly, the values of vertices of the graph H ® G are all distinct. Moreover,
E = {{f(x)-F()|: all edges (x, y) € E(H)} = (1,2, ..., m} and E; =

{|f/(x)- f)| : all edges (x,y) € E(G)} = {m+1,m+2, ..., m+n}. Thusfis
a graceful labeling of the graph H ® G.

Let (C, D) be the bipartition of H satisfying that 4(v) < A,, if v € C and h(v) >
A1, if v € D. In order to prove that the labeling fis a A-graceful labeling of H ©
G with A = &, + A,, it is enough to show that for any edge (x, y) in H © G with x
eAuCandy e BUD,fx)<A + A <fy)

Suppose that x; € 4, x, € C and y, € B, y, € D. It is obvious that f{x,) < Az,
fx) M + A and f) = m + A2 + 1, fy2) 2 Ay + A+ 1. Consequently, for all
vertices x € A U C and all vertices y € B U D, we have f{x) < A, + A, <f(y) and
the desired result follows. [}

Corollary 3.2. [fh(v)=0, 4, 4, + 1,0r mand gu) =0, A3, 4, + 1, or n, then
the graph H © G is A-graceful for some ) satisfying 0 A <m + n.
Proof. We may assume that A(v) =0, for it is not, we could redefine 4 as

Ko if f)=2,
h={n® if f()=A, +],
K if fW)=m.

Itis clear that % is A'-graceful for some A', where 0 <A’ <m -1 and h ()
= 0. Likewise, we may assume g(u) = 0. The result follows immediately from
Theorem 3.1. 0

Theorem 3.3. Let (h(vy), h(v)) and (g(w1), 8(u2)) be the distinguished edges of
H and G, respectively. If (h(v1), h(v2)) = (0, m) or (41, A, + 1) and (g(w,), g(u))
=(0, n) or (A, X + 1), then H © G is A-graceful.

Proof. Since if (h(v1), h(v2)) = (A1, 41 + 1) and (g(1), () = (A2, A2 + 1), then
(H(w), K(v)) = (0, m) and (g'(w,), g(u2)) = (0, n). Thus we also assume that
(h(v)), A(v2)) = (0, m) and (g(1), g(u2)) = (0, n). Let f be a labeling of the graph
HO© Ggivenas
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g'x ifxe A,
f(x)=q7, +h(x) if xe V(H),
m-1+g'(x) ifxeB.

By easy calculation, it can be verified that fis a A-graceful labeling of H © G.
]

Theorem 3.4. Ifh(v)=0, 4, A, +1,0rmand gu) =0, A5, A, + 1, or n, then
the graph H® G is A-graceful.

Proof. As in Theorem 3.1, we may assume that A(v) = g(u) = 0. Let us
introduce a labeling fof H ® G as

g'® if xe 4,
Ay +1+h(x) if xeV(H),
=)= m+Xiy+2 ifx=w,

m+2+g'(x) ifxeB

A routine verification shows that the labeling fis indeed a A-graceful labeling
of H® G. a

Theorem 3.5. If either g(u) = i and h(v) = i, or A, — i for 0 < i < min{2,, A3},
orgluy=iand h(v)=A + 1 +i,orm—ifor0<i<min{m— A -1, A}, then
the graph H © G is A-gracefu.
Proof. Suppose that g(u) = i and h(v) = i, or A — i for 0 < i < min{A,, A,}, or
gw)=iand h(v)= Ay +1+i,orm—ifor0<i<min{m— A, -1, Ap}.
Let fbe a labeling of H ® G given by
(g (x) ifxeAd,
m+l+g'(x) ifxeB,
Ay +1+h°(x) ifxeV(H),g()=iand h(v)=i,
Ay +1+h%(x) ifxeV(H), g)=iand h(v) =7, —i,
Ay +1+h'(x) ifxeV(H), gu)=iand h(v) =\, +1+i,
(A +1+A(x) if xeV(H), g(u)=i,and h(v) = m—i.

S(x)=1

Evidently, the values of vertices of the graph H ® G are all distinct. An easy
computation shows that £, = {1,2, ... ,m} and E={m+2,m+3, ..., m+n+
1}. To prove that f is a graceful labeling of # ® G, it suffices to show that
| HOEN (u)l =m + 1. This can be done by the following consequences.

If g(w) = i and h(v) =i, 0 < i < min{A,, A}, then
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[70)- 1@ =|hy +1+ B OD-g' @l =m+1.
If g(i1) = i and h(v) = Ay — i, 0 < i < min{ Ay, A}, then

@)= 7@ =|0y +14+ B0 - g' @] =m+1.
Ifguy=iand h(v) =24, +1+i,0<i<min{m - A, - 1, Az}, then

[7o)= f@l=|hg +14 K 6D - g' @) =m +1.
Ifg(w)=iand h(v)=m—i,0 <i<min{m— A, - 1, A4}, then

[f @)= @) =[O +14 D) - ' () =m +1.

The remainder of the proof is similar to that in Theorem 3.1 and the details
are omitted. O

By analogous zirgument, it follows that if 4 is only a graceful labeling of H,
then the graphs H® G, H © G, H® G, and H © G are graceful.
Combining Theorems 3.1, 3.3, 3.4, and 3.5, we have

Theorem 3.6. Let G; (1 < i < k) be A-graceful and let the symbol ® be one of
the operations ©, ©, ®, and © with appropriately chosen distinguished
vertices or edges. Then the graph

Gi®G,9..9G, (k23)
is A-graceful.

Remark. In Theorem 3.6, if G; (1 < i < k) are trees, Chen, Lii, and Yeh [1] have
obtained an analogous result.

It is natural to ask whether there exist graphs G and H such that for any vertex
u in G and any vertex v in H, the operations on G and H mentioned above can be
applied. A graph G is called a 0-moveable graceful (resp. 0-moveable A-graceful)
graph if for each vertex z in G there exists a graceful (resp. A-graceful) labeling
g satisfying g(z) = 0. By virtue of Theorems 3.1, 3.4, and 3.5, we have the
following.

Theorem 3.7. If H and G are 0-moveable A-graceful graphs, then the graphs
H® G,H® G, and H® G are A-graceful, where 0 < h(v) < m and 0 < g(u) < n.
In particular, if H is just a 0-moveable graceful graph, then the graphs H © G,
H® G, and HO G are graceful.

Finally we shall extend the edge-attached operation on graphs G, and G, to
that on graphs Gy, G», ..., Gi (¥ = 3). To avoid cumbersome notation, if G; = G
for 1 < i < k, then we simply write ©(G,, G, ..., Gi) as ® G

Theorem 3.8. Suppose that graphs G, (1 < i < k) with n; edges are all
A’-graceful having labeling f; and that fi(uy) = f(u2) = ... = f{w) = j where 0 < j
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< A'. Then the graph &(G,, G, ..., Gy) is A-graceful. Consequently, if G is
A-graceful then the graph © G* is also A~graceful.
Proof. Let (4,, B;) be the bipartition of G; such that f{(x;) < f(y)) for x,e 4; and
yi€ Biandleta; ="+ land b=nm -1, 1<i<k
Case 1. kis odd.

Set S, = a;+b,...+a,~+2+b,‘*3+ ... +ay, if i is odd and set S] =b,‘+a,‘-,1+b,'+2+
a3+ ... + ay, if i is even. Let /' be a labeling of the graph ©(G,, G, ..., G
given as

Si+| +_f;(u) ifueAIUB| Ol’uGA,-,
=3l [=3,5,..,k

S = 8 i1+ fi(w) ifucB, @ )

1=
and

i *

In +Si,+i-A -1+ fi(u) ifueAd,
fa=q= M 7 ' (i=2,4,...,k-1)

Si =M =1+ f; () ifueB,.

It can be checked that the labels of vertices of the graph &(G,, G, ..., Gy) are
all distinct.

Next we shall show that fis a graceful labeling of &(G}, G, ..., Gi). Let ¥, (1
< i < k) denote the set of values of edges (x;, ;) of subgraph G; in the graph
O(Gy, Gy, ..., Gi), where x; € 4, and y; € B;. Observing the construction of the
graph &(G,, G, ..., Gi), we have

W ={ lfl x)- 101 )I :all edges (x), y1) € B(G)} ={1,2, ..., m};
If i (2 3) is odd, then
W,= {:i:n, +i=1+7() - fi(x): all edges (x,, y)) € EG)}
= {iiln, +1, if::n, +i+l,.., zljln, +i-1};and
1=, 1=

t=1
If i is even, then
W= { iln, +i - fiy) + fix)): all edges (x, ) € E(G)}
1=
= {Eln, + i, ‘fjln, +i+l,..., én, +i-1}.
t=1 =] =]

Let 7; (1 < i < k — 1) be the value of the edge (f{u,), Au;.1)) in the graph ©(G,,

i
G, ..., Gi). It is clear that 7, = T n, + i. By routine computation, it follows that
1=l

(T Toy s T} U W U . U W= {1,2, ..., $n,+ k- 1} and sofis a
1=l

graceful labeling of (G, G, ..., GJ).
It remains to show that fis also a A-graceful labeling of &(G,, G,, ..., G;) with
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A=S+A . LetA=4,UB,UA;UBU...UAand B=B U A, U B; LA, L
... U B,. It is sufficient to prove that for any edge (x, ) in &Gy, G, ..., Gy)
withx € 4 and y € B, f{x) £ S, + A"<f{y). This can be done as follows.

Ifx € A; and y € By, then fix) = S, + fi(x), fy) = S + /() and we have S; +
LX) S+ A< S+ £10).

Ifiis evenand x € B, y € A, then fix) =Sy — A — 1 + fi{(x) and fy) = ‘éln, +
Suy+i—A" = 1+f(). Since Su;— A" — 1 +fi() <Su1 <Sp+A and S+’ =
botay+ ...+ b+ Sy + A = ‘);',2", + Sy < ‘é‘ln, +Sm+i=-A = 1+f), it
follows that f{x) < S + A" <f(y).

Ifiis odd (= 3) and x € A4;, y € B, then fix) = S + fi(x) and f{y) = :gn, + Si

+i— 1 +f(y). Similarly, we obtain f{x) < S, + A" <f(y).

Finally, we need to determine the labels on the edges between the subgraphs
G,' and GH.] (1 Si<k- l) in @(Gl, Gz, savy Gk).

If either x € A;, y€ Auy, OT X € Ainy, y€ Aup for i = 1,3, ..., k- 2, say the

former, then f{x) = S, + fi(x) and f{y) = ‘i:n, + Sz + i = A"+ fii(»), and so fx)
=

<8+ A" <fy).
Case2: kis even.

Similar to that of Case 1 and omitted. o

Remark. Suppose that graphs G; (1 < i < k) are connected with n edges each. It
is proved in [12] that if graphs G; (1 < i < k) are A-graceful with A; = A, for 1
<i< |k/2], then the graph ©(Gi, Gi, G, Giets -, Glksayn)) i graceful.

We demonstrate the construction above with an example. Consider the
3-graceful graphs G; with 3-graceful labeling f; (1 < i < 5), depicted in Figures

5-(1)~(5). Choosing fi(#1) = fo(u2) = ... = fs(us) = 0 and utilizing Theorem 3.8,
the graph ©(G,, G,, Gs, G4, Gs) of Figure 5-(6) then follows.
0 0 0 0 0
7 g 6 g8 4 g 17 5
11<6 2 3 i
4
4 5 5 7 1 3
4 5
3 3 2 4
3
MG @G (3)Gs 4) G, (5) Gs
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18 25 34 0
16 1 4 $ 4 29

2

9 20 37 35

2z 7 3

13 14 5
36
2 X 33

(6) ©(G\, G2, Gs, Gy, Gs)
Figure 5.

In [6] Rosa proved that the cycle Cy (k 2 1) is A-graceful with A = 2k — 1.
Combining the result and Theorem 3.8, we have

Corollary 3.9. Let i F2y ..., 1y (5 2 2) be positive integers with | Sr S < ...
< ry. Then the graph ©( CansCan s s Cay) is A-graceful.
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