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Abstract. A graph is said to be cordial if it has a 0 - 1 labeling that
satisfies certain properties. A fan F), is the graph obtained from the join
of the path P, and the null graph N,. In this paper we investigate the
cordiality of the join and the union of pairs of fans and graphs consisting
of a fan with a path, and a cycle.
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1 Introduction

Two of the most important types of labelings are called graceful and
harmonious. Graceful labelings were introduced independently by Rosa
(10] in 1966 and Golomb[8] in 1972, while harmonious labelings were first
studied by Graham and Sloane [9] in 1980. A third important type of
labeling, which contains aspects of both of the other two, is called cordial
and was introduced by Cahit [1] in 1990. Whereas the label of an edge vw
for graceful and harmonious labeling is given respectively by |f(v) — f(w)|
and f(v) 4+ f(w) (modulo the number of edges), cordial labelings use only
labels 0 and 1 and the induced edge label (f(v) + f(w)) (mod2), which
of course equals |f(v) — f(w)|. Because arithmetic modulo?2 is an integral
part of computer science, cordial labelings have close connections with that
field.An excellent reference on this subject is the survey by Gallian [7].
More precisely, cordial graphs are defined as follows.

Let G = (V, E) be a graph, let f : V — {0,1} be a labeling of its vertices,
and let f* : E — {0, 1} is the extension of f to the edges of G by the formula
[*(vw) = f(v) + f(w) (mod 2). (Thus, for any edge e, f*(e) = 0 if its two
vertices have the same label and f*(e) = 1 if they have different labels).
Let vo and v; be the numbers of vertices labeled 0 and 1 respectively, and
let e and e; be the corresponding numbers of edge. Such a labeling is
called cordial if both jvg — 1| < 1 and |e; — e1l < 1. A graph is called
cordial if it has a cordial labeling. A fan F,, is the graph obtained from the
join of a path P, and a null graph N;. So the order of the fan F, is n+1
and its size is 2n-1 for all n, in particular Fy=P; and F;=Cj;. Diab (2,3,5]
has proved that the following: The join of a path P, and a null graph N,
is cordial for all n and all m; the join P, + P,, of two paths P, and P, is
cordial for all n and all m except for (n,m)=(2,2); the join C, + P,, of a
cycle C,, and a path P,, is cordial for all n and all m if and only if (n,m) #
(3,1), (3,2), or (3,3); the union P, U P,, of two paths P, and P,, is cordial
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for all n and all m except for the graph 2P;; the union Cp U Cm of two
cycles Cp, and Cp, is cordial for all n and all m if and only if n+m is not
congruent to 2(mod4); the union C,n U Py, of a cycle C, and a path Pp
is cordial for all n and all m if and only if it is not isomorphic to Cp, U P
with n = 2(mod4). As stated in the above result we conclude that every
fan F, = P, + N, is cordial for all n. In this paper we extend those results
to investigate the cordiality of the join and the union of pairs of fans and
graphs consisting of a fan and a path or a cycle. In section 3, we show that
the join F,, + F,, of two fans F;, and F,, is cordial for all n and all m if and
only if (n,m) # (1,1), (1,2), (1,3), (2,1), (2,2),(2,3), (3,1), (3,2) and (3,3).
Also, we show that the unionF, U F,, of two fans F,, and F, is cordial for
all n and all m if and only if (n,m) # (1,1) and (2,2). In section 4, we show
that the join Fy, + Pm of a fan F,, and a path Py, is cordial for all n and all
m if and only (n,m) # (1,2), (2,1), (2,2),(2,3) and (3,2). Also, we show that
the union Fj, U Py, of a fan F,, and a path P,, is cordial for all n and all m
if and only if (n,m) # (1,2). In section 5, we show that the join Fy, + Cp, of
a fan F, and a cycle Cy, is cordial for all n and all m if and only if (n,m) #
(1,3), (2,3) and (3,3). Also, we prove that the union F,UCy, ofafan F,
and a cycle Cp, is cordial for all n and all m if and only if (n,m) # (2,3).

2 Terminology and notations

We introduce some notation and terminology for a graph with 4r vertices
[2,3,4,5,6] , we let Ly, denote the labeling 00110011...0011. In most cases,
we then modify this by adding symbols at one end or the other (or both).
Thus 01L4, denotes the labeling 0100110011...0011 of either Fyr12, Cary2
or Pyr42( It should be to remark that for the labeling of the fan Fy, 2,
we label the center of the fan by the first label which is 0 in 01L4, and
other labelings for the vertices of Pyr41 which are 1Lg,). One exception
to this is the labeling L}, obtained from Lg, by adding an initial 0 and
deleting the last 1: that is, L}, is 000110011...11001 and L”,, obtained
from Lq4, by adding an initial 1 and deleting the last 1: that is, L" 4 is
100110011...11601. For specific labeling L and M of G+H (or G U H),
where G and H are paths or cycles or fans, we let {L; M ] denote the joint
labeling. Additional notation that we use is the following.

For a given labeling of the join G+ H (or GUH ), we let v; and e; (for i
= 0,1) be the numbers of labels that are i as before, we let z; and a; be
the corresponding quantities for G, and we let y; and b; be those for H.
It follows that vp = Zo + Y0,v1 = Z1 + ¥1,€0 = ao + bo + ToYo + T1%1 (or
ey = a.o+bo)and e; = ay+b1+Zoy1+Z1Y0 (ore; =a; +b1) , thus, vo—v; =
(zo— 1) + (¥0 —%1) and eo —e1 = (a0 —a1) + (bo — b1) + (w0 — £1)(yo — y1)
(or ep —ey = (a0 —a1) + (bo — b;)).When it comes to the proof, we only
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need to show that, for each specified combination of labeling, |vo —v1| <1
and 'eo —ell <1

3 Joins and Union of Pairs of Fans

In [5], we determined that a join of a path P, and a null graph N,, is

cordial for all n and all m, and from this fact we conclude that every fan
Fn = P, + N, is cordial for all n. In this section, we extend this result
to show that the join F,, + F),, of two fans F, and F,, is cordial for all n
and all m if and only if (n,m) # (1,1),(1,2),(1,3),(2,1),(2,2),(2,3),(3,1),(3,2)
and (3,3). Also, we prove that the union F, U F,, of two fans F, and F,,
is cordial for all n and all m if and only if (n,m) # (1,1) and (2,2).
Lemma 3.1. The join F, + F,, of two fans F, and F,, is cordial for all
n>3andall m > 3.
Proof. For given values of i and j with0 < ¢ < 3 and 0 < j <3, we use the
labeling A; or A! for the fan F, and Bjor B;- or B”; for the fan F,, as given
in Table 3.1. Using Table 3.1 and the fact that v, —v; = (To—Z1)+ (Yo —v1)
and eg — e; = (ap — a1) + (bo — b1) + (zo — z1)(yo — y1), We can compute
the values shown in the last two columns of Table 3.2. Since these are all
0,1, or -1, the lemma follows.

n=4r+1, | Labeling of

1= 0, 1, 2, 3 Fn o T) 411} a)
i=0 Ao = 1Ly, 2r 2r+1 4r r -1
i=1 Ay =01Ls |20 +1 [ 2r+1 4r 4r+1

Al =10Ly [2r+1 ] 2r+1 | 4r+1 4r
2 Ay =001Ly, (2042 2r+1 |dr+1| 4r+2
3 A3 =0011Ly. | 2r+2 [ 2r+2 | dr +2 | 4r + 3

i
1

m=4s+j, | Labeling of

j=0,1,2,3 F, Yo Y1 bo b
ji=0 Bg =0L4, 2s+1 2s 4s ds—1
Bj =1Ly, 2s 2541 4s 4s -1

B’ =1L, |2s+1 2s 4s—1 4s
j=1 B; =01L,4, 284+1 ]| 25s+1 4s 4s+1

B =10Ls | 2r+1|2r+1 | 4r+1 4r

ji=2 By=001Ly, [2s4+2]2s+1 | ds+1 4s5+2
By =110Ly, | 25+1|254+2|4s+2 | ds+1
i=3 B3 =0011L4s | 25+2 [2s+2 [ds+2 | 45+ 3
B3 =1100L4 [ 2s+2 [ 25+2 (4s+3 | 45 +2

Table 3.1. Labelings of Wheels.
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n=4r+1, | m=4s+7,
1i=0,1,2,313=0,1,2,3 | Fy | Fn |vo—v1 [ @0 — &1
0 0 Ao | Bo 0 1
0 1 Ay | By -1 0
0 2 Ao | B 0 -1
0 3 Ag | B3 -1 0
1 0 A | Bo 1 0
1 1 Ay 1 0 0
1 2 Ay 5 -1 0
1 3 A | B 0 0
2 0 Az | By 0 -1
2 1 Ag 1 1 0
2 2 As 5 0 -1
2 3 A | By 1 0
3 0 As A -1 0
3 1 As 4 0 0
3 2 Aj A -1 0
3 3 Aj 4 0 0

Table 3.2. Combinations of labelings.

Lemma 3.2. The join F, + F,,, of two fans F;, and Fy, is cordial for all
n < 3 and for all m > 3 (or vice versa).

Proof. Suppose m = 4s + j, where j = 1,2,3,4 and we consider the cases
of n separately.

Case 1. n = 1. The following labelings suffice: Fy + Fy5:{01;1L4,),
F1+F43+1: [01;10L4,], F1+F4,+2: [01;110L43] and F1+F43+32 [01;1100L4a].
Case 2. n = 2. The following labelings suffice: F5 + Fys: [010;1L4,), Fa +
Fussr: [010;10[:43], Fy+ Fygyo: [010;110L43] and Fy +F43+3:[010;1100L43].
Case 3. n = 3. The following labelings suffice: F3 + Fy,: [0011;1L,,),
F3 + Fygq1: [0011;10L45), Fs + Fyeq2: [0011;110L4,] and F3 + Fysya:
[0011;1100L4,].This completes the proof.

Example 3.1. The graphs Fy + Fi, Fi + F2, 1 + F3, F2 + P, Fa + F,
Fy + F3, F3 + Fy, F3 + F and F3 + F3 are not cordial.

Solution. It is easy to see that Fy + Fy = Ky, Fy + F5 = F3+ F; = K5 and
Fy, + F, = C3 +C3 = K are not cordial from the fact that the complete
graph K, is cordial if and only if n < 3 ( see [1]). By investigating all
possible labelings, it is easy to see that Fy + F3, Fo + F3, F3 + F,F34+F
and F3 + F3 does not have a cordial labeling.

Theorem 3.1. The join F}, + F,,, of two fans F,, and F, is cordial for all n
and all m if and only if (n,m) # (1,1), (1,2), (13), (21), (2,2),(2.3), 3.1),
(3,2) and (3,3).
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Proof.The proof follows directly from lemma 3.1, lemma 3.2 and example
3.1, the theorem follows.

Lemma 3.3. The union F,, U F,,, of two fans F,, and F,, is cordial for all
n >3 and all m > 3.

Proof. For given values of i and j with0 < i <3 and 0 < j < 3, we use the
labeling A; or Aj for the fan F,, where n > 3 and B; or B; or B”; for the
fan F,,, where m > 3 as given in Table 3.1. Using Table 3.1 and the fact
that vg —v; = (o — z1) + (¥o — ¥1) and eg — e; = (ag — a;) + (bo — by), we
can compute the values shown in the last two columns of Table 3.3. Since
these are all 0,1, or -1, the lemma follows.

n=4r+1i, | m=4s+j,

1=01,23|7=0123|F, | Fno [vo—v1 |e0o—e
0 0 Ag | B 0 0
0 1 Ay | By -1 0
0 2 Ao | Bs 0 0
0 3 Ay | B3 -1 0
1 0 Ay | By 1 0
1 1 A 1 0 0
1 2 A | B, -1 0
1 3 A | Bj 0 0
2 0 Ay | By 0 0
2 1 Ay | Bj 1 0
2 2 Ay A 0 0
2 3 Ay | Bj 1 0
3 0 As | By -1 0
3 1 As H 0 0
3 2 As é -1 0
3 3 Az | Bj 0 0

Tabel 3.3. Combinations of labelings.

Lemma 3.4. The union F, U F,, of two fans F,, and F,, is cordial for all
n < 3 and all m > 3 ( or vice versa).

Proof. Suppose m = 4s + j, where j = 1,2,3,4 and we consider the cases
of n separately.

Case 1. n = 1. The following labelings suffice: F} U Fy,: [01;1L4],
FiUFy 541! [01;10L43], FiUF542: [01;110L4,] and F1UFy,43: [01;1100[:43].
Case 2. n = 2. The following labelings suffice:F, U Fy,: [010;1L4], Fp U
F49+1: [010;10L43], Fy UF43+2: [010;110.[:4,] and FoU F43+3:[010;1100L43].
Case 3.n = 3. The following labelings suffice: F3 U Fy,: [0011;1L4,], F3U
Fassr: [0011;101;4,], F3UF,542: [0011;1101143] and F3UFy443: [0011;1100L43].
This completes the proof.
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Example 3.2. The graphs F; U F; and F3 U F; are not cordial.
Solution. Diab [2] has proved that the join P, + Pn of two paths P, and
P,, is cordial for all n and all m except for (n,m)=(2,2), and the union
Cpn U C,y, of two cycles C,, and Cy, is cordial for all n and all m if and only
if n+m is not congruent to 2(mod4), then the graphs HUF, = RUP, =
2 P, and F, U F; = C3 U Cj3 are not cordial.

Lemma 3.5. The union F, U F,, of two fans F,, and Fy, is cordial for all
n < 3 and all m < 3 except for (n, m) = (1,1) and (2,2).

Proof. Appropriate labelings are the following: Fj U Fy: [00;011], Fy U Fj:
[00;0111], FUF;: [011;00], F,UF;: [011;0001], F3UF;: [0111;00], FsUFy:
[0001;011] and F3 U F3: [0001;0111], the lemma follows.

Theorem 3.2. The union F, U F,, of two fans F,, and F,, is cordial for
all n and all m if and only if (n,m) # (1,1) and (2,2).

Proof. The proof follows directly from lemma 3.3, lemma 3.4, lemma 3.5
and example 3.2, the theorem follows.

4 Joins and Unions of Fans and Paths

In this section we show that the join F,, + P,, of a fan F,, and a path P,
is cordial for all n and all m if and only if (n,m)# (1,2), (2,1), (2,2),(2,3)
and (3,2). Also, we show that the union F,, U P, of a fan F;, and a path
P,, is cordial for all n and all m if and only if (n,m) # (1,2).

Lemma 4.1. The join F, + P,, of a fan W, and a path Py, is cordial for
alln >3 and all m > 3.

Proof. For given values of ¢ and j with 0 < i <3 and 0 < j < 3, we use
the labeling A; or A/ for the fan F,,, where n > 3 and B; or B; for the path
P,., where m > 3 as given in Tabled.1. Using Table 4.1 and the fact that
vo — 1 = (To — T1) + (yo — #1) and ep —e3 = (a0 —a1) + (bo — b1) + (2o —
z1)(¥0 — 1), we can compute the values shown in the last two columns of
Table 4.2. Since these are all 0,1, or -1, the lemma follows.

n=4r+1i, | Labeling of

1= 0, 1,2,3 Fn Zo I Qo a1
i=0 Ag =1Ly, 2r 2r+1 4r 4r -1
1=1 Ay = 01L4, 2r+1 | 2r+1 4r r +1

Al=10L4 |2r+1]|2r4+1]|4r+1 4r
2 Ay =110L4 | 2r+1 | 2r+2 | 4r+2 | dr+1
3 A3 =0011L4 | 2r+2 | 2r+2 | 4r+2 | 4r 43

i
i
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m = 4s+ j, | Labeling of
j~= 0)1:213 Pm Yo Y1 bO bl
j =0 .Bo = L43 2s 2s 2s 2s —1
By = L"y,, 2s 2s 25 —1 2s
j=1 By =L40 |2s+1 2s 2s 2s
ji=2 By =L401 [25s4+1 2541 2s 2s+1
B, =1L410, | 2s+1|2s+1 | 2s+1 2s
i=3 B3 =L4,001 |2s4+2|25+1|2s4+1]2s+1

Table 4.1. Labelings of Fans F,, and paths P,,.

n=4r+i, | m=4s+j,

1:=0,1,2,3 j=0,1,2,3 Fn Pm Vg — 0N € —€
0 0 A | B[ 1 0
0 1 Ao | By 0 0
0 2 Ay | Bs -1 0
0 3 Ao | B 0 0
1 0 A | By 0 0
1 1 B 1 1
1 2 "B, 0 0
1 3 A [ Bs | 1 i
2 0 A | By | -1 0
2 1 Az | B, 0 0
2 2 Ay | By -1 0
2 3 Az | B 0 0
3 0 As | B, | 0 0
3 1 As | By 1 -1
3 2 As [ B, | 0 0
3 3 As | B 1 -1

Table 4.2. Combinations of labelings.

Lemma 4.2. The join F, + Py, of a fan F,, and a path P,, is cordial for
aln <3 and all m > 3.

Proof. We consider the cases of n separately.

Case 1. n = 1. The result follows from the fact that F; = P, and the
following theorem, which states that the join P, + P,, of two paths P, and
P, is cordial for all n and all m except for P, + P, (see [2]).

Case 2. n = 2. The result follows from the fact that F» = C5 and the
following theorem, which states that the join C, + P,, of a cycle C, and a
path Py, is cordial for all n and all m if and only if (n,m) # (3,1), (3,2), or
(3.3)(see [3]).

Case 3. n = 3. Let m = 4r + jwhere j = 1, 2, 3, 4, then the fol-
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lowing labelings suffice. F3 + Py, [0011;L4s), F3 + Pasya: [0011;L4,0],
F3 + Py42:[0011;L4,10] and F3 + Py543:(0011;L4,011]. This completes the
proof.

Lemma 4.3. The join F, 4+ Py, of a fan F;, and a path Py, is cordial for all
n < 3 and all m < 3 except for (n,m) = (1,2), (2,1), (2,2), (2,3) and (3,2).
Proof. Appropriate labelings are the following : Fi+P = P+ P : [01,0],
R+P=P+P; 2[01,011], B+ P :[0011,0] and F3+ P, :[0011,001], the
lemma. follows.

Example 4.1. The graphs F+P, FB+P, B+ P, Fy+P;and F3+ P;
are not cordial.

Solution. It is easy to see that Fy + P, = P+ P, = Ky and Fo + P =
Ci+Pi=Ky o+ P = Ci+Po=Ksand F3+ P = C3 + P; are not
cordial similar to example 3.1 and the fact that the join Cy, + P of a cycle
C, and a path P,, is cordial for all n and all m if and only if (n,m) # (3,1),
(3,2), or (3,3). By investigating all possible labelings we see that F3 + P3
does not have a cordial labeling.

Lemma 4.4. The join F, + Py of a fan F, and a path P, is cordial for
aln>3and allm < 3.

Proof. Let n = 4dr + i, where i = 1, 2, 3, 4, then we consider the cases of
m separately.

Case 1. m = 1. Appropriate labelings are the following: Fyr + P1:[1L4r;0],
Fyppa+ P [10L4,-;0], Fyrpo + PI:[110L4,-;0] and Fyp43 + P1:[1100L4.,.;0].
Case 2. m = 2. Appropriate labelings are the following: Fyr+ Ps:[1L4,;01],
Fyria +P: [10L4r;01], F4,-+2+P22[110L4,-;01] and Fy 43 +P2:[1100L4,-;01].
Case 3. m = 3. Appropriate labelings are the following: Fyy+P3:[1L4,;001],
F4,-+1+P3 H [10L4r;001], F4r+2+P3Z[110L4,-;001] and F4r+3+P32[1100L4,-;001],
the lemma follows.

Theorem 4.1. The join F, + Py, of a fan F,, and a path Py, is cordial for
all n and all m if and only if (n,m) # (1,2), (2,1), (2,2), (2,3) and (3,2).
Proof. The proof follows directly from lemma 4.1, lemma 4.2, lemma 4.3,
lemma 4.4 and example 4.1, the theorem follows.

Lemma 4.5. The union F, U P,, of a fan F,, and a path P,, is cordial for
alln >3 and all m > 3.

Proof. For given values of 7 and j with 0 <i <3 and 0 < j < 3, we use
the labeling A; or A/ for the fan F,, where n > 3 and B; or B; or for the
path P,, , where m > 3 as given in Table 4.1. Using Table 4.1 and the fact
that vo —v; = (xo— 1) + (Yo — 1) and eg — €1 = (a0 —ai1) + (bo — by), we
can compute the values shown in the last two columns of Table 4.3. Since
these are all 0,1, or -1, the lemma follows.
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n=4r+i, | m=4s+7,

1=0,1,2,315=0,1,2,3 | F, | Pn|vo—v1 | @ —€e1
0 0 Ao | Bo -1 0
0 1 Ao | By 0 1
0 2 A | B -1 0
0 3 Ay | Bs 0 1
1 0 A | Bo 0 0
1 1 A | B, 1 1
1 2 Al | B2 0 0
1 3 Al| Bs 1 1
2 0 Az | By -1 0
2 1 Ay | By 0 1
2 2 Ay | By -1 0
2 3 A, | Bs 0 1
3 0 Az | B} 0 0
3 1 Az | By 1 -1
3 2 As | B) 0 0
3 3 As | Bs 1 -1

Table 4.3. Combinations of labelings.

Lemma 4.6. The union F,, U P, of a fan F,, and a path P,, is cordial for
alln <3 and all m > 3.

Proof. We consider the cases of n separately.

Case 1. n = 1. The result follows from the fact that F, = P, and the
following theorem, which states that the union P, U P,, of two paths P,
and P, is cordial for all n and all m except for P, U P, (see[2]).

Case 2. n = 2. The result follows from the fact that F5, = C3 and the
following theorem, which states that the union C, U P,, of a cycle C,, and
a path P,, is cordial for all n and all m if and only if it is not isomorphic
to C, U Py with n = 2(modd)(see(3]).

Case 3. n=3. Let m = 4r + j,where j = 1, 2, 3, 4, then the fol-
lowing labelings suffice. F3 U Pys: [0011;L4,), F3 U Pygqq: [0011;L4,0],
F3 U Pyy42:[0011;L4,10] and F3 U Pys43:[0011;L4,011]. This completes the
proof.

Lemma 4.7.The graphs FUP,, HUP;, FoUP, FouP,, FobuPs, F3UP,
F3U P, and F3 U P; are cordial.

Proof. The following labelings suffice. FyUP, = R UP, :[01;1], FUP; =
PuP; :[01;001], BRBUP=C3UPR :[001;1], FBRUuUPR=C3UP, :[001;11],
FobUP; =C3UP; :[ 001;110], F;u P1:[0011;0], Fu Pz:[OOlO;ll] and
F3 U P5:[0011;001], the lemma follows.

Lemma 4.8. The union F,, U P, of a fan F,, and a path P,, is cordial for
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alln >3 and all m < 3.

Proof. Let n = 4r + i, where i = 1, 2, 3, 4, then we consider the cases of
m separately.

Case 1. m = 1. Appropriate labelings are the following: Fy, U Py:[1L4,;0],
FyraUP; [10L4r;0], FyrypaU P1:[110L4r;0] and Fyr43U P1:[1100L4r;0].
Case 2. m = 2. Appropriate labelings are the following: Fy,UP5:[1L4,;01],
Fyr1U P @ [10L4,501], F4r+2UP2:[110L4,-;01] and Fy43U Py:[1100L4,;01].
Case 3. m = 3. Appropriate labelings are the following: Fy,UPs:[1L4,;001},
Fyr1UPs: [10L4,-;001], F4,-+2UP3:[110L4,-;001] and F4,-+3UP3:[1100L4,-;001],
the lemma follows.

Example 4.2. The graph F} U P, is not cordial..

Solution. The solution follows directly from the fact that F{UP; = P,UP;,
which is not cordial ( see [2]).

Theorem 4.2. The union F, U P,, of a fan F,, and a path P,, is cordial
for all n and all m if and only if (n,m) # (1,2).

Proof. The proof follows directly from lemma 4.5, lemma 4.6, lemma 4.7,
lemma 4.8 and example 4.2, the theorem follows.

5 Joins and Unions of Fans and Cycles

In this section, we show that the join Fy, + C,, of a fan F,, and a cycle
C is cordial for all n and all m if and only if (m,n) # (1,3), (2,3) and
(3,3). Also, we prove that the union W, U Cy, of a fan F,, a cycle Cp, is
cordial for all n and all m.

Lemma 5.1. The join F,, + Cy, of a fan F,, and cycles Cy, is cordial for
alln >3 and all m > 3.

Proof. For given values of i and j with0 < i <3 and 0 < j < 3, we use the
labeling A; or A’ for the fan F,,, where n > 3 and B; for the cycle Cy,, where
m > 3 as given in Table 5.1. Using Table 5.1 and the fact that vo —v; =
(zo—=1)+(yo—v1) and eg—ey = (ao—a1)+(bo—b1) +(To—71) (Yo —¥1), we
can compute the values shown in the last two columns of Table 5.2. Since
these are all 0,1, or -1, the lemma follows.

n=4r 41, Labeling of

1= 0, 1, 2,3 Fn o I (/17 ai
i=0 Ap = 1Ly, 2r 2r+1 4r 4r -1
i=1 Ay =01L4, 2r+1 | 2r+1 4r r 41
Ay} =10L4 |2r+1]|2r4+1]|4r+1 4r
i=2 Ay =011L4, | 2r+1 | 2r+2 | dr+1 | 47+ 2

Ay, =110L4y | 2r+1 | 2r+2 | 4r+2 | 4r+1
i=3 A3 =0011L4, | 2r+2 | 2r+2 | d4r42 | 4r4+3
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m =4s+j, | Labeling of

j=012,3 Cm Yo N bo by
i=0 Bo = Lyg 2s 2s 2s 2s
i=1 By =040 |2s+1 2s 2s+1 2s
i=2 Bo=01Ly, | 2s+1]2s+1 2s 2s+2
i=3 By =1L14001,|25+2|254+1[25+1]2s+2

Table 5.1. Labelings of a fan F}, and a cycle C,,.

n=d4r+1, | m=4s+j,

1=0,1,2 | j=0,1,23 | F, | Crp [vo—11 | €0 — €1
0 0 Ao | By -1 1
0 1 Ao | By 0 1
0 2 Ao | B, -1 -1
0 3 Ao | B3 0 -1
1 0 A1 | Bo 0 -1
1 1 A | By 1 0
1 2 11 B2 0 -1
1 3 A | B; 1 0
2 0 As | By -1 -1
2 1 Ay | B 0 -1
2 2 5 | B -1 -1
2 3 5 | B 0 -1
3 0 As | Bo 0 -1
3 1 Ay | By 1 0
3 2 3| B2 0 -1
3 3 5| Bs 1 0

Table 5.2. Combinations of labelings.

Lemma 5.2. The join F,, + C; of a fan F, and a cycle Cj is cordial for all
n > 3.

Proof. Let n = 4r+i, where i =1,2,3,4, then the following labelings suffice:
Fyr + 03:[1L4,-;001], F4r+1 +Cs: [10L4r;001], F4,-+2 + Pl:[110L4,-;001] and
Fyr43 + C3: [1100L4,;001), the lemma follows.

Example 5.1. The graphs F; +Cs , Fy + Cs and F3 + C; are not cordial.
Solution. It is easy to see that F} + C3 = P, + C3 = K5 and Fy + C3 =
Cs3 + C3 = Kg are not cordial similar to example 3.1. By investigating all
possible labelings we see that F3 + C3 does not have a cordial labeling.
Theorem 5.1. The join F,, + Cp, of a fan F,, and a cycle C,, is cordial for
all n and all m if and only if (n,m) # (1,3), (2,3) and (3,3).

Proof. The proof follows directly from lemma 5.1, lemma 5.2 and example
5.1, the theorem follows.

Lemma 5.4. The union F, UC,, of a fan F, and a cycle C,, is cordial for
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alln>3and m > 3.

Proof. For given values of i and j with 0 < ¢ <3 and 0 < j < 3, we
use the labeling A; or A/ for the fan F,, where n > 3 and B; for the cycle
Cyn, where m > 3 as given in Table 5.1. Using Table 5.1 and the fact that
v — 1 = (To — 1) + (Yo — v1) and ep — ey = (ao —a1) + (bo — b1), we can
compute the values shown in the last two columns of Table 5.3. Since these
are all 0,1, or -1, the lemma follows.

n=4r+1, | m=4s+j,
1=0,1,2313i=01,23|Fp | Pn|vw—11|e—€
0 0 Ao | Bo -1 1
0 1 Ao | By 0 0
0 2 Ao | B2 -1 -1
. 0 3 Ao | Bs ] 0
1 0 A, | By 0 -1
1 1 A | By 1 0
1 2 1| Ba 0 -1
1 3 1] Bs 1 0
2 0 As | Bg -1 -1
2 1 Aq 1 0 0
2 2 5| B2 -1 -1
2 3 5| Bs 0 0
3 0 Az | By 0 -1
3 1 As | By 1 0
3 2 53 | B2 0 -1
3 3 5| Bs 1 0

Table 5.3. Combinations of labelings.

Lemma 5.4. The union F,, U C3 of a fan F,, and a cycle Cj is cordial for
alln > 3.

Proof. Let n = 4r+i, where i =1,2,3,4, then the following labelings suffice:
Fy U 03:[1L4r;001], Fyrp U Cs: [10L4,~;001], F4,-+2 U P11[110L47-;001] and
Fyr43 U Cs: [1100L4,;001], the lemma follows.

Example 5.2. The graphs F; UC3 and F3 U C3 are cordial.

Solution. Appropriate labelings are the following : F{UC3 = P, UC3 :
(00;110] and F3 U C3 : [0001;110).

Example 5.3. The graph F> U Cj is not cordial.

Solution. The solution follows from the fact that F» U C3 = C3 U C3 and
the following theorem, which states that the union C, U Cy, of two cycles
C, and C, is cordial for all n and all m if and only if n+m is not congruent
to 2(mod4)(see[2]).

Theorem 5.2. The union F, UC,, of a fan F,, and a cycle Cy, is cordial
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for all n and all m if and only if (n,m) # (2,3).
Proof. The proof follows directly from lemma 5.3, lemma 5.4, example 5.2
and example 5.3, the theorem follows.
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