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ABSTRACT

In this paper, the m-hull sets in the join and composition of two connected
graphs are characterized and their m-hull numbers are shown to be direct conse-
quences of these characterizations.

1 Introduction

Given a connected graph G = (V(G), E(G)) and vertices « and v of G, we call
any u-v path of length dg(u,v) (length of the shortest path connecting u and
v) as u-v geodesic. Any path that does not contain an edge joining two non-
consecutive vertices u and v is called a u-v monophonic path (or simply, m-path).
The monophonic closure of a subset S of V(G) is Jg(S] = U, yes Jolu,v),
where Jg[u, ] is the set containing « and v and all vertices lying on some u-v
m-path.

A subset C of V/(G) is said to be m-convex if, for every pair of vertices z,y €
C, the vertex set of every z-y m-path is contained in C. It is easy to verify that S
is m-convex if and only if J¢[S] = S.

The m-convex hull [S] of a subset S of V(G) is the smallest m-convex set
in G containing S. It can be formed from the sequence {JE&[S]}, where p is a
nonnegative integer, J&[S] = S, J&[S] = J[S], and JE[S] = J[JE (S]] for
p = 2. For some p, we must have J&(S] = JZ[S] for all ¢ > p. Further, if p
is the smallest nonnegative integer such that J&([S) = J&[S] for all ¢ > p, then
JEIS] = [S]m. If [S]m = V(G), then we call S an m-hull set (monophonic hull
set). The m-hull number of G, denoted by mh(G) is the minimum cardinality of
an m-hull set in G. Any m-hull set S with |S| = mh(G) is called a minimum
m-hull set in G.
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The next remark that follows is from the definition of the m-convex hull of a
set.

Remark 1.1 Let G be a connected graph and S C V(G). Then [S],, = S if and
only if S is an m-convex set in G.

Lemma 1.2 Let G be a connected graph. Then mh(G) = |V (G)| if and only if
G is a complete graph.

Proof. Let G be a connected graph and suppose that mh(G) = |V (G)|. Suppose
further that G is not complete.Then there exist a,b € V(G) such that dg(a, b) #
1. Let c € Jg[a, b)\{a, b} and consider S = V(G)\{c}. Then S is not m-convex
in G; hence Jg[S] # S. Thus, S C Jg[S). It follows that J¢[S] = V(G). This
implies that V/(G) = Jg[S] C [S)m. Therefore, [S]m = V(G); that is, S is an
m-hull setin G. Hence, mh(G) < |S| = |V(G)| — 1, contrary to our assumption.
Therefore, G must be a complete graph.

For the converse, suppose that G is a complete graph. Then every subset C of
V(G) is m-convex in G; hence, [C] = C by Remark 1.1 Thus, [C]m = V(G)
if and only if C = V/(G). This implies that C = V(G) is the only m-hull set in
G. Thus, mh(G) = |V (G)|. [ ]

2 Join of Two Graphs

Our first goal is to characterize m-hull sets in G 4+ K, where G is a connected
graph and K, the complete graph of order n.

Lemma 2.1 Let G be a connected non-complete graph, S C V(G + K ) and
S1=SNV(G). Foreveryp > 0, ify € J§, g [SINV(G), then y € JE[S1].

Proof. The conclusion clearly holds forp = 0. Lety € Jg4+k,[S]|NV(G). If
y € Sy, theny € Jg[S1]. Suppose y ¢ S1. Then there exist s,¢ € S such that
y € Jo+k,[5,t). Since y # s and y # ¢, it follows that dg. k.. (s, t) = 2. This
means that s,t € S). Since every s-t m-path in G + K, containing y is an s-
m-path in G, it follows that y € Jg([s, t]. Thus, y € Jg[S1]. This shows that the
assertion of the Lemma holds for p = 1.

Next,suppose that the assertion holds forp > 1. Assume thaty € J. gtj,(" [SIn
V(G). fy € J& k. [S], then y € JE[S1] by assumption. So suppose that
y ¢ J&, k. [S). Then there exist u,v € JG, g [S] such thaty € Jeik, [u,v).
Since y # u and y # v, it follows that doy k., (u,v) = 2. Hence, u,v € V(G).
By the assumption, u,v € J5[S;]. This implies that y € J&+!(S]. Therefore,
the assertion also holds for p + 1. This completes the proof of the iemma. |

Theorem 2.2 Let G be a connected non-complete graph. A subset S C V(G +
K,) is an m-hull set in G + K., ifand only if SNV (G) is an m-hull set in G.
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Proof. Let G be a connected non-complete graph. Suppose S C V(G + K n) is
anm-hull set in G + Ky, say [Slm = J&, k., [S] = V(G + K,,), where p is the
smallest non-negative integer satisfying the first equality. Let S; = SN V(G)
andlet z € V(G) \ J&![S1). Since S is an m-hull set in G + K., there exist
a,be Jg,;‘,(" [S) suchthat = € Jg4 k., [a, b). By the contrapositive of Lemma 2.1,
z ¢ Jg;lKﬂ [S); hence, z # a and x # b. This implies that dg ., (a, b) = 2, that
is, a,b € V(G). Thus, a,b € J5[S)] by Lemma 2.1. Therefore, z € JEIS:)-
This shows that V(G)\ J5™![S1] C JB[S1]. Since J51[Sy] C JE[S1), it follows
that V(G) C JE[S)]. Therefore, S; is an m-hull setin G + K.

For the converse, suppose that S is an m-hull set in G, say JZ[S1] = V(G),
where p is the smallest nonnegative integer satisfying the equality. Since J&[S1] C
J& 4k, [S1], it follows that V(G) C JE, x [S1]. If (S1) were a complete sub-
graph of G, then JZ[S)] = S for all nonnegative integer . Thus, J5[S;] =
S1 # V(G) contrary to our assumption. Therefore, (S| ) is non-complete. Choose
u,v € Sy such that dg(u,v) # 1. Thendgyk, (u,v) = 2and [ w,w,v]isa u-
v m-path for every w € V/(K,). It follows that V(K,) C Jeoik,.[u,v] C
Je1k,[S1]- Therefore, V(G + Ky) C JE ., [S1], that is, S; is an m-hull set in
G+ K,,. Since S; C S, S is also a m-hull set in G. This completes the proof of
the theorem. ]

Corollary 2.3 Let G be a connected non-complete graph. A subset
S C V(G + Ky,) is a minimum m-hull set in G + K, ifand only if S C V(G)
and S is a minimum m-hull set.

Proof. Let G be a connected non-complete graph. Suppose S C V(G + K ,,) is
a minimum m-hull setin G + K. Then S; = SN V/(G) is an m-hull set in G by
Theorem 2.2. Suppose that $* = SNV (K,) # 0. Then S; = S\S* is an m-hull
setin G + K, by Theorem 2.2 and |S;| < |S|. This contradicts the fact that S is a
minimum m-hull set in G + K. Therefore, S C V(G). Again, by Theorem 2.2,
S is a minimum m-hull set in G, that is, mh(G) = |S|.

The converse can be proved in a similar manner. |

The following result gives the m-hull number of G 4 K, which is a direct
consequence of the above Corollary and Lemma .2

Corollary 2.4 Let G be a connected graph of order p and K ,, the complete graph
of order n. Then

p+n fG=K,,
mh(G + Kn) = {mh(G) ifC £ K,

411



Example 2.5 Let n and m be positive integers. Then
1. mh(Kp, + Kn) =n+mforalln > 2;
2. mh(Cp + Knn) =2foralln > 4;
3. mh(W, + K,,) =2foralln > 4.

The next result characterizes m-hull sets in the join of any non-complete
graphs.

Theorem 2.6 Let G and H be non-complete graphs. Asubset S of V(G+H)
is an m-hull set in G + H if and only if there exist a,b € S withdg 4 x(a,b) = 2.
In this case, either a,b € V(G) or a,b € V(H).

Proof. Let G and, H be non-complete graphs and S C V(G + H) an m-hull set
inG+ H. If S = V(G + H), then we are done. So suppose S # V(G + H).
Since S is a m-hull set in G + H, it follows that S # Jg4+H[S] (otherwise,
JE,ylS] = S # V(G + H) forall p > 1, contrary to our assumption). Let
z € Jg+H[S] \ S. Then there exist a,b € S such that z € Je+H(a,b]. Since
z#aandz # b, dgym(a,b) = 2. In this case, a,b € V(G) or a,b € V(H).
Conversely, suppose that there exist a,b € S with dg+x(a,b) = 2. Assume
that a,b € V(G). Then V(H) C Jgsrla,b] C Jo+n[S]. Pick
u,v € V(H) = Jg+x[S] such that uv ¢ E(H). Thendgn(u,v) = 2; hence
V(G) C J&, |S]. Since Jo1+x[S] € JE, ulSLV(G+H)C JZ, x[S). This
shows that S is a m-hull setin G + H. [ ]

As a quick consequence of Theorem 2.6, we have

Corollary 2.7 Let G and H be non-complete graphs. Then mh(G + H) = 2.

3 Compositon of Two Graphs
The concept that follows appeared and was illustrated in [5].

Definition 3.1 Let G be a connected graph and A C V(G). A point a in A
is called a monophonic interior point of A if a € Jg[A\ {a}]. The set of all
monophonic interior points of A is denoted by A°.

Lemma 3.2 [5]. Let G be a connected graph and K, be the complete graph of
order n. If P = [(u1,v1), (uz2,v2), ..., (ur, )], 7 2 2is an m-path in G[Kn)
then we have the following possibilities:

i. Ifuls are distinct, then [u1,us, ..., ur] isanm-path in G.

ii. Ifulsare notdistinct, thenr = 2.
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Lemma 3.3 Let G be a connected graph and K ,, the complete graph of order n,
and C C V(G[K,]). Then (Jg‘[!{n] [C))e = J&[Cq).

Proof. We prove this by induction on k.

Let a € (Jgik,] [C]) g. Then there exists b € V(K,) such that
(a,b) € (Jgik,,)[C]). Thus, we can find an m-path | (u1,v;),..., (us,vs)] in
G[Kn] such that (uy,v1), (us,vs) € C and (a,b) = (u,,v,) for somer,1 < r <
s. If s = 2, then clearly, [u;,us] is an m-path in G. Thus a € Cg. Suppose
s 2> 3, then by Lemma 3.2, [uy, ..., u,] is an m-path in G containing a. Thus, in
either case, a € Jg[Cg].

Conversely, let a € Jg[Cg]. Then there exists an m-path [u,...,u,] in G
such that u;,u; € Cg anda = u,, forsomer, 1 <r < s. Letv,v’ € V(K,)
such that (u1, vy, (us,v') € C. If v = v/, then [(u3,v), ..., (us,v)] is an m-path
in G[K,] containing (a,v). If v # ', then [(u1,v),..., (u,,9), (us,v)] is an
m-path in G[K,] containing (a,v). Thus, (a,v) € (Jg[x,)[C])- Consequently,
a € (Jeik..|[Cl)e-

This shows that the assertion holds for & = 1. Next, suppose the assertion
holds for k = n > 1. Now (Jgf¢ |[Clc = J(Jg(k.,[C])a. By induction
hypothesis, J(Jg,)[Clle = J(JE[Ce))- Thus (Jgig |[Cle = J&*!(Cql.
Therefore, the assertion holds for all integer k > 1. [

Theorem 3.4 [5). Let G be a connected graph and K ,, the complete graph of
order n. Then C = |J,cs({a} x To,), where S C V(G) and T, C V(K,), is
monophonic in G[K,] if and only if S is monophonic in G and T, = V(K,)
whenevera € S\ S°,

The next result describes completely the m-hull sets in G[K ,].

Theorem 3.5 Let G be a connected graph, K, the complete graph of order n,

and C C V(G[Ky]). Then C = U cs({a} x To) is an m-hull set in G|K,) if
and only if S is an m-hull set in G and To = V(K,,) whenever a € S\ (V(G))°,

where (V(G))° is the set of all monophonic interior points of G.

Proof. Suppose C C V' (G [K ] )isan m-hull setin G [Kn]. Then J§ . 1[C] =
V(G[K,)) for some positive integer I. This implies that J(‘;‘[knl [C] is monophonic
in G[K,]. Consequently, (J ¢[x.} ‘~! [C])¢ is monophonicin G. By Lemma 3.3,
(J(‘;‘[}("][C])G = J&'[Ce] = J5!(S). Hence, J5!(S] is monophonic in G.
Thus, J5[S] = J(J5[S]) = V(G), i.e., S is an m-hull set in G.

Next, JIG_Illf..] [C] monophonic in G[K ,,] implies (J'G'(‘}\,n][C])G is monophonic
inGand T, = V(K,) whenevera € (Jé.‘”l("][C])a \ (Jé.‘l}{",[C])g by Theo-
rem 3.4. This implies that J5 ![S] is monophonicin G and T, = V(K,) when-
evera € Ji ' [S] \ (J5[S])°. Consequently, J5[S] = V(G) and T, = V(K,,)
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whenever a € J51[S]\ (J51[S])°. Note that § € J5[S] and (J§![S])° €
V(G)°. It follows that J4[S] = V(G) and T, = V(K,) whenevera € S\
V(G). :

For the converse, suppose S is an m-hull set in G and T, = V(K,) whenever
a € S\V(GP. Then V(G) = J§[S] = (Jév[x,.] [C)e. Let (a,b) €
V(G[Kz)). Ifa € S\ V(G)°, then (a,b) € C C Jgx,,[C]. Suppose a €
(V(G))°. Then there exist u,u’ € V(G) \ {a} such thata € Jg[u,u']. Let
[t1,-- -y Ur,...,us] be an m-path in G such that u; = u, ur = g, and u, = o'
Let v,v' € V(Kn) such that (u,v), (u'v') € Jg(k,[C]. Consider the following
cases:
Case 1 v =v' = b. Then[(u1,v),..., (¥r,),...,(us,v)] isan m-pathin G[K,)
containing (a, b).
Case 2 v # band v’ = b. Then [(u1,v),...,(ur,v), (ur,b),... , (us,b)] is an
m-path in G[K,,] containing (a, b).
Case 3 v =bandv’ # b. This case is similar to Case 2.
Case4 v # band v’ # b. Then [(u1,v), ..., (ur, V), (Ur,b), ..., (ts, ), (us,?')]
is an m-path in G[K. ,,l containing (a, b).

Thus (a,b) € Jgik,[C]-
. Therefore V(G[K,]) = .]gi}(“] [C). Accordingly, C is an m-hull setin G[Kn}.

The next result gives formula for computing the m-hull number of G[K ).

Corollary 3.6 Let G be a connected graph, K, the complete graph of order n,
and (V(G))® be the set of all monophonic interior points of V(G). Then

mh(G[Ky]) = min{n|S\ (V(G))°|+|S N (V(G))°| : S is anm-hull set in G}.

We now give the m-hull number of the composition G[H], where G and H
are non-complete graphs.

Theorem 3.7 Let G and H be non-complete graphs. Then mh(G[H]) = 2.

Proof. Let a € V(G) and b,b' € V(H) such that dy(b,b') = 2. We show that
S = {(a,b), (a, )} is an m-hull set in G[H]. Let (u,v) € V(G[H]) such that
u # a and [uy,u2,. .., u,] be an a-u geodesic, whereu, = a and u, = u.
Claim: For each (u,v) € V(G[H]), there exists l(u) such that (u,v) € J'[S].

Since (u3,b), (u1,b’) € S, (u2,b),(uz,b') € J[S]. This implies that
(us,b), (u3,b’) € J2[S]. Continuing in this manner, we obtain (ur-1,b),
(ur_1,b’) € J72[S], r > 2. Consequently, (u,,v) = (u,v) € JT1S).

Let n = maz{l(u) : u € V(G)} and (u,v) € V(G[H]). Then by the Claim,
(u,v) € Jr-1[S] € J"[S]. Thus, V(G[H]) = J*[S]. Accordingly, S is an
m-hull set in G[H). Thus, mh(G[H]) = 2. [ ]
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