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Abstract In this paper, the joint tree method of graph embeddings which was
introduced by Liu is generalized to digraph embeddings. The genus distributions
of a new type digraphs in orientable surface is determined.

Keywords Digraph, joint tree, embedding distribution, genus, surfaces.

1. Introduction

The embedding genus problems of graphs have been studied by many authors.
Gross and Furst (5] first introduced the genus distributions of graphs. After that,
the genus distributions of circular ladders and Mobius ladders 7], closed-end
ladders and cobble-stone paths [4], bouquets of circles [6], Ringel ladder s[11]
were studied. The total genus distributions of neck-laces,closed end ladders and
cobblestone paths [3] and bouquets of circles [8] were also investigated.

All these results are concerning genus distributions of graphs, little is known
about those of digraphs.

In this paper, we introduce a kind of digraphs and determine their genus poly-
nomials.

Let a = (u, v) be an arc of a digraph D, then a is said to join u and v. We also
say that a is incident from u and incident to v, while u is incident to @ and v is
incident from a. Moreover, u is said to be adjacent to v and v is adjacent from
u. Two vertices u and v of a digraph D are nonadjacent if u is neither adjacent
to nor adjacent from v in D. The outdegree odv of a vertex v in a digraph D is
the number of vertices of D that are adjacent from ». Similarly, the indegree idv
is the number of vertices of D adjacent to v. The degree degv of a vertex v is
defined by degv=odv+idv.

A digraph is Eulerian if it is connected and the indegree equals the outdegree
for each vertex. Bonnington et. al. [1,2] proved some basic results on digraph
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embeddings and obtained the obstructions for directed embeddings of digraphs
in the plane.

A surface is a compact orientable 2-dimensional manifold without a boundary.
It can be obtained by identifying each of pairs of edges along a given direction on
a polygon with even number of edges, a surface corresponds to a cycle of letters.

The orientable surface of genus h, denoted by S, is the sphere with £ handles
added. A graph is said to be embedded in a surface S if it is drawn in § so
that edges intersect only at their common end vertices. A digraph is said to be
embedded in a surface S if it is embedded as a graph with the directions of arcs
consistent in each region boundary. Two embeddings of digraph D, f : D — S
and g : D — S are the same, if there is an orientation preserving homeomorphism
h: S — 8 such that hf = g. Here each embedding is a cellular embedding. The
genus g of a digraph D is the minimum integer g such that D can be embedded
in Sg. ,

For a surface S, let o(S) be the genus of S. Let A and B be sections of
successive letters in cyclic orders (called linear sequences) and @ be empty set.
Let e,e1 and ez be distinct letters. By an elementary transformation, we mean
one of the following three operations and their inverses on a surface S. ([10] §1.5)

OP1 (AB) ~ (Ae)(e”B), where A # ( or B # 0;

OP2 (AeiezBejey) ~ (AeBe™), where e = e1e2,e” = (e1€2)” = ez ey ;

OP3 (AeeB) ~ (AB), where AB # 0.

It can be seen that each orientable surface is equivalent to only one of the
following canonical forms of surfaces:

(aoaa), ifi=0
0= (ﬁ axbragby), ifi=1
k=1

O; means the orientable surface of genus i.

Lemma 1.1 Let A,B,C,D and E be linear sequences, and let (ABCDE) be
a surface. For a,b¢ (ABCDE), then (AaBbCa™ Db~ E) ~ (ADCBEaba™b").

Lemma 1.2/'%9  Let S and 8’ be surfaces, if S ~ (S'zyz"y~), and z,y,27,y~ €
S', then o(S) = o(S') + 1.

Let G be a graph and T be a spanning tree of G. A rotation at a vertex v,
denoted by o, is a cyclic permutation of edges incident with v. Let o be a

rotation system of G, then 0 = [] ov. For each embedding G, determined
veV(G)

by o, a joint tree is obtained by splitting each co-tree edge e into two semi-edges

et and e~ (called co-tree semi-edges ). For notational convenience, we use e for

et throughout this paper.

If G is a digraph, we just change edges to arcs and semi-edges to semi-arcs.

It has been shown in [9) that the genus distribution is independent of the choice
of a spanning tree, that is
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Lemma 1.3 Let T and T’ be two distinct spanning trees of a graph G and
L be the set of rotation systems of G. For o € L, let G, be an embedding
determined byo. T, be the joint tree embedding corresponding to Go. Then there
ezists a bijection between (I, T) and (£,T"), where (I, T) = {To|o € £} and
(=,T) = {T'ala € I}

Let G be a digraph, the sequence go(G), 91(G), g2(G),- - is called the genus
distribution of G, where g;(G) is the number of different embeddings of G in the
orientable surface with genus i. The genus polynomial of G is as follows:

folz) = 2 :(G)z’

In this paper, we consider the genus distributions of Eulerian digraphs in ori-
entable surfaces. The joint tree method of graph embeddings which was intro-
duced by Liu is generalized to digraph embeddings. Then, we determine the
genus distributions of crossing-digraphs Uy, in orientable surface(the definition
of Uy is in §2). For convenience, the braces of surfaces are omitted in the next
section.

2. Genus distributions of cross-digraphs

Let Up be the digraph shown in Fig.1(a). The graph U, is obtained by adding
4n vertices u1, V1, us, v3,  ** , U2n—1,V2n=1,U2n,V2n," -+ , Ud, U4, Uz, U2 alonging the
arc e and 4n arcs: ug._1ug, UarU—1, V2i—1V2t, VV2-1, denoted by ap, by, q,d,
respectively, for a positive integer | (1 <! < n). Uy,U; are shown in Fig.1(b),(c)

n Ul U3 uz v uy
b ay b / [a2 b/
e ap ao ao
dy C1 da\\c2 di\ \C1
u2 v2 uq Vg u2 v2
(a) (b) (o)

Fig.1: Uo, U, U,

N Consider Up. Let ao be a cotree edge. We can see Uy has the unique joint tree
T. Here, aoa, is its embedding surface. Then, go(Uo)=1, so fu,(z) = 1.
Consider U,. Let T be a tree such that ao,a,,b, ¢, d; are cotree edges. Then
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T generates 16 distinct joint trees of U;. By calculating, we can easy get the
followings: go(Uh) = 2, g1(Uh) = 10, g2(U1) = 4. Therefore fu,(z) =2+ 10z +
4z2.

Let Y be an embedding surface of Un—1. Since U, is obtained from U,—-1 by
adding four vertices and four arcs, a joint tree of Y generates 16 distinct joint
trees of U, whose embedding surfaces belong to the following 3 types:

T1: bpanYicndnd, ey Yoar by  dacnYianbabyay Yac, dy
T2 : dncnbnanY1Yocndnan by  dncnYianbnYac, draz by
ducnbnanYibyay Yachd;  dncnbnanYid;c, Year by
bnanYicndnYacndranby bnanYicadnbrandici Y2
Yianbnendnbyay, Yacnd;  Yianbncndndgcp Yoar b
Yianbncndnbandic,Ya dncnYianbabyandnciYe
T3 : Yianbncndn Yo dnan by,  bnanYicndnby ay Yoc, dyy
dncaYianbndy ¢, Yaa; b, dncnbaanYibrazdoc Y2
Where V1Yo =Y.

For a graph sequence G, let Y and X be embedding surfaces of Gn-1 and Gn
respectively. If X is generated by Y, then Y is called the mother of X.

Lemma 2.1 Let X be an embedding surface of Un, Y the mother of X. Then,
(1) If X has a form as the same as one in T1, then o(X) = o(Y);

(2) If X has a form as the same as one in T2, then o(X) = o(Y) +1;

(3) If X has a form as the same as one in T3, then o(X) = o(Y)+2;

Where Y1Ys =Y

Proof. Sine the arguments of the proof are similar, we shall prove for the
first form in each type of X. They are checked by using OP2, OP3, Lemmal.1
and Lemmal.2 as follows:.

(lj Since bnanYicndndy ez Yaar b, ~ Y1Y2, therefore, o(X) = o(Y);

(2) Since dncabnanY1Yac, dran by ~ Y1Yacy cabnby dnandyar, therefore, o(X) =

oY) +1;
(3) Since YianbacadnY2c, dran by ~ YicndnYac, dyanbnaz by
~ Y1Yacndncy, dy anbnay by, therefore, o( X) = o(Y) +2. ]

Theorem 2.2 The distinct embeddings of digraph Un (for n > 2) in ori-
entable surfaces with genus i is:

29i(Un-1), if i=0;
29:(Un-1) + 10gi-1Un-1), if i=1;

9i(Un) = { 20i(Un-1) +10gi—1(Un-1) +4gi-2(Un—1), if 2<i<2m -2
10gi-1(Un-1) + 4gi-2(Un-1), if i=2n-1;
4gi-2(Un-1), if i=2n.
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Proof. Let gi;(U.) be the number of distinct embeddings of U, in orientable
surfaces with genus ¢ such that their embedding surfaces have forms in Tj. By
Lemma 2.1, for n > 2

90, (Un) =0, for j =2,3;

9iy (Un) =29i(Un_)), for 0 <i < 2n - 2;

9i2(Un) = 10gi—1(Un—1), for 1 <i < 2n ~ 1;

9i3(Un) = 49i-2(Un-1), for 2 <i < 2n.

3
Since gi(Un) = 3" gi,(Un), the proof is done. #
i=0
For example, the embedding polynomials of U, are as follows for n = 0,1,2,---,5:
on(x) =1

fu,(z) =2(1 + 5z + 227)

fua(z) = 22(1 + 10z + 2922 + 202° + 4z)

fus(z) = 2°(1 + 15z + 8122 + 1852° + 162z* + 60z° + 82°)

fug(x) = 2°(14 20z + 15822 4 6202° + 12492 + 12402° + 63225 + 160z” + 16z®)

fus(2) = 2°(1 + 252 + 2602 + 14502° + 4665z* + 87252° + 93302° + 580027
+2080z° + 400z° + 32z'°)

Lemma 2.3 The mazimum genus of digraph U, in orientable surface is 2n.

Proof. It is obtained from Theorem 2.2 directly. #
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