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Abstract

In this paper, we apply the concepts of intuitionistic fuzzy sets to
coalgebras. We give the definition of intuitionistic fuzzy subcoalge-
bras and investigate some properties of intuitionistic fuzzy subcoal-
gebras. Considering the applications of intuitionistic fuzzy subcoal-
gebras, we discuss their properties under homomorphisms of coalge-

bras.
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1 Introduction

Presently science and technology is featured with complex process and phe-
nomena for which complete information is not always available. For such
cases, mathematical models are developed to handle various types of sys-
tems containing elements of uncertainty. A large part of these models are
based on an extension of the ordinary set theory, namely, the so called
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fuzzy sets. It is well known that the notion of fuzzy sets was introduced by
Zadeh [18] as a method of representing uncertainty. Since then, the theory
of fuzzy sets has become a vigorous area of research in different disciplines.

After the introduction of fuzzy sets, there have been a number of gen-
eralizations of this fundamental concept. The notion of intuitionistic fuzzy
sets introduced by Atanassov [5, 6] is one among them. Recently, many
researchers have applied this concept to algebraic structures, for example
(see [1, 2, 3, 4, 7, 8, 10, 11, 13, 15, 16]). These algebraic structures can be
regarded as universal algebras which makes n-tuples elements into one. In
2000, Rutten [17] introduced the notion of universal coalgebras as the dual
of universal algebras. The family of labelled transition systems and coal-
gebras defined in [12] are the universal coalgebras. The theory of universal
coalgebras turned out to be suited, moreover, as models for certain types of
automata and more generally, for (transition and dynamical) systems. As
an application of the theory of universal coalgebras, we studied fuzzy sub-
coalgebras of coalgebras in [9]. Now, it is natural to consider intuitionistic
fuzzy subcoalgebras for further study.

2 Preliminaries
In this section, some relevant definitions and notations are reproduced.

Definition 2.1. ([12]) A k-coalgebra is a triple (C,A,¢), where C' is a
k-vector space, A : C - C ®C and € : C — k are morphisms of k-vector
spaces such that the following diagrams are commutative:

c -2, cecC

Al IeAl

cec 2%, cecocC

c
N/ \~
Cok A k®C

I®:‘\ cecC /E'®I

Remark 2.1. Let (C, A, €) be a coalgebra. For an element ¢ € C, we denote
Alc) = Y ci1®cio. In this paper, we require that {ci1}, {ci2} are linearly

i=l,n
independent respectively. In this case, the decomposition of A(c) is unique.
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Definition 2.2. Let C be a k-coalgebra. An intuitionistic fuzzy set (IFS for
short) of C defined as an object having the form A = {(z, pa(z),va(z))|z €
C}, where the functions 4 : C — [0,1] and v4 : C — [0,1] denote the
degree of membership (namely p4(z)) and the degree of non-membership
(namely v4(x)) of each element z € C to the set A, respectively, and
0 < pa(z) + va(x) < 1 for each € C. For the sake of simplicity, we
shall use the symbol A = (ua,v4) for the intuitionistic fuzzy set A =

{(:B, #A(I),VA(IJ))'$ € C}

In this paper, we use the symbols aAb = min{a, b} and aVb = max{a, b}.

Definition 2.3. Let A = (u4,74) and B = (ug, vg) be intuitionistic fuzzy
sets of a coalgebra C. Then

(1) AC B iff pa(z) < pp(z) and va(z) > vp(z) for all z € C,

(2) AN B = {(z, pa(z) A pa(z), va(z) Vvp(z))|2 € C},

(3) AU B = {{z, pa(z) V pa(z), va(z) Avp(2))|2 € C},

(4) BA = {(z, pa(z), u4(z))|z € C},

(8) 0A = {(z,v4(z), va(z))lz € C}.

Definition 2.4. Let A = (p4,v4) and B = (ug, vg) be intuitionistic fuzzy
sets of a coalgebra C. The intuitionistic sum of A = (u4,v4) and B =
(#B,vB) is defined to the intuitionistic fuzzy set A+ B = (1a+B,va4+B) of
C given by

sup {pa(a) A pp(b)} frz=a+b

Pa+B(T) = =z=atb .
0 otherwise
inf {va(e)vvp(b)} ifz=a+b

va+B(T) = z=atb )
1 otherwise

Definition 2.5. Let f be a mapping from a coalgebra C to a coalgebra
C'. If A = (pa,va) and B = (up,vB) are intuitionistic fuzzy sets in
C and C’ respectively, then the preimage of B = (ug,vg) under f is
defined to be an intuitionistic fuzzy set f~!(B) = (us-1(p), ¥s-1(p)) Where
kr-1(B)(T) = pp(f(z)) and vy-1(g)(x) = va(f(z)) for any = € C and the
image of A = (u4,v4) under f is defined to be an intuitionistic fuzzy set

F(A) = (ps(ay, Vra)) where

{ sup {pa(z)} ify € f(C)
Krayy) = z€f~1(y) . ,

0 if y ¢ f(C)

inf {va(z)} ify € f(C)
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3 Intuitionistic fuzzy subcoalgebras

Definition 3.1. ([12]) Let (C, A, ) be a coalgebra. A k-subspace D of C
is called a subcoalgebra if A(D) C D® D.

Definition 3.2. Let A = (z4,v4) be an intuitionstic fuzzy set of C. For
anyz € C,A(z)= Y zi1®Ti2. Then A= (a,va) is called intuitionistic
i=l,n

fuzzy subcoalgebra of C, if it satisfies the following conditions:

(1) pa(az + By) = pa(z) A paly) and va(ez + By) < va(z) vV valy),
for any z,y € C and o, B € k,

(2) pa(z) < palzi) A pa(ziz) and va(z) 2 va(za) V va(zi), for any
z € C and all i.

Ezample 3.1. Let C be a vector space with basis {g;,d;|i € N*}. We define
A:C—>C®Cande:C—kby

A(gi) = gi ® 9is A(d;) = i ®di + di ® giy1,

e(gi) =1, €(d,‘) =0.

Then (C, A, ¢) is a coalgebra ([12]).

Let x #0. Then £ = ) aig; + Y- bid; where a;, b; # 0. We define A =
(84, va) where pa(z) = (Aa(@:))A(ABA()), pa(g:) = Fy) pald) = 75
and va(z) = (Vva(g:)) V (Vra(ds)), va(e:) = rh, va(di) = f;—i Ifz=0,
we define p4(0) = 1 and v4(0) = 0. Then p is an intuitionistic fuzzy
subcoalgebra of C.

Indeed, let z = 3" a;g;i+Y_ bidi and y = 3 kigi+lid;, where a;, bi, ki, l; #
0. Then for o, € k, az + By = Y (aa; + Bki)g: + Y (ab;i + Bli)d;,
we have pa(az + By) = (Apa(9:)) A (Ara(di)) > min{pa(z), paly)}
and va(az + By) = (Vva(g:) V (Vva(di)) < max{va(z),va(y)}. Since
Alz) = T a:A(g:) + L b:iA(dy) = 3 ai(gi ® gi) + 2 bi(g: ®di +di ® gi1),
we have pa(z) = (Ana(9:) A (Apa(ds)) < min{pa(9:), #a(9i)}s pa(z) =
(Apa(g:)AMApa(ds)) < min{pa(gi), pa(di)}, pa(@) = (Apa(g:))A(Ara(di))
< min{pa(d;), pa(gi+1)} and va(z) = (Vva(g:))V(Vra(di)) = max{va(g:),
va(9:)}, va(z) = (Vwalg:)) v (Vwa(di)) > max{va(g:),va(d:)}, va(z) =
(Vva(9:)) V (Vva(di)) > max{va(d;),va(gi+1)}. So pa(z) < min{pa(za),
pa(ziz)} and va(z) > max{va(zi),va(zi2)}. Hence A = (na,va) is an
intuitionistic fuzzy subcoalgebra of C.

Lemma 3.1. If A = (a,va) is an intuitionistic fuzzy subcoalgebra of C,
then so is OA = (pa, 1g).

Lemma 3.2. If A = (1a,va) is an intuitionistic fuzzy subcoalgebra of C,
then so is QA = (V5. Va)-
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Theorem 3.1. A = (pa,va) is an intuitionistic fuzzy subcoalgebra of C if
and only if OA and QA are intuitionistic fuzzy subcoalgebras .

Definition 3.3. For any ¢ € [0,1] and fuzzy subset u of C, the set U(u, t) =
{z € Clu(z) > t} (resp. L(p,t) = {z € Clu(z) < t}) is called an upper
(resp. lower) t-level cut of p.

Theorem 3.2. If A = (ua,va) is an intuitionistic fuzzy subcoalgebra of
C, then the sets U(ua,t) and L(va,t) are subcoalgebras of C, for every
t € Qus NSy,

Proof. Let z,y € U(pa,t) and o, 8 € k. Since A = (1a,v4) is an intuition-
istic fuzzy subcoalgebra, we have pa(z) > ¢, ua(y) >t and pa(az + By) >
pa(z) A pa(y) = t. Therefore, ox + By € U(ua,t). Let € U(ua,t). Be-
cause pa(Ti) Apa(Tiz) > pa(z) > t, we have pg(zi1) > ¢ and pa(zig) > t.
Hence1 A(U(/}'A?t)) - U(#Aat) ® U(HA)t)'

Similarly, let z,y € L(va,t) and a,8 € k. Since A = (u4,v4) is an
intuitionistic fuzzy subcoalgebra, we have v4(z) < t,va(y) <t and vs(az+
By) < va(z) V va(y) < t. Therefore, az + By € L(va,t). Let = € L(va,t).
Because va(zi1) Vva(ziz) < va(z) < t, we have va(zi1) < t and va(ziz) <
t. Hence, A(L(va,t)) C L(va,t) ® L(va,t). O

Theorem 3.3. If A = (1a,v4) is an intustionistic fuzzy set of C such that
all non-empty level sets U(py,t) and L(va,t) are subcoalgebras of C, then
A = (pa,va) is an intuitionistic fuzzy subcoalgebra of C.

Proof. Let z,y € C and o, 8 € k. We may assume that ps(y) > pa(z) =
t1 and va(y) < va(z) = to, then =,y € U(pa,t)) and 2,y € L(va,to).
Since U(ua,t1) and L(va,to) are subspaces, we get az + By € U(pa,t1)
and az + By € L(va,to). So palaz +By) > ¢, = pa(z) A pa(y) and
va(oz + By) < to = va(z) V valy).

Let z € C. Suppose that ps(x) = to, we have z € U(ua,to). Since
A(x) € U(pa,to) ® U(pa,to), we have #a(zi) > to and ra(ziz) 2 to, so
pa(z) =to < pal(za) A pa(ziz). Also, suppose that v4(z) = ¢, we have
z € L(va,t1). Since A(z) € L(va,t1) ® L(va,t)), we have va(zi) < 4
and va(zi2) < 1, s0 va(z) = t1 > va(zil) V va(zio). a

Theorem 3.4. Let A = (ua,va) and B = (up,vp) be intuitionistic fuzzy
subcoalgebras of coalgebra C' such that p4(0) = pp(0) and v4(0) = vg(0).
Then A+ B = (pa4+B,va+B) is also an intuitionistic fuzzy subcoalgebra of
C.
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Proof. Let z,y € C and a € k. Firstly suppose that pare(z +y) <
pa+B(T)Aparsy) and varB(z+y) > vatrs(z)Vvar(y), then payp(z+
y) < pa+B(Z), pa+B(zT +v) < parB(y) and vays(z +v) > vars(2),
va+(z+y) > va+p(y). Choose a number t,¢’ € [0,1] such that paip(z+

y) <t < pars(z), patB(T +7) <t < parp(y) and vayB(z +y) > t' >
vasB(T), va+B(z +y) > t' > vatp(y). Then there exist a, b,e,d € C with

z=a+by=c+dsuch

and va(a) < t/,va(d) <,

pa+B(z +Yy)
2
>

and

varB(z+y) =
<

<

that pa(a) > t,pa(d) > t, pe(c) > t,up(d) > t
vp(c) < t',vp(d) < t', we have

{watm) A ps(n)}
sup

s +d{uA(aJrb)AuB(c+d)}
z+y=a c

t>patrB(z+y)

sup
z+y=m+n

inf
z+y=m-+n

{UA('m) v ug(n)}

.. S {V“‘(a +b)Vup(c+ d)}
t, < VA+B(1‘ + y)'

These are contradictions. So pa+8(z +y) = pa+B(z) A pa+s(y) and
va+B(z +9) S vars(z) Vvarsy)-

Secondly, let & € k and z € C. We will show pa4p(az) > pa+s(r)
and va4.8(ar) < vays(z). If a #0, then

ka+B(az)

and

va+p(ox)

sup
ar=a+b

{na@) Aua(t)}

sup {m(&a) /\us(%b)}

:c=-3;a+-‘l;b

ra+B().

ot {va@) Vs 0}

{vaGa)vus(ch)}

inf
r=Ltat+lb

va+8(T)-
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If « =0, then
parp(az) = pars(0) = sup {ua(a) Aup(d)}
O=a+b

> #a@App(©) 2 sup {walc) Aus(d)}
r=c+d

= pats(T)
and
vars(az) = vars(0) = inf {va(e) vua(b)}
< va@Vus0 < inf {va(e)Vua(d)}
= va+B(z)-

Finally, let z =a+b € C. Then

Y za®z = Ar)=A(a+b) = Aa) +Ab)
i=1l,n

= Z as1 ® ago + Z by ® bya.
t=1

s=1ln

Hence we have

ra+B(z) = sup {#A(a)A#B(b)}
z=a+b

< s {ralan) Apalan) Aps(ba) A us(on) |

z=a+

= sup {1a(@n) Aus(0) A pa(0) A up(ba) } A

r=a-+

sup {na(ass) A un(0) A pa(0) A s (ba)]

(a+B(as1) A pars(ba)) A(pays(ase) A pass(be))
Ba+B(Ta) A patB(zio)-

IAIA

and

429



varp(z) = ziriib{uA(a)VuB(b)}

_int {va(an) v va(en) Vrs(u) v vp(ba) }

v

x_i.:l:&b VA(a,,l) A\ UB(O) A\ VA(O) A\ VB(bu)} A\

:l:ngl-b VA(asg) \Y VB(O) \Y VA(O) \Y VB(bgz)}
(va+B(as1) VvarB(ba)) V (va+B(as) V varp(be2))
va+B(Zi) V vatB(Zi2)-

v v

Therefore A+ B = (1a+B,Va+B) is an intuitionistic fuzzy subcoalgebra
of C. (]

Theorem 3.5. Let A; = (ua,,Va;) be o family of intuitionistic fuzzy sub-

coalgebras of C. Then [ A; is an intuitionistic fuzzy subcoalgebra.
ieN

However, the union of two intuitionistic fuzzy subcoalgebras can not be
fuzzified. Let A = (pa,va) and B = (1B,vB) be intuitionistic fuzzy sub-
coalgebras of C. Then AUB can not be an intuitionistic fuzzy subcoalgebra
of C. In fact intuitionistic fuzzy subcoalgebras are intuitionistic fuzzy sub-
spaces of coalgebra C, whereas the union of intuitionistic fuzzy subspaces
is not an intuitionistic fuzzy subspace in general. The counterexample is
Example 3.2.

Ezample 3.2. Here, we also use the coalgebra in Example 3.1 and assume
the basis is {g1,92,d1}. Let = #0. Then z =}~ a:g; + bidh where a;,b; #
0. We define A = (ua,va) where pa(z) = (Apa(g:)) A pa(d) in which
pa(er) =1, pa(ge) = 3, pa(dr) = § and va(z) = (Vra(g:)) Vva(d) in
which v4(g1) =0, va(g2) = §, va(d1) = §-

We also define B = (1, vp) where up(z) = (Ar(g:))Ans(d1) in which
pslgr) = 3, pe(g2) = 1, pa(d1) = § and vp(z) = (Vva(%:)) V ve(d)
in which vg(g1) = %, vp(ge) = 0, va(d1) = —g— If £ = 0, we define
2a(0) = 1,v4(0) = 0 and pp(0) = 1,v5(0) = 0. Then A, B are in-
tuitionistic fuzzy subcoalgebras of C. We have (ua U pg)(g1 + g2) =
palgr +92) V (a1 + g2) = min{pa(g1), pa(g2)} vmin{ps(91), n8(g2)} =
1v1 =1 however, min{(za U us)(91), (ka U pp)(g2)} = min{pa(g1) v
pe(91), palge) V pp(g2)} = min{l,1} = 1, so (ua U pB)(g1 + g2) <
min{(xa U £B)(91), (a4 U pB)(g2)}, this shows that AU B is not an in-
tuitionistic fuzzy subcoalgebra of C.
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4 The homomorphisms of coalgebras

Let C be a k-coalgebra and I be a coideal of C. Let C/I be a quotient
space, p: C — C/I by p(z) = % is canonical map, where z =z + I € C/I,
we know that there exists a unique structure of coalgebra on C/I.

Theorem 4.1. Let A = (114,v4) be an intuitionistic fuzzy set of coalgebra
C and I be a coideal of C. Define B = (up,vg): C/I = [0,1) by up(m) =
sup{pa(z)} and vg(m) = igg{m(m)}, for any m € C/I. Then B =
z€EM T

(kB,vB) is an intuitionistic fuzzy subcoalgebra of C/I.

Proof. Let Z,§ € C/I. Then

rB(Z+39) = sup {a@)} 2 sup {pa(a+b)}
z€x+y
> S {pa(@) Apa(d)} = sup {ra(a)} A sup {ra(®)}

u8(Z) A u(y)-

and
vp(Z+9) = zemi {uA(z}< mf _{UA(G.-I-b)}
< L dnf {va(@) Vua®} = inf {va(@)} v inf {va(®)}

= vp(%)Vve(y).

Let a € k and £ € C/I. Then pp(aZ) > pp(z) and vp(aZ) < vp(Z).
Let € C/I Then A(:E) zx(]l) ®x(12) ZTH(,l) ® Mgy = A(m)
where m € Z. Therefore, pp(Z) = sup{pA(m)} < sup {pa(mguny)} A

mi le

sup {#A(m(zz))} = up(Z5n) A #B(l‘;z), and vp(Z) = inf {va(m)} 2

mi2€

mf_{VA(m(,,))} v _inf_{va(mug)} = ve(T5) V va(T53).
mi1 €T, mi2€ZT;2
Hence B = (upg,vg) is an intuitionistic fuzzy subcoalgebra of C/I. O

Definition 4.1. ([12]) Let C and D be two coalgebras. The k-linear map
f: C = D is a morphism of coalgebra, if the following diagrams are com-
mutative:

c L5 b

sl m

coc L, peD
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c—L -p
k
Proposition 4.1. Let A = (pa,va) be an intuitionistic fuzzy subcoalge-

bra of D and f : C = D be a morphism of coalgebra. Then YA =
(1f-1(a)s Vs-1(4)) 18 an intuitionistic fuzzy subcoalgebra of C.

Proof. Obviously, f~1(A) = (ps-1(4),¥s-1(4)) is an intuitionistic fuzzy
subspace. Let z € C. Ap(f(z)) = X f@)a® f(@)e= X flzj1)®

faz), 0 . =i
pi-14)(x) = pal(f(z) pa(f(@)in) A pa(f(z)i2)
pa(f(zin)) A pa(f(ziz))

pr-1(a)(Zi1) A pr-104)(T52)

va(f(z)a) vV va(f(z)i)
va(f(zi)) Vva(f(zj2))
vi-1a)(Zi1) V vi-1(4) (Zi2)

So f~Y(A) = (ps-1(a),Vs-1(4)) is an intuitionistic fuzzy subcoalgebra
of C. DO

A

ve-1(4)(z) = va(f(z))

v

Proposition 4.2. Let A = (14,va) be an intuitionistic fuzzy subcoalgebra
of C and suppose that f : C — D be a morphism of coalgebra. Then
F(A) = (1s(ay, Vs(a)) s an intuitionistic fuzzy subcoalgebra of D.

Proof. Let x,y € D. It easily get psa)(z + y) = pra)(T) A ppay(y) and
veay(z + y) S vypa)(z) Vv vs(a)(y). We omit here.
Let z € D. There exists m € C, such that f(m) = z. Wehave }_ z1®

i=ln
zio = Ap(z) = Ap(f(m)) = (f ® flAc(m) = 21: F(mj1) ® f(m;2), So
mj1 € f~Y (i), mj2 € f~}(zi2). Then '

prayz) = sup  {pa(m)}
mef-1(z)

IA

sup {ra(mj) A pa(mja)}

mj1€f=1(zi),mj2€f "1 (zi2)

= sup  {pa(m))}A  sup ){“A(mﬂ)}

mj1€f- (i) m2€f~H(zi2

= pray(@ia) Apra)(ziz)
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and

inf
me (z){uA(m)}

Vr(ay(z)

v

inf va(m;1) Vva(m;
€l e - ey (A1) V Va(mi2)}

inf  {va(mj)}v  inf ){VA(mjz)}

mj €f - (zi) m2€f 1 (x2

viay(zi) V vecay(ziz).

Hence f(A) = (uy A)»Ys(a)) is an intuitionistic fuzzy subcoalgebra of
0

4 Conclusions

Algebraic structures play an important role in mathematics with wide range
of applications in many disciplines such as theoretical physics, computer
science, engineering, information sciences and coding theory. In this paper,
we have applied the concept of intuitionistic fuzzy set theory to generalize
results concerning subcoalgebras. Deschrijver and Kerre [14] have pointed
out intuitionistic fuzzy sets and interval-valued fuzzy sets are same. It is
clear that the most of these result can be simply extended to interval-valued
fuzzy subcoalgebras. Our introduced concepts and results can be applied
in engineering and computer science.
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