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Abstract Let ASG(2v + I, v;F,) be the (2v+1)-dimensional affine-singular
symplectic space over the finite field F, and let ASp,,, ,(F,) be the affine-
singular symplectic group of degree 2v +! over F,. For any orbit O of flats
under ASpy, 44, (Fy), let £ be the set of all flats which are intersections
of flats in O such that O C £ and assume the intersection of the empty
set of flats in ASG(2v +1,v;F,) is IF((,2"+'). By ordering £ by ordinary or
reverse inclusion, two lattices are obtained. This article discusses the re-
lations between different lattices,classify their geometricity and computes
their characteristic polynomial.
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1. Introduction

We first recall some terminologies and definitions about finite posets
and lattices[1,2].

Let P be a poset. For a,b € P, we say a covers b, denoted by b < - a, if
b < a and there exists no ¢ € P such that b < ¢ < a. If P has the minimum
(resp.maximum) element, then we denote it by 0 (rep.1) and say that P
is a finite poset with O(resp.1). Let P be a finite poset with 0. By a rank
function on P, we mean a function r from P to the set of all the integers
such that r(0) = 0 and r(a) = r(b) + 1 whenever b < - a.

A poset P is said to be a lattice if both a V b := sup{a,b} and a A b :=
inf{a, b} exist for any two elements a,b € P. Let P be a finite lattice with
0. By an atom in P, we mean an element in P covering 0. We say P is
atomic if any element in P\ {0} is a union of atoms. A finite atomic lattice
P is said to be a geometric lattice if P admits a rank function r satisfying
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raAb)+r(aVvbd) <r(a)+r(d), YVa,be P.
Let P be a finite poset with 0 and 1. The polynomial

X(Pt) = Z 1(0, @)t (V=)
a€P

is called the characteristic polynomial of P, p is the Mébius function, r is
the rank function on P.

Let £ and £ be two lattices. If there exists a bijection ¢ from £ to £’
such that

olavd)=0c(a) Vo), o(anbd)=oc(a)Aa(d), VabeL,

then o is said to be an isomorphism from £ to £'. In this case we call £ is
isomorphic to £, denoted by £ =~ £'. It is well know that two isomorphic
lattices have the same characteristic polynomial.
In the following we introduce the concepts of affine-singular symplectic
spaces. Notation and terminology will be adopted from Wan’s book({3].
Suppose F, is a finite field with ¢ elements, where ¢ is a prime power.

Let ]FSz"'H) be the (2v + l)-dimensional row vector space over [, and let

0 I® K
Ky=(—1(y) 0 ),K[:( v 0(1))

The singular symplectic group of degree 2v + ! over F,, denoted by
Spau+1(Fy), consists of all (2v +1) x (2v +1) matrices T over F, satisfying
TK;Tt = K;. The vector space IF((,z""'” together with the right multiplica-
tion action of Spa,+1(F,) is called the (2v + l)-dimensional singular sym-
plectic space over F,. Let P be an m-dimensional subspace of IF,(,z"'H), and
let E denote the subspace of IF,(JZ""") generated by eap41,€2u42, ... , €20+,
where €;(2v + 1 <% < 2v +1) is the row vector in ng"“) whose i-th coor-
dinate is 1 and all other coordinates are 0. An m-dimensional subspace P
in the (2v + !)-dimensional singular symplectic space is said to be of type
(m, s,k), if PK P* is of rank 2s and dim(P N E) = k. It is known that
subspaces of type (m, s, k) exist ifand only if 0 < k < I, 2s <m—k < v+s.
Denote all subspaces of type (m, s, k) by M(m, s, k;2v + 1, v).

A coset of IFS,z"H) relative to a subspace P of type (m, s, k) is called a
(m, s, k)-flat. The dimension of a flat U + z is defined to be the dimension
of the subspace U, denoted by dim(U + z). In particular, (0,0, 0)-flats are
points, (1,0,0)-flats are lines. A flat F} is said to be incident with a flat
F,, if F} contains or is contained in F>. The point set I[".(,z""'” with all the
flats and the incidence relation among them defined above is said to be the
(2v + l)-dimensional affine-singular symplectic space, which is denoted by
ASG(2v +1,v;Fy).



Let £, denote the set of all flats in affine space AG(n,F,) including
the empty set. If we partially order £,, by reverse inclusion, then £, is a
lattice (see[4]).

Let Fy, F; be two flats in ASG(2v+1,v;F,). The set of points belonging
to both F} and Fj is called the intersection of F; and F3, which is denoted
by F1 N Fy. It follows that the intersection of all flats containing two given
flats Fy and F3 is the minimum flat containing both F; and F,, which is
called the join of F} and F,, which is denoted by F} U F5.

The set of matrices of the form ( f ? ) , where T € Spy,41,,(Fq) and

v E 1F§,2”+”, forms a group under matrix multiplication, which is denoted
by ASp2y+1,4(Fy) and called the affine-singular symplectic group of degree
2v + L over F,. Define the action of ASp,, ., ,(F;) on ASG(2v +1,v;F,)
as follows:

ASG(2v +1,v;F,) x ASpg, 41, (Fq) = ASG(2v +1,v;Fy)

(T 0)) o arso

The above action induces an action on the set of flats in ASG(2v + I, ; F,),
ie., a flat P + z is carried by

( o ) € ASG(2w +1,u;F,)

into the flat PT + (zT + v). It is known that (m, s, k)-flats exist if and
onlyif 0< k <!, 2s < m—k < v+ s, and that the set of flats of the same
type form an orbit under ASp,, ., (F;). Denote the orbit of (m, s, k)-flats
by O(m, s, k;2v + 1, v).

For any orbit O(m, s, k; 2v+1, v) of flats under ASpoy i1, (Fq), let L(m,s,
k;2v+-1,v) be the set of all flats which are intersections of flats in O(m, s, k;
2v +1,v) and O(m,s,k;2v + l,v) C L(m,s,k;2v + l,v) and assume the
intersection of the empty set of flats in ASG(2v +1{,v;F,) is IF,(,z"""). By
ordering £(m, s, k; 2v + I, V), by ordinary or reverse inclusion, two lattices
are obtained, denoted by Lo(m, s, k; 2v+1,v), Lr(m, s, k; 2v+1,v) respec-
tively. In this article, we discusses the inclusion relations between different
lattices, classify their geometricity and computes characteristic polynomial
of Lr(m,s, k;2v + 1, v).



For any two flats U + 2, W +y € Lo(m, s, k;2v + L, 1),
U+z)A(W+y)=(U+z)n(W +y),

(U+z)V(W+y) = N{P+2 € Lo(m, 3, k; 2v+L,V)|P+2z 2 (U+x)U(W+y)}.
Similarly, for any two flats U + z, W + y € Lr(m, s, k;2v + 1, v),

(U+z)AW+y) = N{P+2z € Lp(m, s,k; 2v+L,v)|P+2z 2 (U+z)U(W+y)},

U+z)V(IW+y)=U+2z)0 (W +y).

Therefore, both Lo(m, s, k; 2v+1,v) and Lgr(m, s, k; 2v +1,v) are finite
lattices.

The results on the lattices generated by orbits of subspaces under fi-
nite classical groups can be found in Wang and Fengl[4], Gao and You[5],
Huo Liu and Wan[6-8], Huo and Wan[9], Orlik and Solomon(10], Wang and
Guo[11),Guo and Nan(12].

2.The inclusion relations between different lattices

Lemma 2.1 Let 2v + 1 > 0, assume that (m, s, k) satisfies 0 < k < {,

2s<m-k<v+sand m# 2v+1. Then
Lr(m,s,k;2v+1,v) D Lp(m - 1,8,k —1;2v+1,v).

Proof Ifl = 1, we know O(m — 1,8,k — 1;2v + [,v) = 0. then
Lr(m—1,8k—1;2v +1,v) = {F**} € Lr(m, s, k; 20 +1,v).

Let [ > 2, we need only to show that O(m — 1,8,k — 1;2v + l,v) C
Lr(m,s,k;2v + l,v). Let P+z € O(m — 1,8,k — 1;2v + |,v), where
P € M(m—1,8,k —1;2v + l,v). From the result in [5,Lemma 3.1],
we have P, P, € M(m,s,k;2v + l,v) such that P = P, N P,, then P +
z=(PNP)+z=(P+z)N(P2+x) € Lr(m,s,k;2v + 1,v). Hence
O(m-1,s,k—1;2v+1,v) C Lr(m,s,k;2v+1,v).

Lemma 2.2 Let 2v + 1 > 0, assume that (m, s, k) satisfies 0 < k < [,

2s<m-k<v+sand m#2v+I!. Then
Lr(m,s,k;2v +1,v) D Lp(m - 1,s,k;2v + L,v).

Proof If m — k — 25 = 0, we have O(m — 1, s,k;2v + [,v) = 0. Hence
Lr(m —1,8,k; 2+ L,v) = {F&"*D} € Lr(m, s,k; 2v + L, v).

If m — %k —2s > 0, we need only to show that O(m — 1,s,k;2v +
l,v) C Lr(m,s,k;2v +1,v). Let P +z € O(m —1,s,k;2v + |,v), where
P e M(m—1,s,k;2v+1,v). From the result in [5,Lemma 3.2], there exist
two subspaces Py, P, € M(m, s, k;2v +,v) such that P = P, N P;. Hence
Piz=(PNP)+z=(P+z)N(Pr+2z) € Lp(m,s,k;2v+1,v). We
obtain O(m — 1,s,k;2v + 1,v) C Lr(m, s, k; 2v + 1, v).



Lemma 2.3 Let 2v + ! > 0, assume that (m, s, k) satisfies 0 < k < [,

2s<m—-k<v+sand m# 2v+1. Then
Lr(m,s,k;2v+1,v) D Lp(m -1, - 1,k;2v +1,v).

Proof If s = 0, we have O(m — 1,s — 1,k;2v + l,v) = 0. Hence
Lr(m - 1,8 —1,k; 20+ L,v) = {F**D} € La(m, s, k; 20 +1,v).

If s > 0, we need only to show that O(m — 1,s — 1,k;2v + L,v) C
Lr(m,s,k;2v + 1,v). Let P+z € O(m — 1,8 — 1,k;2v + 1, v), where
Pe M(m—1,s—1,k;2v+1,v). From the result in [5,Lemma 3.3}, there
exist two subspaces P, P, € M(m,s,k;2v +l,v) such that P = P, N P;.
Hence P+z=(PiNP)+z=(Pi+z)N(P,+z) € Lr(m,s,k;2v+1,v).
We obtain O(m — 1,5 — 1,k;2v + l,v) C Lg(m, s, k;2v + 1, v).

Theorem 2.4. Let 2v + ! > 0, assume that (m, s, k) and (m,s1,k,)
satisfy 0 < k< [,2s<m—-k<v+s,m#2w+land 0 < k < |,
251 Emy -k S v+sy, m # 2v+1 Then Lp(m,s,k;2v +1Lv) D
Lp(m,,s1,k1;2v + 1,v), if and only if

(i) s=s1=v, ki<k<l;

(ii) s<v,ki=k=l, m—m;>s—-s >0

(iii) s<v, ki <k<l, (m—k)—(m1—k1)23—sl >0.

Proof < First, suppose that (my, s1,k;) satisfies s = s; = v, k; <
k < 1. We should show that Lr(m,v, k;2v+1,v) D Lr(m,,v, k1;2v +1,v).
Let k—ki =h(h2>0). Sinces=s81=v,m=2v+k, m =2v+k,
m—m) = k—k; = h. By lemma 2.1, we have Lg(m,v,k;2v + |,v) D
Lr(m — 1,v,k — L2v +L,v) D ... D Lp(m — h,v,k = h;2v + L,v) =
Lr(my,v, ky;2v +L,v).

Next, suppose that (mj,s;, k) satisfies s < v, by =k =1, m —m; >
§s—5 20 Lets—s3 =t m—my =t+t (t,t' > 0). By lemma
2.3, we have Lgp(m,s,l;2v+1,v) D Lp(m - 1,s- 1, ;2v+L,v) D ... D
Lr(m —t,s—t, ;20 +1,v) = Lp(my +t',81,5;2v + ,v).

If ' =0, then Lr(m, s,!;2v +,v) D Lr(my, s1,L; 20+ L, v).

If ¢/ > 0, by lemma 2.2, we know Lr(my +t/,81,1;2v041,v) D La(m; +
t' —1,s,52v+10,v) D ... Lr(my, 81,020+ 1, v).

Finally, suppose that (mi, s, k;) satisfies s < v, k) < k < I, (m -
k)-(mi—k)>s-520 Lett=s—8,h=k—kjandm—m
t+h+ ¢, h > 0), by lemma 2.1, we have Lg(m,s, k;2v + I,v)
Lr(m — 1,8,k — 120+ L,v) D ... D Lp(m - h,s,k — h;2v + L,v)
Lp(my +t+1t,s, k20 +1v).

By lemma 2.3, we know Lp(my + t + t',s,ky;2v + L, v) D Lg(my +
t'+t—-1,s—-1L,k;20+41,v) D... D> La(m +t',s—t,k;20+Lv) =
LR(ml +t,, 31,k1;2V+ l,V)'

By lemma 2.2, we have Lr(m) + t/,81,k1;2v + L, v) D Lp(my +t' —
Lsi,ki;2v+14,v) D ... D Lr(my, s1,k1;2v + L v).
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=> Suppose that Lr(m, s, k; 2v+1,v) D Lr(my, 81, k1; 2v+1,v). (my, 81, k1)
satisfies 0 < ky <1, 251 < my —ky < v+s1, O(my, s1,k1;2v+L,v) #0. As
O(my, 81, k1;2v+1,v) C Lr(ma, 81, k1; 2v+1, v), we have O(my, 81, k15 2v+
l,v) C Lp(m,s,k;2v +1,v). For any Q +z € O(my,s1,k1;2v + 1,v) C
Lr(m,s,k;2v +1,v) and Q + z # F&*,

(1) If s = v, k < I, in this case Q + z is (m1,v, k1)-flat. Let P+y €
O(m,v, k;2v + l,v) such that Q@ + =z C P+y, ¢ € P +y. There exist
p € P,such that z = p+y, y = p— =z, then P+y = P+ . Hence
QcCc P,QNEC PNE, ky =dim(Q N E) <dim(P N E) = k. Therefore,
s=s1=v, ky<k<l.

(2 Ifs<v,let P+yeO(m,s,k;2v+1,v)suchthat Q+z C P+y,
Qc P, then QNE C PNE, k; =dim(QNE) <dim(PNE) = k. If
k=1, since Q+z € Lr(m,s,;2v+1,v), wehave Q+z =N(Pi +z) =
NP;+z,(i € I,I is a finite set), hence Q = NP;(i € I). By [5 Theoreml]
proof, we can get the result.

3.Charaterization of flats in F2**" contained in Lr(m, s, k; 2v+1,v)

Theorem 3.1. Let 2v+1 > 0, (m,s,k) satisfies 0 < k < [, 25 <
m—k<v+sand 2v+1#m, then

()  Lr(m,v,k;2v +1,v) consists of F&*+) and all (my, v, ky)-flats
satisfy mjy —kj =2vand 0< ky <k < 1;

(ii) Lgr(m,s,l;2v+1,v)(s < v) consists of IF((,QVH) and all (my, s1,{)-
flats satisfy m —m; > s —s; > 0and 2s; Sm; — 1l < v+ sp;

(iii) Lgr(m,s, k;2v + L, v)(s < v,k < l) consists of 0, lF'.(,z""'l) and all

. m—k—ml—kl 28—3120,05k1_<_k,
(m1, 81, k1 )-flats satisfy { g <k )< l,(231 < mz —k <v+s.
Proof (i) By the agreement, F&*) € Lp(m,v,k;2v +1,v). Let Q +z
is & (my,v, k1)-flat with m; — k; = 2v and 0 < k; < k < l. By theorem
2.4, we have Lg(my,v, ki;2v+1,v) C Lr(m,v, k;2v+1,v). Since Q+z €
O(my, v, k1;2v+1,v) C Lr(m, v, k; 2v+1,v), hence Q+x € Lr(m, v, k; 2v+
L)

Conversely, if Q +z € La(m, v, k;2v+1,v) and Q + z # Fe*+), by the
proof of Theorem 2.4, we know 8; =vand 0 < k; <k <.

(ii) By the agreement, IF.(,Z""") € Lp(m,s,l;2v+1,v). Let Q+zx be a
(my,51,0)-lat with m —m; > s—s; >0and 25y <Smy -l S v+s1. By
Theorem 2.4 we have Q +z € O(my,s1,1;2v + l,v) C Lr(my,s1,1;2v +
l,v) C Lr(m,s,l;2v+1,v).

Conversely, if Q+z € Lgr(m, s,!;2v+1,v) and Q+x # ng""'l), then Q+
z is a (my, 51,1)-flat. Since Q+x is the intersection of flats in O(m, s, ; 2v+
l,v), there is P+y € O(m, s,l;2v +1,v) such that @ C P. By the proof of
the necessity of Theorem 2.4 We know that ky = ! and (m;, s1,1) satisfies



m—m;>s—820,2<m—-I<v+s;.

(iii) By the agreement, IF‘(,z"“) € Lp(m,s,k;2v+1,v)(s <v,k <l). Let
Q + x be a (my, 81, k; )-flat where (my, s1, k1) satisfies

(m—k)—(ml—kl)?_s—sl Z0,0Skl Sk,

0<k1 <,251 <my —ky <v+s;.

By Theorem 2.4, we have Q+z € O(my, s1, k1; 2v+1,v) C Lgr(my, s1,ky; 2v+
Lv) C Lp(m,s, k;2v + 1, v).

Conversely, if @ +z € Lr(m,s,k;2v + l,v) and Q + = # IF‘SZ"“),
then Q + z is a (my, sy, k1)-flat. Since Q + z is the intersection of flat-
s in O(m, s,k;2v + 1,v), there is P +y € O(m, s,k;2v + ,v) such that
Q+zCP+y, Q C P. By the proof of Theorem 2.4 we know the conclu-
sion.

Corollary 3.2. Let 2v 41 > 0, assume that (m, s, k) satisfies 0 < k < !
and 2s <m —k <v+s<2v. Then @ € Lp(m,s,k;2v+1,v).

Corollary 3.3. Let 2v+! > 0, assume that (m, s, k) satisfies 0 < k < [,
2s<m-k<v+sandm# 20+l If P+z e Lr(m,v, k20 +1L,v),
Ptz # Ff,z"“) and Q + y is a (my, v, k;)-flat contained in P + 2, then
Q+y € Lp(myk;2v+1,v).

Corollary 3.4. Let 2v+! > 0, assume that (m, s, k) satisfies 0 < k < I,
2s<m-k<v+s<wandm#2v+lL If P+z € Lp(m,s,l;2v+1,v),
Pizx# IF‘(IZ"“) and Q + y is a (my, s1,{)-flat contained in P + z, then
Q+y € Lr(m,s,;2v+1,v).

Corollary 3.5. Let 2v+! > 0, assume that (m, s, k) satisfies 0 < k < [,
25Em-kLv+s<2vandm# 20+l If P+z € Lp(m,s,k;2v+1,v),

P+z #]F((f"“) and Q+y C P +z, then Q +y € Lr(m,s,k;2v + 1, v).

Corollary 3.6. Let 2v +1{ > 0, then

Lr(2v—=1+1,v,1-1;2v 4+, v)ULR(2v—1+1,v—1,1; 20+, V) ULR(2v -
1+1-1,v—-1,1-1;2v+1,v) = Lp(2v +1,F;), where Lg(2v +1,F,) is the
lattice consisting of all flats in ng"*l) by the partially ordering of reverse
inclusion.

Proof. It is obvious that the left side of equation is contained in
Lp(2v +1,Fy). Now suppose that P +z € Lr(2v +,F,). If P4z =
IFf,z"""‘), then P + z is contained in every set on the left of equation. If
P4z #F*™ then P+zisa (m,s,k)-flat. When k =1, s < v. S-
ince (m,s,!) satisfies { > 0,2s <m—1l<v+sand m # 2v+1. Then
v-1+l-l)—(m-D=22v-1-(m-1) > 20-1—(v+s)= (v—1)—-5 >0,



we have P+z € Lr(2v—1+1,v—1,l;2v+1,v). When s = v, k <. Since
(m,v, k) satisfies 2s <m —k <v+sandm # 2v + 1, then m — k = 2v.
We have P+ € Lrp(2v +1 - 1,1 — 1;2v + l,v). When k < ! and
s < v, (m,s,k) satisfies 2s < m—k < v+sand m # 2v+ 1. Then
@Qu=-1+l-1)-(l-1)—(m-k)=w—-1-(m—-k)22v-1—(v+5s)=
(v-1)—-s20.SoP+zeLp2v—1+1l-1,v-1,1-120+1,v).
Summarizing the above arguments, we obtain the equation.

Corollary 3.7. Let 2v > 2. Assume that (m, s, k) satisfies 0 < k < {,
2s <m-—k <v+sand m # 2v+1. Then Lg(m,s,k;2v + |,v) con-
sists of F**D, 0 and all (my,s1,k:)-flats with 0 < k; < k < I and
0<s-35 <(m—k)—(m — k).

4. The geometricity of lattices Lgr(m, s, k; 2v+l,v) and Lo(m, s, k;
v +1,v)

By Corollary 3.3, 3.4 we easily obtain the following two lemmas.

Lemma 4.1 If0 < k <, then

(i) Lr(2v+ kv, k;2v 4+ Lv) = Lr(k, 1), Lo(2v + k, v, k20 + 1, v) ~
Lo(k,l).

(i) Lgr(k,0,k;2v +l,v) ~ Lg(k,!), Lo(k,0,k;2v +1,v) =~ Lo(k,]).

Lemma 4.2 f0<s<vand2s<m-—!<v+s, then

(i) Lg(m,s,;2v+1,v) ~ Lr(m —1,s;2v), Lo(m,s,l;2v +,v) ~
Lo(m —1,s;2v).

(i) Lr(m,s,0;2v + l,v) =~ Lgp(m,s;2v), Lo(m,s,0;2v + l,v) ~
Lo(m, s;2v).

Theorem 4.3 Let 2v+! > 0, assume that (m, s, k) satisfies0 < k <,
2s<m-—-k<v+sand m#2v+!. Then

(i) For k=0, Lo(m,s, k;2v +1,v) is a finite geometric lattice when
m=0,1,2v-1.

(i) Fork=I, Lo(m,s,k;2v+1,v)is a finite geometric lattice when
m-1=0,1,2v-1.

(iii) Lo(k,0,k;2v +1,v) is a geometric lattice when 0 < k < {.

(iv) Lo(2v+k,v, k;2v+l,v) is a finite geometric lattice when 0 < k < i.

(v) For0<s<v, Lo(m,s,k;2v+1,v) is not a finite geometric lattice
when0< k < l.

Proof For any flat U + z € Lo(m, s, k;2v + I, v) ,define
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0, fU+z=09,
ro(U+z)=<¢ m+2, ifU+a:=I[“.(,2"+l),
dim(U +z) +1, otherwise.

(i) If k=0, Lo(m,s,0;2v +1,v) =~ Lo(m, s;2v) [12,Theorem 3.2].

(i) If k=1, Lo(m, s,i;2v + |, v) =~ Lo(m — I, s;2v) [12,Theorem 3.2].

(iii),(iv),(v) If 0 < k < I. By Theorem 3.1 all (0,0, 0)-flats contained in
Lo(m,s,k;2v +1,v). For any F € Lo(m,s,k;2v +1,v)\ @, F is union of
some (0,0, 0)-flats. It is obvious that Lo(m, s, k; 2v+1,v) is a finite atomic
lattice.

We distinguish the following two cases.

1. m—k =0, then Lo(m, s, k; 2v+1,v)=Lo(k,0, k; 2v+1,v) ~ Lo(k,1)
[4,Theorem 1.1].

2.0<2s<m—-k<v+s.

(1) when s = v, Lo(2v + kv, k; 2v + |, v) =~ Lo(k,!) [4,Theorem 1.1].

(2) when 0 < s < v, let F; = Vi +2; and Fy = Vo+z5 be (m—1,5-1,k)-
flat and (k + 1,0, k)-flat. When Fy v Fy = F$2*D | let

PR 0 0 0 0 0 0 0 o
Vi = 0 ] 0 @ 0 ] 0o o0
1= 0 0 J(m—k=2s) o 0 0 0 0 o ’
0 0 0 0 0 0 0 % 9
-1 1 m=k~2s v+s—m+k & m—k-2s vi+s—m+k k  i-k
Vo= 0 0 0 1 0 0 0 0 0 0
2“lo 0o o o o 0 0 0 I o /-

s—1 1 me-k-2s 1 v4s~m+k s m~k-2s vi+s-m+k k I-k

Then T‘o(F1VF2)+f‘o(F1/\F2) = m+3+dim(Vang)> To(F1)+1‘o(F2)=
m+k+2

Hence Lo(m, s,k;2v + 1,v) is not a geometric lattice in this condition.

Theorem 4.4 Let 2v+! > 0. Assume that (m, s, k) satisfies 0 < k < I,
2s<m—-k<v+sandm#2v+1 Then

(i) For k =0, Lgr(m,s,k;2v +1,v) is a finite geometric lattice when
m=0.

(i) For k = I, Lr(m,s,k;2v +1,v) is a finite geometric lattice when
m—1=0.

(iii) Lr(k,0,k;2v + 1, v) is a finite geometric lattice when k = 0.

(iv) Lr(2v + k, v, k; 2v + 1, v) is a finite geometric lattice when & = 0.

(v) For 0 <s <v, Lr(m,s,k;2v+1,v) is not a finite geometric lattice
when 0 < k < .

Proof For any flat U + z € Lg(m, 3, k; 2v + 1, V), define
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m+2, ifU+z=0,
rrR(U+z)=1 0, if U +z =F3H,
m+ 1 —dimF, otherwise.

(i) If k = 0, Lr(m, s,0;2v + 1, v) ~ Lg(m, s; 2v) (12,Theorem 3.3].

(ii) If k =1, Lr(m,s,{;2v +1,v) ~ Lp(m — |, s;2v) [12,Theorem 3.3].

(iii),(iv),(v) If 0 < k < I. By Theorem 3.1 all (m, s, k)-flats contained
in Lp(m, s,k;2v + 1,v). For any F € Lr(m,s,k;2v +1,v)\ D, F is union
of some (m, s, k)-flats. It is obvious that Lp(m,s,k;2v +{,v) is a finite
atomic lattice.

We distinguish the following two cases.

1. m—k = 0, then Lg(m, s, k; 2v+1,v)=Lg(k,0,k; 2v+1,v) ~ Lp(k,1)
[4,Theorem 1.2}.

2. m-k>0,0<2s<m—-k<v+s.

(1) when s = v, Lp(2v + k, v, k; 2v + 1,v) =~ Lg(k,1) [4,Theorem 1.2].

(2) when 0 < s <v,

let iy = ‘/1 + 2] =<€1y:+1€5,€541y++1)Cs4m—k—28) Cu+1) -+ 1 Erts; €20+1,
sy Utk >+, and F2 = V2+x2 =< €y_g41y-++)Cr—sta ev+(v—m+k+s)+11
eerCugu—sy Cudu—gtly e €20y E2tly - - -y 204k > T2 F,Fe O(m; s, k;

2V+l,l/) C £R(m,s,k;2v+l,u).

fm-k=2sands<v-1 Whenm—-k > 2s, s <v—-2and
FinF; #9. Since FUF; = (Vi +Va+ < z2—21 >)+x1, Z2—11 € V1+V4,
so dim(F, U Fp) > m + 2, dim(F; N F) =dim(\1nV;) < m —2. Clearly

_ m(2v4d)

FiAF=F§ .

Then rr(F1 V F2) + r(F1 A F2) > 3> rr(F1) + mr(F2)= 2.

Hence Lr(m, s, k;2v +1,v) is not a geometric lattice in this condition.

5. Characteristic polynomial of lattice Lg(m, 3, k;2v +1,v)

Theorem 5.1. Let 2s<m -k <v+35,0 <k <!l. Then
3 { v+s1+k
X(Cr(m s, k2+v), =3 ¥ > g™ N(my, s, ki 20+

81=0 ky=k+1m1=2s1+k1
1, )X (Lo )+
v k v+s81+k; 8 k
g?H=m N(my, sy, ky; 20+, V)X (Lay )+ 3 2
s1=84+1k1=0m1=2s1+k; 81=0 k; =0
v+s1+ky
g2 +ti=m1 N(my, s1,k1; 20+, v)X(Ly,t), where N(m;,
mi=m—k—s+s1+k1+1

s1, k1;2v + 1, v) is the number of type (my, s1, k1) subspaces in IFE,Z"“).

Proof For convenience, we write V = F.(,Z"“), L =Lp(m,s,k;2v+l,v), Ly =
Lr(2v +1,V) where Lp(2v + 1, V) is all flats in ASG(2v +1,v;Fy).
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For m-dimensional flat U + z € £, define

LY = (WHyelW+y>U +1z}

LI ={W 4y € Lo|lW+y>U +z}.
Clearly, LY = L. For U + z € £\ V, by Corollary 3.5 we get £U+= =
LJ*=. Therefore, the characteristic polynomial of £ is

XLV, )=X(L,t)= Y p(V,U+z)tre@-ralU+s),
U+tzeLl

LY =Ly,

X(LY,t)=X(Loyt) = Y w(V,U +z)tr®-raW+a),
U+zelo

From Mébius inversion formula

tm+2= Z X([:U'H",t): Z X(£U+z,t),

U+szelv U+zel
M2 - z X(COU""’,t)= Z X(Cg'*'z,t).
UtzeLly U+z€Lo
Thus,
X(L,t)=X(LY,t)=tm2 - Y XLV
Utzel\V
= ¥ X(L{t)- T x(LUty)
U+z€lo U+zel\V
= 2 X(LF+,8).
U+z€(Lo\LUV)

By Corollary 3.5, U + z € (Lo \ LU V) if and only if {U + z € LolU +
zis (my, sy, k1)—flat, i > ky > k} U{U+x € Lo|U+zis (m1, 51, k1)—flat, s <
s1}U{U +z € LolU + z is (my, 81, k1) —fat,

(m—k) -—(m1 —kl) <S—81}.
Thus,
s l v+s+k

1
X(Lr(m,s,k; v+l v), )= T Y @vHmiN(my, sy, ky 20+
81=0 ky=k+1 m;=2s,+k,
Utz v k v4s1+ky P v
Ly)X(Lgt, 0+ Y % > @HTMIN(my, sy, ki 20+, 0)X (LY )
s1=8+1 ky=0m; =29, +k;
s k v+s1+ky
+> > g ¥ N(my, 1, k13 20 + 1L, 0) X (L9432 1),
1=0 k=0 my=m—k~s+s,+k; +1
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where N(my, s1,k1;2v + 1, v) is the number of type (my, s1, k1) subspaces
. (2v+1)
m ]Fq .

It is a routine to show that £§** ~ £, where n=dim(U + z) — k. Hence
both the lattices £ *= and £, have the same characteristic polynomial.

Hence \ ok
X(Lr(m, s, k; v+, v),t)=> > t ' @ H-"™1 N(my, 51, k1; 2v+

81=0 k) =k+1 m1=281+k;

Lv)X(Ln,t)+

v k v+s1+ky

> > S gt -miN(my, sy, k1 20 + L)X (La, t) +

s1=84+1 k1 =0m=2s1+k;
s k v+31+k
g +=m1 N(my, s1,k1; 20+, V)X (L, t), where

81=0k; =0 my=m—k—s+s;+k1+1
N(mq,s1,k1;2v + L,v) is the number of type (mi,s1,k:1) subspaces in

F¢(12”+l).[3
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