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Abstract

The energy of a graph G, denoted by E(G), is defined to be the sum of
absolute values of all eigenvalues of the adjacency matrix of G. Let %(p, q)
denote the set of bipartite unicyclic graphs with a (p, g)—bipartition, where
g =2 p > 2. Recently, Li and Zhou [MATCH Commun. Math. Comput.
Chem. 54 (2005) 379-388.] conjectured that for ¢ > 3, E(B(3,q)) >
E(H(3,q)), where B(3,q) and H(3,q) are respectively graphs as shown in
Fig.1. In this note, we show that this conjecture is true for 3 < q < 217.
As a byproduct, we determined the graph with minimal energy among all
graphs in %(3,q).
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1 Introduction

Given that G is a connected graph with n vertices, and that A(G) is the
adjacency matrix of G. The characteristic polynomial ¢(G; ) of A(G) is
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then defined as

H(GiX) = det(AT - A(©)) = o™,

i=0
where I is the unit matrix of order n.

All n roots A1, A2, -+, An of the equation ¢(G;A) = 0 are called to be
eigenvalues of G. It's evident that each A; (i = 1, 2, ---n) is real since
A(G) is symmetric.

In chemistry, the (experimentally determined) heats of formation of
conjugated hydrocarbons are closely related to total m—electron energy.
Within the framework of the so-called HMO model the total m—electron
energy is calculated from the eigenvalues of a pertinently constructed molec-
ular graph G by the equation E(G) = Zn: |Ail-

It’s well-known that if G is a biparti‘t;lgraph possessing n vertices, then
#(G;z) can be expressed as

Lzl
$(G;z) = Y B(G, ka2,

=0
where b(G,k) >0 for k=0,1,---,|3]. In particular, (G,0) = 1 and
b(G, 1) equals exactly the number of edges of G.
Based on the expression for ¢(G;z), a quasi-order relation is then in-
troduced over the whole class of bipartite graphs [5]: if G; and G2 are
bipartite graphs, then

b(G1, k) > b(Ga, k) for all k >0 4 Gy = Ga. (1)

If G; = G2 and there exists some kg such that b(G1, ko) > b(G2, ko),
then we write Gy > Gs.

It’s long-known that for a bipartite graph G of order n, its energy E(G)
can be expressed as the Coulson integral formula (see [3,17])

2 +00 1 Lg‘] .
E@G) == A —lin Y b(G, k)z?* | de. (2)

k=0

Notice that for any two bipartite graphs G, and Gz, b(G;, k) > 0 for all
k > 0and i =1,2. Then by means of Eq.(2), we have

G1 > Gy = E(Gl) > E(Gz) (3)
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A graph is said to be unicyclic if it owns equal number of vertices and
edges. Let G be a connected simple graph, if its vertex set V can be
partitioned into two parts V; and V; such that |V}| = p and |V3| = ¢, then
we call G a graph of a (p, g)—bipartition.

It is both interesting and significant to determine the graph with ex-
tremal energies among a given class of graphs. Numerous results on this
subject have been put forward. For more details see [1-7]; for some recent
research along this line see [8-16]. The interested reader may also refer to
[17,18] for the mathematical properties on E(G).

Let %B(p,q) denote the set of bipartite unicyclic graphs with a (p, ¢)—
bipartition, where ¢ > p > 2. Fig.1 illustrated graphs B(3,¢) and H(3,q),
respectively.

-

(a).B(3,9) (g2 3) (6).H(3,9) (¢23)

Figure 1

Recently, Li and Zhou [11] investigated the minimal energy of bipar-
tite graphs with a given (p,g)—bipartition for ¢ > p > 2. They deter-
mined the minimal-energy graph among all bipartite unicyclic graphs of a
(p, q)—bipartition for ¢ > p > 4 or p = 2 and ¢ > 2. When dealing with the
minimal energy of bipartite graphs with a given (3, g)—bipartition, they
posed the following conjecture:

Conjecture. For all ¢ > 3, E(B(3,q)) > E(H(3,q)).

In this note, we shall prove that this conjecture is true for 3 < q < 217.
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2 The proof of conjecture for the case 3 < ¢ <
217

By a direct calculation, one can easily obtain

¢(B(3,q);z) =293 [z - (¢ +3)2* + 3¢ —-4)® - (¢-2)], (4)

$(H(3,9);z) =27 [z* — (¢ + 3)z® + (4¢ - 6)] . (8)

From the above two equalities it is concluded that neither H(3,q) £
B(3,q) nor B(3,q) ¥ H(3,q). Moreover, even if we use the Coulson integral
formula ( see Eq.(2) ), we still can not determine which of two graphs B(3, q)
and H(3,q) has smaller energy.

Now, we shall use one famous result introduced in spectral graph theory
[19]. It is well known that the eigenvalues of a graph G are not mutually
independent, and there exist some relations between them. One of such
relations between eigenvalues holding for a bipartite graph is the pairing
theorem [19]:

Ai—An+1_i=0fori=1,2,---,'n,. (6)

Now we can state and prove the following:

Theorem 1 Let 3 < g < 217, then E(B(3,q)) > E(H(3,q)).

Proof. It is evident that both H(3,q) and B(3, g) are all bipartite graphs.
Suppose that a; > a2 > a3 > 0 and a4 > a5 > 0. Then by means of
Eqgs.(4)-(6), we may assume that the non-zero eigenvalues of B(3,q) and

H(3,q) are respectively +./a1,+,/az,+/a3 and /a3, +,/as. Thus we
can rewrite the respective characteristic polynomials of B(3,¢) and H(3,q)
as follows:

$(B(3,9); z) = z77%(a? — a1)(2® ~ a2)(2® — a3), ™

$(H(3,9);2) = 2971 (2? - a)(a® - as). (8)
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Note that the zero-eigenvalues play no role in computing the energy
E(G) for a graph G. Then we have E(B(3,q)) = 2(\/a1 + /@2 + /a3) and
E(H(3,9)) = 2(y/a + v/as).

Now, equating Eq.(4) and Eq.(7) and comparing the coefficients deduce
that

a1az + agaz +aza; =3g—4 .

a1+ax+az=q+3
a1a2a3=q—2

Similarly, we have
as+as=q+3
asgas = 4q -6

Next, we shall verify that E(S:fs) > E(R::f5 , or equivalently, prove
that

Va1 +vaz + vas > v/ag + Vas.
That is,

(a1 + a2 + a3) + 2(/a1az + /aza3 + \/aza;) > (a4 + as) + 24/a4as,

ie.,

vaiaz + \/azas + v/aza; > y/asas,
ie.,

(a102 + a2a3 + aza1) + 2v/a1a2a3(v/a1 + v/az + 1/a3) > aqas,

ie.,
3¢ —4+2v/q—2(\/ar + Va3 + \/a3) > 49 - 6,

ie.,

Va1 + va; + /a3 > V"z‘i.
Recall that
-2
VaTHVart/E = || SR eyt /B = [ gt vag 2 3802,

aszas aas

So it suffices to prove that

3vg-2> - q2— ,

ie,
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(q - 2)2 < 661

which gives ¢ < 218. This completes the proof.

Li and Zhou [11] obtained the following result.

Lemma 2 LetG € #(3,q). If G # B(3,q), H(3,q), then E(G) > E(B(3,9)).

Combining Theorem 1 and Lemma. 2, we obtain

Corollary 3 Let G € %#(3,q) with 3 < q < 217. If G 2 H(3,q), then
E(G) > E(H(3,q)).

Acknowledgement: D. Wang is partially supported by Fund of ”Qing-
Lan gong cheng” of Jiangsu Province and H. Hua is partially supported by
the SRF of Huaiyin Institute of Technology (HGQ 0611).

References

(1] I. Gutman, Acyclic systems with extremal Huckel m— electron energy,
" Theor. Chim. Acta. 45 (1977) 79-87.

[2] I. Gutman, Total m— electron energy of benzenoid hydrocarbon,
Topic. Curr. Chem. 162 (1992) 29-63.

(3] I. Gutman, O. E. Polansky, Mathematical Concepts in Organic Chem-
istry (Springer, Berlin, 1986).

(4] I. Gutman, Acyclic conjugated molecules, trees and their energies,
J.Math. Chem. 2 (1987) 123-143.

(5] Y. Hou, Unicyclic graphs with minimal energy, J. Math. Chem. 3
(2001) 163-168.

174



[6] Y. Hou, Bicyclic graphs with minimal energy, Linear and Multilinear
Algebra. 49 (2001) 347-354.

[7] Y. Hou, I. Gutman, C. Woo, Unicyclic graphs with maximal energy,
Linear Algebra Appl. 356 (2002) 27-36.

[8] B. Zhou, F. Li, On minimal energies of trees of a prescribed diameter,
J. Math. Chem. 39 (2006) 465-473.

[9] W. Yan, L. Ye, On the maximal energy and the Hosoya index of a
type of trees with many pendant vertices, MATCH Commun. Math.

Comput. Chem. 53 (2005) 449-459.

{10] W. Lin, X. Guo, H. Li, On the extremal energies of trees with a
given maximum degree, MATCH Commun. Math. Comput. Chem. 54
(2005) 363-378.

[11] F.Li, B. Zhou, Minimal energy of bipartite unicyclic graphs of a given
bipartition, MATCH Commun. Math. Comput. Chem. 54 (2005) 379-
388.

[12] L. Ye, R. Chen, Ordering of trees with a given bipartition by their
energies and hosoya indices, MATCH Commun. Math. Comput. Chem.

52 (2004)193-208.

[13] H. Hua, On minimal energy of unicyclic graphs with prescribed girth
and pendent vertices, MATCH Commun. Math. Comput. Chem. 57
(2007) 351-361.

(14] H. Hua, Bipartite unicyclic graphs with large energy, MATCH Com-
mun. Math. Comput. Chem. 58 (2007) 57-73.

[15] I. Gutman, B. Furtula, H. Hua, Bipartite unicyclic graphs with max-
imal, second-maximal and third-maximal energy, MATCH Commun.
Math. Comput. Chem. 58 (2007) 75-82.

[16] H. Hua, M. Wang, Unicyclic graphs with given number of pendent
vertices and minimal energy, Linear Algebra Appl. 426 (2007) 478-

489.

175



[17] I. Gutman, The energy of a graph:old and new results, in: Algebra
Combinatorics and Applications eds. A. Betten, A. Kohnert, R. Laue
and A. Wassermann(Springer -Verlag, Berlin, 2001), pp.196-211.

(18] I. Gutman, Topology and stability of conjugated hydrocarbons. The
dependence of total 7-electron energy on molecular topology, J. Serb.
Chem. Soc. 70 (2005) 441-456.

[19] D. Cvetkovic, M. Doob, H. Sachs, Spectra of Graphs, (Academic
Press, New York, 1980).

176



