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Abstract. The corona of two graphs G and H, written as G® H, is the graph obtained
by taking one copy of G and |V(G)| copies of H, and then joining the ith vertex of G
to every vertex in the ith copy of H. In this paper, we present the explicit formulae for
the Wiener, hyper-Wiener and reverse-Wiener indices of the corona of two graphs.
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1 Introduction

We consider finite undirected connected graphs without loops or mul-
tiple edges. Corona graphs were introduced by Frucht and Harary in 1970
[8]. The corona of two graphs G and H (where G has n vertices ), writ-
ten as G © H, is defined as the graph obtained by taking one copy of G
and n copies of H, and then joining by an edge the ith vertex of G to
every vertex in the ith copy of H. In 2002, Barrientos (2] first studied
the graceful labelings of the corona graphs; soon after, some results on the
corona graphs are obtained in succession. Lai and Chang [17] gave the ex-
act values of the profiles of coronas G® H; Kwong and Lee [14] investigated
the integer-magic spectra of the coronas of some specific graphs including
paths, cycles, complete graphs and stars; the basis number of the corona
of graphs is determined by Shakhatreh and Al-Rhayyel [20]; Barik et al.
(1] and Kojima [13] investigated the spectrum and the bandwidth of the
corona of two graphs respectively; Rodriguez-Veldzquez et al. [19] studied
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the relationship between the partition dimension of G ® H and several pa-
rameters of the graphs G © H, G and H, including the metric dimension
of G ® H, the partition dimension of G and the partition dimension of H.
In this work we consider some Wiener-type indices of the corona graphs.

In the rest of this section, we present some basic concepts and notations.
Let G = (V, E) be a connected graph. For vertices z,y of G, we denote by
dege(x) and dg(z,y) the degree of = and the distance between vertices «
and y of G, respectively. Recall that the distance dg(z,y) is the length of
the shortest path joining = and y in G, while the diameter of G is defined as
D(G) = maz{dg(z,y)|z,y € V(G)}. The distance of a vertex v € V(G),
denoted by dg(v), is the sum of distances between v and all other vertices
of G.

The Wiener index of a graph G is defined by:

W@ = ) delwv)

{uv}cV()

First studied by Wiener in 1947 for acyclic molecular graphs G [21], the
Wiener index is one of the most popular topological indices in combinatorial
chemistry.

The hyper-Wiener index of acyclic graphs was introduced by Randié¢ in
1993. It is one of the recently conceived distance-based graph invariants,
used as a structure-descriptor for predicting physicochemical properties of
organic compounds (often significant for pharmacology, agriculture and
environmental protection). Klein et al.[15] generalized this extension to
cyclic structures as

1
WWEG) = W@ +5 Y. dh(w),
{u}CV(G)

where dZ(u,v) = dg(u,v)?. We encourage the reader to consult [4, 5, 9,
11, 12, 16, 23] for the mathematical properties of hyper-Wiener index and
its applications in chemistry.

The reverse-Wiener index was proposed by Balaban et al. in 2000 3],
it turns out that this index is important for a reverse problem and also
found applications in modeling of structure-property relations [3, 10]. The
reverse-Wiener index is defined as follows:

AG) = %n(n —1)D(C) - W(G)

where n is the number of vertices and D(G) is the diameter of G. Some
mathematical properties of the reverse-Wiener index may be found in [6,
18, 22].

In this paper, we present the explicit formulae for the aforementioned
Wiener-type indices of the corona graphs.
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Fig. 1: Corona of two graphs G and H, where H; is the copy of H, for
i€{1,2,---,n}.

2 Main results

2.1 Wiener index

In this subsection, we give an exact formula for the Wiener index of the
corona of two graphs.

Theorem 2.1 Let G and H be two graphs of orders n and n,, respectively.
Then W(G @ H)= (n1 + 1)2W(G) + n?(n? + n;) — n(n; +m;), where my
is the number of edges of H.

Proof. Set V(G)={vi,v2,--- ,vn} and V(H;)= {ui1, w2, ,%in,}, © €
{1,2,--- ,n}(see Figurel). We partition the set of unordered pairs of ver-
tices of G © H into four subsets: V3, V3, V3, and V4, where Vi={{u,v} C
V(G o H)| u,v € V(H), i € {1,2,---,n}}, Va={{u,v} C V(G © H)|
v € V(G),u € V(H,),i € {1,2,--- ,n}}, Va={{u,v} C V(GO H)| u,v €
V(G)}, and Vy={{u,v} C V(GO H)| u € V(H,),v € V(H;), i,j €
4
{1,2,.--,n} and ¢ # j}. Then W(GOH) = Y, Y dg(u,v), and
i=1{u,v}eV;

we distinguish the following cases: o)

Casel. {u,v} € V;. Suppose that u,uy € V(H;), fori € {1,2,--- ,n},
and k,! € {1,2,--- ,n1}, then the summation of distances between u;; and
ug for {uik,uy} € Vi is

A:=n Z deon(Uk, uir)
{uir,ua }CV(Hy)

=n(m; + 2((7;1) —-my) = nn? —n(ny +m,).

Case 2. {u,v} € V,. Suppose that v; € V(G),u;x € V(H;), fori,j €
{1,2,---n},k € {1,2,---n;}, then the summation of distances between v;
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and ujx for {v;,ur} € Vo is

B:= > deoH (Vi) ujk) = > (dg(vi,v5) +1)
v:€V(G),ujr€V(H;) vieV(G),ujkGV(Hj)

=nny + 2W(G) + n(n — 1))n; = 2n,(W(G) + n’n;.

Case 3. {u,v} € Va. Suppose that v;,v; € V(G), for 4,5 € {1,2,--- ,n},
then the summation of distances between v; and v; for {v;,v;} € V3 is

C:= Z dgon(vi,v;) = W(G).
{vi,v;}SV(G)

Case 4. {u,v} € V4. Suppose that ugx € V(H;),u; € V(Hj), for i,j €
{1,2,---n}( # j), k1 € {1,2,---n1}, then the summation of distances
between u;x and uj; for {ui,u;} € V4 is

D= Y deon(wmup)= Y (do(vi,vs)+2)
uix EV(H;) uix €V (H;)
uil €V (H ) i) ujt EV(H;)i#j

= rd(W(G) +2(3)) = mdW(G) +n®nf — nn?.

Hence,

W(GOH)=A+B+C+D
= (ny + 1)2°W(G) + n*(n? + n;) — n(ny + my).

2.2 Hyper-Wiener index

Next we will give an explicit formula for the hyper-Wiener index of
G ® H in terms of the (hyper-)Wiener, the order and the size of the factor
graphs.

Theorem 2.2 Let G and H be two graphs with |V(G)| = n,|V(H)| =
ny and |E(H)| = my. Then WW(G © H) = (n} + 2n)W(G) + (m1 +
12WW(G) + n?(2n} + n1) — n($n1 + 2my).

Proof. Set V(G)={v1,v2,--* ,vn} and V(H;)= {ui1,%iz, " ,%in, }, 1 €
{1,2,--- ,n} (see Figure 1). We partition the set of unordered pair of ver-
tices of V(G ® H) into four subsets: V3, V3, V3, and V;, where Vi={{u,v} C
V(G o H)| u,v € V(H;), i € {1,2,---,n}}, Va={{y,v} C V(G © H)|
v € V(G),u € V(H;),i € {1,2,--- ,n}}, Va={{u,v} C V(GO H)| u,v €
V(®)}, and Vy={{v,v} C V(GO H)| v € V(H;),v € V(Hj), i,j €
{1,2,..- ,n} and i # j}. Then by definition, we have
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4
WW(G o H) = %W(G O H)+ % S S Bons)

i=1 {u,v}eV;

Case 1. {u,v} € V1. Suppose that u,uy € V(H;), fori € {1,2,--- ,n},
and k,! € {1,2,--- ,n1}, then the summation of distances between u;; and
uy for {ui,uq} € Wy is

n n
— 2
A= - E deon (i, ua) + - E déen (Wik, wir)
uik €V (H;) uik €V (H;)
uy €V (H;) uil€V(H;)

= S lma + 2(gm(m = 1) = ma)] + - + (g m — 1) - )

= Eélnl(nl - 1) - 2nm1.

Case 2. {u,v} € V5. Suppose that v; € V(G),ujx € V(H;), for i,j €
{1,2,---n},k € {1,2,---n;}, then the summation of distances between v;
and uji for {v;,u;x} € V2 is

1 1
B:= ) Z deon(vi,ujk) + o> Z déOH(vi,ujk)
) )
1 1
=3 D> (de(vi,v) +1)+ > > (do(wi,v;) + 1)
wreving wheviiny

= 2m (WW(G) + W(G)) + n’n;.
Case 3. {u,v} € V3. Suppose that v;,v; € V(G), for i,5 € {1,2,--- ,n},

then the summation of distances between v; and v; for {v;,v;} € V3 is

1 1
C := ? Z dG@H(’U,',vj) + -2— Z d?;@H(v.-,vj)
{vi,v;}CV(G) {viw; }EV(G)

1 1
== > de(v,u)+ - > di(wi,v) =WW(G).
{viv;}CV(G) {vin;}CV(G)

Case 4. {u,v} € Vy. Suppose that uy € V(H;),u; € V(H;), for i,j €
{1,2,.--n}(@ # j),k,l € {1,2,---n1}, then the summation of distances
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between u;; and wujy for {uik,u;} € Vg is

1 1
D= > doon(uik,ui) + 5 Y dEon(ui,un)

uix EV(H;) uix EV(H;)
uj1€V(H;),i#5 ujl €EV(H;),i#]
1 1
— § : 2 2 : . 2
=7 (dG(vth) + 2) + D) (dG(vth) + 2)
uiR€V(H;) uiR EV(H;)
uj ) €V(H ;). i#] uj €V (H;) i

= R3(WW(G) + W(G)) + -wnin(n —1).
Now we can compute the hyper-Wiener index of G® H:

WW(GOH)=A+B+C+D
= WW(G)(ny + 1) + W(G)(n? + 2ny)

3 3
+ nz(?nf +ny) — n(-2—n1 +2m;).

2.3 Reverse-Wiener index

By definition it is easy to see that D(G © H) = D(G) + 2, then by
Theorem 2.1 and by a simple calculation, we have the following result on
the reverse-Wiener index of the corona of two graphs.
Theorem 2.3 Let G and H be two graphs with |V(G)| = n,|V(H)| = ny
and |E(H)| = my. Then A(GO H) = 4+ D(G)[n%(ny + 1) — n(ny + 1)) -
(ny + 1)2W(G) + n%(ny + 1) + n(my - 1).

Acknowledgments

The authors are thankful to the anonymous referee for the helpful re-

marks.

References

(1] S. Barik, S. Pati, B. K. Sarma, The spectrum of the corona of two
graphs, SIAM J. DISCRETE MATH. 21 (2007) 47-56.

[2] C. Barrientos, Graceful labelings of chain and corona graphs, Bullentin
of ICA, 34 (2002)17-26.

[3] A. T. Balaban, D. Mills, O. Ivanciuc, S.C. Basak, Reverse Wiener
indices, Croat. Chem. Acta 73 (2000) 923-941.

[4] G. G. Cash, Relationship between Hosoya polynomial and the hyper-
Wiener inder, Appl. Math. Lett. 15 (2002) 893-895.

[5] G. G. Cash, Polynomial expressions for the hyper-Wiener indez of
extended hydrocarbon networks, Comput. Chem. 25 (2001) 577-582.

198



[6] X. Cai, B. Zhou, Reverse Wiener indices of connected graphs, MATCH
Commun. Math. Comput. Chem. 60 (2008) 95-105.

(7] A. A. Dobrynin, R. Entringer, I. Gutman, Wiener index of trees: the-
ory and applications, Acta Appl. Math. 66 (2001) 211-249.

[8] R. Frucht, F. Harary, On the corona of two graphs, Aequationes Math.
4 (1970) 322-325.

(9] I. Gutman, Relation between hyper-Wiener and Wiener indez, Chem.
Phys. Lett. 364 (2002) 352-356.

[10] O. Ivanciuc, T. Ivanciuc, A. T. Balaban, Quantitative structure-
property relationshipe valuation of structural descriptors derived from
the distance and reverse Wiener matrices, Internet Electron. J. Mol.
Des. 1 (2002) 467-487.

[11] S. Klavzar, P. Zigert, I. Gutman, An algorithm for the calculation of
the hyper-Wiener index of benzenoid hydrocarbons, Comput. Chem. 24
(2000) 229-233.

[12] S. Klavzar, I. Gutman, A theorem onWiener-type invariants for iso-
metric subgraphs of hypercubes, Appl. Math. Lett. 19 (2006) 1129-1133.

[13] T. Kojima, Bandwidth of the corona of two graphs, Discrete Mathe-
matics, 308 (2008) 3770-3781.

[14] H. Kwong, S. M. Lee, On the integer-magic spectra of the corona of
two graphs, Congressus numerantium, 174 (2005) 207-222.

[15] D. J. Klein, I. Lukovits, I. Gutman, On the definition of the hyper-
Wiener index for cycle-containing structures, J. Chem. Inf. Comput.
Sci. 35 (1995) 50C52.

[16] X. Li, A. F. Jalbout, Bond order weighted hyper- Wiener indez, J. Mol.
Structure (Theochem) 634 (2003) 121-125.

(17] Y. L. Lai, G. J. Chang, On the profile of the corona of two graphs,
Information Processing Letters 89 (2004) 287-292.

[18] W. Luo, B. Zhou, Further properties of reverse Wiener indez, MATCH
Commun. Math. Comput. Chem. 61 (2009) 653-661.

[19] J. A. Rodriguez-Veldzquez, I. G. Yero, D. Kuziak, The partition di-
mension of corona product graphs, arXiv:1010.5144v1[math.CO].

[20] M. Shakhatreh, A. AL-Rhayyel, On the basis number of the corona
of graphs, International Journal of Mathematics and Mathematical
Sciences, DOI 10.1155/IJMMS/2006/53712.

[21] H. Wiener, Structural determination of the paraffin boiling points, J.
Amer. Chem. Soc. 69 (1974) 17-20.

[22] B. Zhang, B. Zhou, Modified and reverse Wiener indices of trees, Z.
Nat.forsch. 61a (2006) 536-540.

(23] B. Zhou, I. Gutman, Relations between Wiener, hyper-Wiener and
Zagreb indices, Chem. Phys. Lett. 394 (2004) 93-95.

199



