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Abstract

Motivated by Kotzig and Rosas concept of edge magic deficiency,
Figueroa-Centeno, Ichishima and Muntaner-Batle defined a similar
concept for super edge magic total labelings. The super edge magic
deficiency of a graph G, which is denoted by ps(G), is the minimum
nonnegative integer n such that G U nkK,, has a super edge magic
total labeling or it is equal to +oo if there exists no such n. In this
paper, we study the super edge magic deficiency of kite graphs.
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1 Introduction and Definitions

In this paper, we consider only finite, simple and undirected graphs. We
denote the vertex set and edge set of a graph G by V(G) and E(G) re-
spectively, where |V(G)| = p and |E(G)| = q. An edge magic labeling of
a graph G is a bijection ¢ : V(G) U E(G) — {1,2,...,p + q} such that
f(z) + f(zy) + f(y) constant, for every edge zy € E(G). A graph with an
edge magic labeling is called edge magic graph. An edge magic labeling ¢
is called super edge magic if $(V(G)) = {1,2,...,p}. A graph with super
edge magic labeling is called a super edge magic graph.

In [14], Kotzig and Rosa proved that for any graph G there exists an
edge magic graph H such that H 2 G UnK] for some nonnegative integer
n. This fact leads to the concept of edge magic deficiency of a graph G,
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which is the minimum nonnegative integer n such that G U nK is edge
magic and it is denoted by x(G). In particular,

u(G) = min{n > 0: GUnK, is edge magic}.

In the same paper, Kotzig and Rosa gave an upper bound for the edge
magic deficiency of a graph G with n vertices, u(G) < Fny2 —2 —n —
in(n — 1), where F, is the nth Fibonacci number. Motivated by Kotzig
and Rosa’s concept of edge magic deficiency, Figueroa-Centeno et al [8]
defined a similar concept for super edge magic labelings. The super edge
magic deficiency of a graph G, which is denoted by u,(G), is the minimum
nonnegative integer n such that G UnK,; has a super edge magic labeling
or +oo if there exists no such n, formally defined as:

Let M(G)={n>0:GUnK, is a super edge magic graph},then

_ [ min M(@), i M(G)#4;
#s(G) “{ o0, it M(C) =6,

As a consequence of the above two definitions, we note that for every
graph G, p(G) < p5(G).

In (8, 9], Figueroa-Centeno et al provided the exact values for the super
edge magic deficiencies of several classes of graphs, such as cycles, complete
graphs, 2-regular graphs, and complete bipartite graphs K3 . They also
proved that all forests have finite deficiency. They proved that

0, if n is odd
us(Cr) =4 1, ifn=0 (mod 4)
+00, ifn=2 (mod 4).

For more detail, the results on edge magic and super edge magic labeling
of some graphs can be seen in [3, 4, 5, 6, 8, 11, 12, 15] and a complete survey

10).
[ In this paper, we discuss the super edge magic deficiency i, of kite
graphs. In particular, we show that (n,t)—kite has (a) super edge magic
deficiency one for all odd n > 5 and even t > 4; (b) super edge magic
deficiency less than or equals to one for all odd n > 5 and ¢t = 3,7 (mod 8);
super edge magic deficiency less than or equals to one for alln > 10, n =2
(mod 4) and t = 4; super edge magic deficiency one for all n > 10, n = 2
(mod 4) and t = 5.

In [17] Wallis posed the problem of investigating the edge magic proper-
ties of C,, with the path of length ¢ attached to one vertex. Kim and Park
[13] call such a graph an (n,t)—kite. The following proposition, proved by
Ahmad and Muntaner-Batle [2], show that for an (n,t)—kite to be super
edge-magic, n and ¢ must have same parity.
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Proposition 1. [2] Let G = (n,t)—kite. If G is super edge-magic then n
and t have the same parity.

In proving our results, we frequently use the following lemma:

Lemma 1. [7] A graph G with p vertices and q edges is super edge magic
total if and only if there exists a bijective function ¢ : V(G) — {1,2,--- ,p}
such that the set S = {¢(z) + ¢(y) : zy € E(G)} consists of g consecutive
integers. In such a case, ¢ extends to a super edge magic total labeling of
G.

Kim and Park [13] proved that an (n,1)—kite is super edge-magic if
and only if n is odd and an (n,3)—kite is super edge magic if and only
if n is odd and at least 5. Also, Park, Choi and Bae [16] proved that
an (n,2)—kite is super edge magic if and only if n is even. From the
Proposition 1, (n,t)—kite is not super edge magic if n is odd and ¢ is even.
In the next theorem, we give the exact value of super edge magic deficiency
of (n,t)—kite graph, for all odd n > 5 odd and even ¢t > 4.

Theorem 1. For all odd n > 5 and even t > 4, let G be an (n,t)—kite
graph. Then p;(G)=1.

Proof. Let z,x9,...,%,,2; be a vertex sequence of Cy, and let y1,ys2,...,¥:
be the vertices of the path (the tail). Let G* = GU K}, the vertex set and
edge set of G* are defined as:

VG )={zi:1<i<n}U{y;:1<j<t}u{z}

E(G")={ziziy1:1<i<n—1}U{y¥541: 1 < j <t -1}U{znz1, 1120}

By Proposition 1, G = (n, t)-kite graph is not super edge-magic for n
odd and t even. Therefore
ks(G) 2 1.

To prove p,(G) < 1, we define the labeling ¢ : V(G*) — {1,2,...,|V(G)|+
1} of the graph G* in the following two cases:
Case 1 When t =2 (mod 4),

2ttt foroddi; 1<i<m,
#(z;) =

, foreveni; 1<i<n,

E N
wl}

) forodd j; 1<j<t,
dly;) = THEL, forevenj; 2<j5< 4,
2"*—‘;”*1, forevenj; £t+1<j<t,
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The isolated vertex z, is labeled as ¢(z) = 4n+3t+2,
Case 2 When t = 0 (mod 4), we define the labelmg fort=4andt >6.
Fort =4,

( Tl, for i =1,
+2, fori=2,
$(e) = S 1‘-'%211', foroddi; 3<i<m,
-‘:2—2, foreveni; 3<i<n,
( it for j=1,3,

d(y;) = ¢ n+5 forj=2,
n+3, forj=4,

The isolated vertex z, is labeled as ¢(2) =n + 4.
For all even t > 6,

( t

, fori=1,

...N
|N|3_

B(z:) = < Tl, foroddi; 2<i<n,
atitizl foreveni; 2<i<n,

“ 7

—l—""'z"l, foreven j; 1<j<t,
Sly;) = { HEFEL, forodd j; 1S5 <4,

-‘ig'—’,}?ﬁ, for odd 7; %+15i$t,

\

The isolated vertex z, is labeled as ¢(z) = dnt3ttd,

One can see that all edge sums generated by the above formula form
the following set of g consecutive integers: {2tf43, ndidd 1], 3nddedly
Therefore by using Lemma 1, ¢ can be extended to a super edge magic total
labeling. Hence, the graph G* admits a super edge magic total labeling. [

In [2], Ahmad et al. determined the exact value of super edge magic de-
ficiency of (n, t)-kite graph for all odd n; ¢ = 0,1 (mod 4), and also showed
the upper bound for all odd n, ¢t = 2,3 (mod 4). In the next theorem, we
improve the upper bound for all odd n and ¢t = 3,7 (mod 8),¢ # 11.

Theorem 2. For all oddn > 5 andt > 5,t # 11,t = 3,7 (mod 8), let G
be a kite graph. Then us(G) < 1.

Proof. Let x1,%2,...,Zn, 21 be a vertex sequence of C, and let y1,y2,..., %
be the vertices of the path (the tail). Let G* = GU K, the vertex set and
edge set of G* are defined as:
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V(G )={zi:1<i<n}U{y;:1<j<tpu{z}
E(G")={ziziy1:1 i <n-1}U{yyj+1: 1 < j <t =1} U {Znz1, 1120}

To prove p1,(G) < 1, we define the labeling ¢ : V(G*) — {1,2,...,|V(G)|+
1} of the graph G* in the following two cases:
Case 1 Whent =8s+7,5>0

5‘, foreveni; 1<i<n,
¢(z:) = atitttl - foroddd; 1<i<n,
(4, for odd j; 1< 3 < 52,

nt=itBH8  for odd j; LhSiSe < ;g LTHSs
where 0 < s < &7

Sy;) = 4 Intebitl for even j; 1<j < 53,

dnteiditl for even j; B! <j < 48

Int2—jr1et8s  for even j; LEQHEs < j < LEItSs

where 0 < s < 57

The isolated vertex z is labeled as ¢(z) = 4nt3t47,
Case 2 Whent=8s+3,5> 2,

i, foreveni; 1<i<n,
$(z:) = aitildi foroddi; 1<i<n,
rmzti, for odd j; ISJ’S%,
ntt—jts for odd 7; 42 <j< 47,
gl for odd j; j= 11

n+t—3+1748s for odd j; tilgj;Sa < ] < tilgiSs’

2 9
where 0<s< 518

3= .
#(y;) 27‘;‘;&, foreven j; 1<j < %—3
inttididl - for even j; Hl <j < 48,

2
2n+2t—22+14+83’ for even ]; tiQZiSS < .7 < tilgiss,

where OSSS‘—?—"

n+t+1, for j=t-1
\
The isolated vertex z under the labeling ¢ is labeled as ¢(z) = 424347,
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One can see that the set all edge sums of both cases generated by the

above formula forms a set g consecutive integers: {24, —’f-j-"'— a8

niSti&sil } s = t_;_7 {"i;:t niti nitis . 6ﬂ+5t+88 ~23}, s = t—819’
respectwely Therefore by Lemma 1, ¢ can be extended to a super edge
magic total labeling. This shows that u,(G) < 1, which completes the

proof. a

Ahmad et al. [1] found the exact value of super edge magic deficiency
of (n,t)—kite graph for n even and t = 1, 3. In the following theorem, we
found the upper bound and exact value of super edge magic deficiency of
(n,t)—kite graph for n =2 (mod 4), t = 4 and ¢t = 5, respectively.

Theorem 3. For n > 10 and n = 2 (mod 4), the super edge magic defi-
ciency of G = (n, t)-kite graph is

<1, for t=4
#(C)\ =1, for t=5

Proof. Let n = 2 (mod 4) be a nonnegative integer. Let G = (n,t)-kite
graph. Recall the vertex set and edgeset of G {z;: 1 <i<n}U{y;: 1<
j <t} and {ziziy1 : 1 i < n—-1}U{yy541: 1 < § < t=1}U{znz1, Zatn }
, respectively. To prove us(G) < 1 for t = 4,5, according to Lemma 1 it
is sufficient to prove that there exists a vertex labeling with the property
that the edge-sums under this labeling are consecutive g integers. It is easy
to see that the following labeling ¢ : V(G U K;) — {1,2,...,|V(G)| + 1}
has the desired property.

The labeling of G = (6, 4)-kite graph is shown in Figure 1.

Figure 1: An illustration for the labeling of G = (6, 4)-kite graph

Here, we label G U K; where V(K)) = {z} as follows:
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fi’;—s, foroddi; 1<i<n-1,
248 for i=nandt=4,
2410 for i=nandt=5

d(z;) = { 2, forevend; 1<i
ntidl2 - for evend; 1< 4
ntidl2 - for even i; "'4 +

5T4 and t =4

n—4
S-z—— dt—5
<i<n-land,t=14
<i

1
1 n—1land,t=5

aditld for even i; "_4 +

Fort=4
2410 for j=1

’

#(y;) = 3 for j = 2,4
o468, forj=3

’

Fort=5
212 forj=1

¥

¢(yj) = '?2'1 for j = 2,4,

2b43 - for j = 3,5,

The isolated vertex z, is labeled as
18 fort=d,
¢(z) = n4: g g5,

One can see that the set all edge sums generated by the above formula forms
a set g consecutive integers: {28, 2410 3ndld}. (ni8 atl0 3416

for t = 4;5, respectively. Therefore by Lemma 1, ¢ can be extended toa
super edge magic total labeling. This shows that ua(G) <1.
By Proposition 1, G = (n, 5)-kite graph is not super edge magic for n
even. Therefore (G = (n,5) — kite) > 1. Which completes the proof.
O
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