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Abstract

The Randi¢ index of an organic molecule whose molecular graph
is G is the sum of the weights (d(u)d(‘u))‘* of all edges uv of G,
where d(u) and d(v) are the degrees of the vertices v and v in G. In
this paper, we give a sharp lower bound on the Randié index of cacti
with perfect matchings.
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1 Introduction

A single number that can be used to characterize some property of the
graph of a molecule is called a topological index. One of the most important
topological indices is the well-known branching index introduced by Randié
(1) which is defined as the sum of certain bond contributions calculated from
the vertex degree of the hydrogen suppressed molecular graphs.

Let G = (V, E) be a simple connected graph with the vertex set V and
the edge set E. The Randi¢ index (or connectivity index) of G was defined

as

R(G)= Y (d(u)d(v))~?

uveE
where d(u) and d(v) denote the degree of the vertices u and v. Randié

demonstrated that his index is well correlated with a variety of physic-

chemical properties of various classes of organic compounds. Recently, the
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Randi¢ index attracted the attention of many researchers and many results
were obtained. In particular, for general graphs, Bollobaas and Erdés gave
the sharp lower bound of R(G) > v/n— 1. Lu etal [3] gave a sharp lower
bound on R(G) of cacti with given number of cycles. In [6, 7], sharp lower
bounds on R(G) of trees and unicycle graphs with a given size of matching
was given respectively. In this paper, we will investigate a type graph,
namely that of conjugated cacti with perfect matchings.

All graphs that we considered is only finite, undirected and connected
simple graphs. Let dg(z,y) denote the length of a shortest (z,y)-path in
G. C, denotes the cycle on n vertices, we by N(v) and d(v) denote the
neighbors and the degree of v respectively. A pendant vertex of a graph
is a vertex with degree 1. Denote by PV the set of pendant vertices of G.
G — 1 denote the graph that arises from G by deleting the vertex z € V(G)
together with its incident edges, and §(G) =min{d(v) : v € V(G)}. A
subset M C E is called a matching in G if its elements are edges and no
two are adjacent in G. A matching M saturates a vertex v, and v is said
to be M-saturated, if a edge of M is incident with v. If every vertex of G
is M-saturated, the matching M is perfect.

Gm,k Gk+1,k

Figure 1. two graphs Gm « and Gi41,k
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2 Some Lemmas

A graph G is called a cactus if each block of G is either a cycle or an
edge. Denote %, « the set of cacti with k cycles and perfect matchings on
2m vertices. Gm x and G4,k are the cacti depicted in Figure 1.

In the following, we give some Lemmas that will be used in the proof
of our results.

Lemma 2.1([8]). Let G € % x,m > 3, and T a tree in G attached to
aroot 7. If v € V(T) is a vertex furthest from the root r with dg(v,7) > 2,
then v is a pendant vertex and adjacent to a vertex u of degree 2.

Lemma 2.2([9]). Let G € 9, x,m > 3. If PV # ¢, then for any vertex
ueV(G), | Nx)NPV IL 1.

Lemma 2.3([9]). The function f(x) — f(z + 1) is monotonously in-

creasing in z > 1, where

1 T
f(x)=\/z——_-|_—-1-+\/—2(x————_'_—1) z 21, (1)

and z is a positive integer.
Now we displayed four graphs Usm,m, T°(2m, m), Hg, Hg in Figure 2.

D e
Uzm,m T°(2m, m) Hg Hg

Figure 2. The graphs Uzm,m,T%(2m, m), Hg, Hs.

Lemma 2.4([6]). Let T be an n-vertex (n = 2m) tree with a perfect
matching, then R(T) > ¢(2m,m) with the equality holds if and only if

T = T°(2m, m), where
n—2m+1 m-—1 m-—1

o(n, m)=ﬁ+m+—ﬁ—-
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Let G € %mm = {G : G is a unicyclic graph with 2m vertices and an
m-matchings }.
Lemma 2.5([7)). Let G € mm \ {He, Hs}, m > 2. Then R(G) >
1(2m, m) with the equality holds if and only if G = Uzm,m, where
n—-2m+1 m m 1-2y2
v m = et \/m*%*_z_{
Remark. In [7], it showed that R(Hg) = 2.7321 < %(6,3) = 2.7678
and R(Hs) = 3.6260 < 1(8,4) = 3.6263, where Hg and Hg are shown in
Figure 2. Thus Hg and Hp are the graphs with the minimum Randié index

in %,3 and %g 4, respectively.

Let
_m+k-1 1 (1—\/_)k
p(m k) = —2(m+k)+\/m+—\/§ T

where m and k are positive integers. We have the following result.
Lemma 2.6. If m > 4,k > 2, then o(m — 1,k) + 71‘5 + % > o(m,k),
o(m—1,k)+ 7234- 7% - 1> p(m, k).

Proof.
1
w(m—l,k)—w(m,k)+%é+%—5
_ m+k—2 1 _m+k—1_ 1
= Amiko)) Vmikol JamtR) Jmik
2 1 1 1
YRR AR A
2 1 1 1
= f(m+k 2) (m+k 1)+\—/-é'+\/§—ﬁ—§
2 1 1 1
> f(4) f(5)+7-6-+ﬁ_ﬁ_§ (by Lemma 2.3)
_ 4,1 5 1.2 .1 11
- \/_ VB V2 VB VB V3 V2 2
>

and <p(m-—1,k)—<p(m,k)+71§+§ > <p(m—1,k)—qp(m,k)+72§+71»§—-12- > 0.

Hence the Lemma holds.
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3 Main result

In this section, we will give a sharp lower bound of the Randié index of
cacti with perfect matchings.

Theorem 3.1. Let G € 9 \ {Hs, Hs}, m > 2. Then R(G) >
w(m, k) with the equality if and only if G & G, .

Proof. We prove the result by induction on m and k. The result holds
for k =0,1 by Lemmas 2.4 and 2.5.

We now assume that & > 2. Then m > 3. If m = 3, there are only four
graphs in %, ¢, see Figure 3. It can be seen that Gj is the graph with

the minimum Randié¢ index in %; 2, and the result holds.

7 D DO

2.7121 2.8251 2.9633 2.9142

Figure 3. The graphs in ¥ 2 and their Randié indices.

So we can assume m > 4. Let G € ¥, ;. with a perfect matching M.

CaseI. 4(G)>2.

Assume a graph G € ¥, x, then the maximum degree of a vertex in
G is m + k if and only if the vertex is the common vertex of all cycles in
the graph G, x. And since each block of G is either a cycle or an edge, G
has a cycle C = wjup -+ uuy with 2 < d(u;) =d < m+k and d(u;) =2
fori=2,---,t. Let N(uj) = {ug,us, 1,22, -+, Tg-2}. Obviously, at least
one of the edges ujuz and uju; doesn’t belong to the perfect matching M.

Without loss of generality, we assume ujuz ¢ M.
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Let G = G — ujuy. Then G’ € @mp—1 \ {Hs, Hs}. By the inductive
hypothesis, we have R(G’) > ¢(m,k —1).

1

2

tolo—l

R(G) = R(G)+— +(\/_ \/_)Z\/d(T

1

1
> p(m,k— 1)+‘/—+(\/- \/——)‘Z—;W 2 ﬁ
m+k-2 1 m+k—1

-w(mkH\/ m+k—1) \/'m+k 1/2(m-;-k

-s/—m+_—k - _\/= ¥ (7 - \/d—_l)fz ,/—d(x,-
(m, k) + —F k=2 m+k—2 1 m+k-1
Y ey \/_—_m+k NoGED
1 1 1 1
-——,m—kw——* ﬁ‘_,m—l)'?{
1 1
= (p(m,k)+(1—7 ey ,-—-m+k)
+\fm+k—1—¢m+k+\/' V=1
V2 V2

1 1
<p(’m,k)+(1—7 ﬁ-m)
\/m+k—1—\fm-ﬂ:+\/m+k—\/m+k—1

V2 V2
1

= plm k) + (1 - =) (e — )
NG e Y ey

> p(m,k).

v

v

Case II. 4(G) =1.

Subcase 1. G has at least pendant vertex v which is adjacent to a
vertex u of degree 2. Then there is a unique vertex w # v such that
uw € E(G). Let INw)NPV|=r <1,dw) =d < m+k, d(z1) =
d(zg) =+ =d(z;) =1, Nw) \ PV = {Zr41,Tr42,***, Td=1,%d = u} and
diz:)=d; 22, i=r+1,r+2,---,d

IfG =G—u~—v, then G € %n_1x \ {He,Hs} by k > 2. By the
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inductive hypothesis, we have R(G') > p(m — 1,k).

v

v

R(G)

, 1 1
R(G) +7‘(7 - ﬁ) + (‘/3 /—)'_ZH )

+T+T

1 1
R(G)+7”(\/— \/El_ +(d-r- 1)(ﬁ—\/ﬁ)
+ﬁ+—\/2=d

11 L
#m =10 +7(75 — =) = =D~ )
1 1

AR

m+k—2 1 m-2 (1—v2)k
Y, sy gy LY ey e Y, R
_mtk-1 1 m-1_ (-VRE 1 1
V2im+k) Vm+k 2 2 V2 V2d

1 1 1 1
+T(7a—\/=_)+(d—r—1)(f_\/§—T—_—l)-)
m4k—2 1 m4k—1 1

AR \/ mIko1)  VmIiho1 JAmik JVmik
1

E-H(%__\/&‘——1)+(d_r—l)(-\5—§___\/__2(d—1))

Note that 7 < 1 by Lemma 2.2. If r = 0, then by (2)

v

R(G)
m+k—2 1 m+k-1 1

At A E D) VRTET VEmTR VTR

1 d—1 1 1
+\/—2=d+( - )(m_—’_——%d—l))
p(m, k) + [f(m+k—2) = f(m+k—1)] - [f(d—-2) - f(d—1)]
e~ 1) — =)
V2 vd Vd-1
p(m, k). (by Lemma 2.3)
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If r = 1, then by (2)

R(G)
> (mk)+_'_ni_]i:2__+___1___m_+ki___l__
Z A et k1)  Vmtk—1 +2m+k) JVmtk

11 1 1 1

7t va T vt TN T ey
— (mk)+_ﬁl_'*'_l.ci_+__l____ﬂ+_kll____1_
= A mt k1)  Vmik-1 +2mik) Vm+k

d-1 1 d-2 1

t VT a1y Ja-1
= @(mk)+[f(m+k-2)—f(m+k-1)]-[f(d—2) - f(d-1)]
> p(m,k) (by Lemma 2.3)

The equality R(G) = ¢(m, k) holds if and only if equalities hold through-
out the above inequalities, that is, if and only if R(G') = ¢(m - 1,k),
d = m+ k,d(z;) = 1,d(z;) = -+ = d(z4-1) = 2. By the induction hy-
pothesis, G’ = Gm-1x. Note that Gp—1 had a unique vertex of degree
greater than 2, and hence G = G, .

Subcase 2. Each pendant vertex in G is adjacent to a vertex with
degree more than 2.

Let Go be the cactus obtained by deleting all pendant vertices of the
cactus G. Since each pendant vertex in G is adjacent to a vertex with
degree more than 2, then 8(Go) > 2. And each block of Gy is either a cycle
or an edge, Gp has a cycle C = ujuy - - - uguy with 2 < d(u;) < m+k and
d(u;) =2 fori=2,3,--,t. So, we can find a cycle C = ujuz -+ -weuy in G
with 2 < d(u;) <m+kand 2 <d(y;) <3,i=2,---,t.

Let ¢ be the length of the cycle C and without loss of generality, assume
the edge ujus ¢ M.

Subcase 2.1. t = 3. Then C = v usugu;.

Let d(uy) =d < m+k, N(u;) = {ug,us3,%1,%2, - -, Ta—2}, and d(z;) =
d(zg)=---=d(z,)=1,d(z;) 22,i=r+1,---,d=-2. 7 <L



Subcase 2.1.1. d(’u,2) = d(u3) = 2, then uous € M.
Let G =G — ug — ug, then G € Yn-1,k—1-

DREM_M:

42 2 C;

D—@MMM

& &2

v 1

Figure 4. The graphs Gj 5,G} ,, G} 5, G2 .

If G = Hg, thenm = 4, k = 2 and G & G}, or G & G},. And
R(Gj ;) = 3.5841 > p(4,2) = 3.5587, R(G3,) = 3.8045 > ¢(4,2) =
3.5587.

If G' = Hs, thenm = 5 k =2 and G = G}, or G & GZ,. And
R(Gl,) = 4.5736 > ¢(5,2) = 4.3958, R(G%,) = 4.5522 > ¢(5,2) =
4.3958, where G} ,,G3 5, G} 5, G2 ; are illustrated in Figure 4.

Otherwise, G’ € Ym—1,-1\{Hs, Hs}. By the induction hypothesis, we
have R(G') 2 p(m -1,k - 1).

v

R(G)
R(G)—f—(\/_ Z 2,1
\fd 2" o \/d(x,) J_ 2
R(g')+,~(_1__.__1__)+(_1_.__1_)d_z:r_2__1__
vd Va-2' Vi JI-2' &, /)
2 1
V2d 2

d—r—2

1 1 1 L
w(m—l’k_1)+r(ﬁ_ﬁ)+(ﬁ— Va—z)i-;i-l

Vid(z;)
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vaed 2
m+k—3 1
= k) —m7mxus —
L Ry ey s I gy

d—-r—2

"~ A= X, vt

If r = 0, then by (3)

— e ——

mv—

R(G)
> omi)+—mtk=3 1 mik-1l 1
- \/2( V2(m+k-2) 2) \/m+z—2 V2(m + k) m+k
1 2
+(d—2)(7——————"——,—-—2(d 5 +m
m+k-3 1 m+k—1 1
= elm, k)+\/2'_(__‘_+k 2)  Vmik—2 am+k) Vm+k
f vd-2
+ s
> o(m k) + k23 _m4k-1 1
=¥ Jami ko2 \/_m+k_‘ JAmik) Vm+ik
vVm+k—vVm+k-2
V2
1
= olm k) + (= )y~ 7o)
> ¢(m,k).
If = 1, then by (3)
R(G)
> o(m, k) + —m k=3 m+k—3 1 _m+k—1_ 1
= v ,/‘2( Th-2)  Vmik-2 JAm+k) Jm+k
1 1 1 2
+(d‘3(n_ﬂ(d Nt VA~ va=: ' Vi
~ m+k—3 1 _m+k—1_ 1
B (p(mk)+\/2( +k-2) \/m+k V2(m+ k) m+k
Jd=1, 1 _d-3 1
* Vi -y
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@(m, k) + f(m +k—3) = f(m+k —1) - [f(d—3) - f(d—1)]

2 p(m,k).

The equality R(G) = ¢(m, k) holds if and only if equalities hold throughout
the above inequalities, that is, if and only if R(G’) = ¢(m — 1,k — 1),
d=m+k,d(z1) = 1,d(z2) = d(z3) = -+ = d(z4-2) = 2. Since d(uz) =
d(u3) = 2, and each pendant vertex in G is adjacent to a vertex of degree
more than 2. Thus we have that G 2 Gy x-1. And R(G) = o(k +1,k) if
and only if G = Griq k.

Subcase 2.1.2. d(uz) = d(u3) = 3, then G has two pendant vertices
u;,u; such that uzu; €M, u;;u; € M.

Let G' = G —uy —u;. Then G € Y1, \ {He, Hg} with a perfect
matching (M U {uqus}) \ {uaub, usuy}.

R(G)
- R(G)+2(\/_ \/_) +—j—§—%
> pm- LB+ - )+
= o k)+m—+kL+___l___n_1i—_l__;
s T A mr kD) Vmtk-1 a(mik) Jmik

1 1.2 1 2 1 1
+(ﬁ—7§)ﬁ+§+—\/—§—§*7—5 (4)
If d > 4, then by (4)

R(G)
m+k—2 1 m+k—1 1
> pmk)+—mti2 1 mtk-1 1
A7y g s Y ey Sy oy Sy ey
W L_1,2 +1+ 2 1 1
\/- \/_\/_ V3 2 2
m+k—2 1 m+k—1 1

— ——— - —

= em “m VARSI ik ViR
+§+\/§—§—‘/§

27



go(m,k)+[f(m+k—2)—f(m+k—1)]+%+\/§—%—\/§

4 1 5 1 1 1 1
> )b b e m =t =+ V3 - 2 — —
> p(m )+\/1_6+\/5 iv) \/6+3+f R
(by Lemma 2.3 and m + k > 6)
> p(m, k).

Ifd = 3 and m + k > 7, then by (4),

R(G)
m+k—2 1 m+k—1 1

Sdm’m\/2('"+k—1)+~/m+k—1"\/2—(1»T+—k)'\/m—"'-wc‘
1 1,2 1 2 1 1

NG RATETITE

- tp(m,k)+[f(m+k—2)—f(m+k—1)]+(\/i§—%)%
1,2 11

HEREY- S

\

> (mk)+_5_+i_i_i+(i__1_)i+l+_2_

2 WY TR TR Vi Vi VB V2B 3B
—% - % (by Lemma 2.3 and m + &k > 7)

> p(m,k).

If d = 3 and m + k = 6, then there exists the unique graph G} ,, and
R(G%,) > ¢(4,2) by subcase 2.1.1.

Subcase 2.1.3. d(ug) = 3, d(uz) = 2 or d(ug) = 2, d(uz) = 3,
without loss of generality, we may assume that d(ug) = 3, d(u3) = 2. Then
there is a pendant vertex u'2 such that uzu'z € M. And uyu3 € M, then
N(uy) = {ug,us, z1,Z2, -, Td—2}, d(2;) > 2,4 =1,2,---,d - 2.

Let G = G — ug — uy, then G’ € ey -1

If G = Hg, then m = 4, k = 2, and G = G},. R(G},) = 3.6931 >
¢(4,2) = 3.5587.

If G = Hg, then m =5,k =2, and G 2 G}, or G = G¢,. R(G},) =
4.3958 > ©(5,2) = 4.3958, R(Gl,) = 4.4561 > (5,2) = 4.3958, where
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G321 GE 2, G} ; are illustrated in Figure 4.
Otherwise, G’ € Ym—1,t-1 \ {Hs, Hg}. By the induction hypothesis, we

have
R(G)
1 1 1.1 1
- MO S v e Y
1 1
V3 Vi-1
1 1 1.1
2 w(m_l’k-l)'l'(%_\/a—:—); ,——d( \/-3-"‘7—5)'—‘1
1 1 1
+\—/-g+7--——,-—
_ k)4 —mth-8 m+k—3 1 _m+k-1 1
= wlm \/'_2( T k-2 w/__m+k \/—T(m‘;‘k‘ Wy
1 1.1 '
- 2)(\/71 \/Z(d—l))+(\/- V2V~ \/—
1 1 1 1-v2

ATV 3

= p(mk)+[f(m+k-3)-f(m+k=-1)]-[f(d-2)— f(d-1)]
+(_1_..1)i+_1_+_1__l
V3 'Vd VB V3 2

= w(m,k)+[f(m+k—2)—f(m+k—1)]—[f(d 2) f(d—1)]

1 1

+[f(m+k—3)— fm+k- 2)]+\/§ 1)\/- \/- B3
> (m, 1,1 1 1+1 1
ff RV YA R

(If d > 3, then the inequality holds by Lemma 2.3 and m + & > 6;
If d = 2, the graph G 2 G, ), then it is not difficult to check that
the inequality holds.)

> (m,k).

Subcase 2.2. t > 4.
Let the cycle C = ujuy---u,u;. Without loss of generality, we may
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assume ujup & M.

Subcase 2.2.1. d(up) = 3. Then there exists a pendant vertex up
such that the edge ugu; € M, ugz is another neighbor of the vertex uq, and
d(u3) = 2 or d(uz) = 3.

Let G’ = G — ug — up + uyuz. Then G e Y1,k \ {He, Hg} by k > 2.
By the induction hypothesis, we have

R(G)
= RG)+ o+t e —
- V3d V3 \/f3d(us) +/dd(us)

11

1 1
2 pm-LE)+ =+ m+ V3d(uz)  /dd(us)

m+k 2 1 m+k-1 1

= k _mA
olm )+\/ s v \/_m—+k Jomik) vmtk
1 1 1

* 734 \/3d(u3_ adi) | 7‘5 5)

If d(ua) = 3, then by (5),

R(G)
> o(m, k) + m+k—-2 _m+k—1 _ 1
= ¢ ,/_2( N CETES \/—_m+lc J2m k) vVmik
1 1
+7—3-+§—$
1 1
> o(m,k) (by Lemma 2.6)

If d(u3) = 2, then by (5),

R(G)
m+k—2 1 m+k-1 1
> omk) 4 —mtE2 1 mEEo
2 oMbt ) T /m T k=l Vamik) Jmik
ol 111
V3 V2'Vd V6 V3 V2
S m+k—-2 1 _m+k-—-1_ 1

L Ry e s Iy ey e Sy e SV e
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+(i_i)i+_]‘_+i_i
V3 VZ'V2 VB V3 V2

2 1 1

= -LE+—=+—=-=

p(m )+\/§+\/§ 3
> p(m, k) (by Lemma 2.6)

Subcase 2.1.2. d(uy) = 2. Since ujuy ¢ M, then upuz € M.
Let G' = G — u3ug + ugug. Then G € Yk \ {Hs, Hg} and
1 1

, 1 1.1
R(G)-R(G) = (\7-5—%)'\7—3'*'1-75—————%
s Aoyl 11
T V2 V3V V3 V6
> 0

Ift —1 > 4, then R(G') > p(m,k) by subcase 2.2.1, and R(G) >
@(m, k); If t — 1 = 3, then R(G') > ¢(m, k) by subcase 2.1.3, and R(G) >

p(m, k).
So the proof is completed.
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