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ABSTRACT. The compact, Fredholm and isometric weighted compo-
sition operators are characterized in this paper.

1. Introduction and Preliminaries

Let R, R, and N denote the set of reals, non-negative reals and the set
of natural numbers respectively. Let (G, X, 1) be a o-finite measure space.
Denote by L = LG, , 1) the set of all u-equivalence classes of complex-
valued measurasble functions defined on G. A function M : GxR — {0, 00)
is said to be Musielak-Orlicz function if M(.,u) is measurable for each
u € R, M(t,u) = 0 if and only if v = 0 and M(t,.) is convex, even, not
identically equal zero and Mt—“)- —+ 0asu — 0 for y-ae. t € G. Define

on L° a convex modular gp by om(f) = fg M(¢, f(t))dp for every f € L.
By the Musielak-Orlicz space Ljs we mean

= {f € L% : ()| f]) < oo for some A >0 }
Its subspace E)s is defined as
= {f € L% : opm(N|f]) < oo for any A >0 }
The space Ljs equipped with the Luxemberg norm
. i
1£lla = inf {2 > 0: e () <1}

is a Banach space (see [10], [11]). For every Musielak-Orlicz function M
we define complementary function M*(t,v) as

M*(t,v) =sup {u|u| - M(t,u):v>0andte G a.e.}.
u>0

It is easy to see that M* (¢, v) is also Musielak-Orlicz function. We say that
Musielak-Orlicz function M satisfies Az-condition (write M € A,) if there
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exists a constant k > 2 and a measurable non-negative function f such that
om(f) < oo and
M(t,2u) < kM(t,u)
for every u > f(t) and for t € G a.e. . For more details see ([4],[7],[9],[14)).
Throughout this paper we assumed that M satisfies Aj-conditions.
If T is a non-singular measurable transformation, then the measure u7"-1
is absolutely continuous with respect to the measure pu. Hence by Radon
Nikodym derivative theorem there exists a positive measurable function fo
such that u(T=(E)) = [g fodu for every E € I. The function f, is called
the Radon Nikodym derivative of the measure uT'—! with respect to the
measure p. It is denoted by fo = 9‘%‘-.
Associated with each o-finite subalgebra ¥y C X, there exists an operator
E = E%o, which is called conditional expectation operator, on the set of
all non-negative measurable functions f or for each f € L%(G, L, u), and is
uniquely determined by the following conditions:
(1) E(f) is Lo-measurable, and
(2) if A is any o-measurable set for which [, fdu exists, we have
Jafau = [4 E(f)dp.
The expectation operator E has the following properties :
 E(f.goT) = E(f).(goT)
e if f > g almost everywhere, then E(f) > E(g) almost everywhere
e E(1)=1
e E(f) has the form E(f) = goT for exactly one o- measurable
function g.
In particular g = E(f)oT~! is a well defined measurable function.
e |[E(f9)|> < (E|fI*)(E]g|?). This is a Cauchy Schwartz inequality
for conditional expectation.
e For f > 0 almost everywhere, E(f) > 0 almost everywhere.
o If ¢ is a convex function, then ¢(E(f)) < E(¢(f)) u-almost every-
where. For deeper study of properties of E see [ §].
Let w : G — C be a measurable function and T : G — G be a non-singular
measurable transformation. Then a bounded linear transformation, Sy, 7 :
Ly — Ly defined by

(Suw,rf)(t) = wt)f(T(2)),

for every t € G and for every f € Ly, is called a weighted composition
operator induced by the pair (w,T) . If we take w(t) = 1, the constant
one function on G, we write Sy, 7 as Cr and call it a composition operator
induced by T. In case T'(t) = t for some t € G, we write S,, 7 as M,, and
call it a multiplication operator induced by w.

By Nlfol(w, €) we means the set {t € G: E[M(IoT-1(t), w(t)|yl)] fo(t) 2
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M(t,ely]) for y € C}. The set {t € G : w(t) # 0} is called support of

w and we shall write it as suppw. By B(Ly), we denote the set of all
bounded linear operator Ljs into itself.

The study of compact weighted composition operators on LP-spaces (1 <
P < o0) initiated by Takagi [16] in 1992. He also determined the spectra of
these operators. In 1993, Takagi [17] characterized the weighted composi-
tion operators on C(X) and proved that a weighted composition operator
is Fredholm if and only if it is invertible. The same equivalence is true for
weighted composition operator on LP(u) spaces 1 £ p < oo, where p is
non-atomic measure. In 1994, Campbell and Hornor [1] used a localized
conditional expectation operator to characterized subnormality for the ad-
joint of a weighted composition operator. In 1996, Hornor and Jamison
(5] investigated the criteria for the hypernormality, cohyponormality and
normality of weighted composition operators acting on Hilbert spaces of
vector-valued functions. For more details on composition and weighted
composition operators see ([2], (3], [6], [12], [13], [15], [18]) and references
therein.

The main purpose of this paper is to characterize the boundedness, com-
pactness, invertibility, Fredholmness and isometry of the weighted compo-
sition operators defined on the Musielak-Orlicz function spaces.

2. Weighted composition Operators

The main purpose of this section is to characterize boundedness and
compactness of weighted substitution operator on Musielak-Orlicz spaces.
Before proving the compactness of weighted substitution operator, we have
also given the necessary and sufficient condition for a weighted substitution
to be bounded away from zero.

Theorem 2.1. Letw:G — C and T : G = G be two mappings. Then
Sw,r : LM = L is a bounded operator if and only if there exists K > 0
such that

1) E[M(IoT~}@®), wlyl] fo(t) < M(t, Kly)

for every y € C and for p-almost allt € G.
Proof. Suppose the condition (2.1) is true. Then for every f € Ly, we

have

[ Y = (=T
= [ Bp(roro. 8N neaue
< /G M(t,%tl—)li)dy(t) <1
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Therefore
1Sw,r £l £ K|l

Conversely, suppose that the conditions (2.1) is not true. Then for every
positive integer k, there exists a measurable set G C G and some y; € C
such that

E[M(Io T} (t), w(t)lykl)] fo(t) = M(t, Kly|)

for u-almost every t € Gi. Choose a measurable subset F}, of Gj, such that
XF. € Ly. Let fr = yexF,. Then

K
/; k E[M(1oT2(0), %ﬂ-%%ﬂ)] fo(t)du(t)
= [ EM(rer 0. g 2y ey

(Suzfe)(®)
JRAC Toerl )2

IA

< L

Thus
1Sw,7 fill 2 K| fill-

This contradicts the boundedness of S, 7. Hence the condition (2.1) must
be true.

Theorem 2.2. Let w: G — C be a measurable function and T : G — G
be a measurable transformation. Then Sy, 1 : Ly — L is bounded away
from zero if and only if

(2.2) B[M(IoT (1), w@lul) ] fo@) 2 M(t, 8lyl)

foreacht € G and y € C.
Proof. We first suppose that the condition (2.2) is true. Then for every

f € Ly, we have

/G M(t, ll';i(ﬂ”)du(t) < /G E[M(IOT-I(t),'l_‘I"é%(?‘I)_I')]d,,(t)

= [ e

< 1

Therefore ||Sy,rf|| = 6|f|| for all f € Lp. This shows that S, r is
bounded away from zero.
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Conversely, suppose that the condition (2.2) is not true. Then for every
integer k, there exists y, € C and a measurable subset Gi such that

E[M( o T~1(0) w(®lssl)] olt) < M (&, LIanl).

Choose a measurable subset Fi of G such that xp, € Las. Let fi = kxr, .

Then
[ s [ sl
< J Moo
o iy
Hence

1
ISz fell < Ell

which shows that S, 7 is not bounded away from zero. Hence the condition

of the theorem must be true.
Theorem 2.3. Suppose Sy, 7 € B(Lap). Then Sy, 1 is compact if and only

if the space Ly (N u"'(w,e)) is finite dimensional for each € > 0, where

Lay(NPol(w, ¢)) = { Fely:fit)=0V t¢ leol(w,e)}.

Proof. We first suppose that the space Ly (N ol (w, )) is finite dimen-
sional for each n =1,2,3,-.-. Define

, if Nifol(y,
wa(t) = { :)v,(t)if 1 t é fvlfol( (w) )

Then S, is a compact operator for each n € N. Then

1n(Sw,,T — Su,
./GM(t’l ( T”f“ T)f(t)l)dp,(t)

/ E[M (.r oT-1(t), In(wa(t) — w(t)) f(2) )] fo(t)du(?)
G

1Al
E [M (I oT~1(2), Mt)L("L)—')] Jo(t)du(t)

1Al
1f@1
/(Nuol w,i))’M( £11 )d#(t)

Jom e ) <

Jomtetyy

IA
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Thus
1
[(Swa,r = Sw,p)fIl < ~lfll =0 as n— co.

Hence S, T is a compact operator.
Conversely, suppose that Las (N fol (1o, e)) is an infinite dimensional for

some € > 0. Then the closed unit ball of Ly, (N lf°|(w,e)) is not compact.
Therefore there exists a bounded sequence {f,} in the closed unit ball of
Ly (N |f°|(w,e)) such that it has a subsequence {f5,} of {f,} for which
|[fni = fn;|| = 6 for some & > 0. Now
|(Sw,rfri = Sw,Tfn,)(t)]
1 > M(t, —— — du(t
JoM O ot )0

_ oT- [w(t) frs (£) — w(t) fn, (2)] '
- /G E[M(1oT-1), o )] fote)auce

(S () = fn; ()
> /Nw.(w,‘) M (4 5 e = B o) 20
- 'e(fnk (t) - fnj (t))l
- /;M(t’ ”Sw,T.fnk - w,Tfnj")du(t).
Hence

”Sw,Tfnu - Sw,Tfnj“ > ellfng - fn,'” > €d.
This proves that {S,, 7fn} cannot have convergent subsequence. Therefore
Sw,r is not compact. Hence the space Ly (N |f°'(w, e)) must be finite

dimensional.
Corollary 2.4. Let S, 7 € B(Ly). Then Sy, 1 1s compact if and only if
Sw,r=0.

3. Invertible and Isometric Weighted substitution Operators on
Musielak-Orlicz spaces

In this section we investigate a necessary and sufficient condition for a
weighted composition operator to be invertible and then we make the use
of it to characterize Fredholm weighted composition operators. We also
make an effort to characterize the isometric weighted composition operator
on Musielak-Orlicz spaces.

Theorem 3.1. Let S, 7 € B(Lpr). Then Sy, 7 is invertible if and only if
(i) T is invertible and
(ii) there exists 6 > 0 such that

E[M(I o T~}(2), w)ly) ] fo(t) > M(,8ly])
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for p-almost allt € G and y € C.

Proof. Suppose S, 7 is invertible. Then clearly T is surjective. If T
is not surjective, we can find a measurable subset F' C G\ T(G) for which
xF € Ly. We see that S, 7xr = 0 which proves that Sy, 7 has non-trivial
kernel. Hence T must be surjective. Similarly if T is not injective, then
Sw,T has not dense range. Since by Hahn-Banach theorem there exists
0 # gx € (Lap)* such that g*(Sy,rf) = 0 for all f € Ly. Now by the
Representatlon theorem for linear functionals there exists g € Lps. such
that g*(h) = [ h.gdu. Thus

(82,79 )(f) =" (Swrf) =
This proves in view of
(kerS,, )" = (RanS, 1)t # {0}

that RanS,, 7 is not dense. This contradicts that S, 7 has dense range.
Hence T must be injective. Thus T is invertible. Also S, r is bounded
away from zero. Therefore the condition (2.2) is satisfied.

Conversely, if the condition (i) and (ii) hold, then S,, 7 is bounded away
from zero and has dense range. Hence S, 1 is invertible.

Theorem 3.2. Let S, v € B(Ly). Then Sy 1 is Fredholm if and only if
Sw,T 18 invertible.

Proof. If S, r is invertible, then clearly S, r is Fredholm. Conversely,
suppose that S, ris Fredholm. Then kerS, 7 is finite dimensional. We
know that kerS,, r is either zero dimensional or infinite dimensional. Hence
kerSy, r = 0 which shows that wo T # 0 and T is surjective. Next, if
(RanS, 1)t # {0}, then there exists a bounded linear functional 0 #
g* € (Lum)* such that g*(Sy,rf) = O that is (S}, rg*)(f) = 0. By the
Representation theorem for functionals there exxsts g € Lps- such that
9" (Sw,rf) = [ Swrf.gdp =0. Let F =supp g and {F,.} be a sequence of
disjoint measurable sets such that U2, F;, = F and xr, € Ly. Take g, =
g*xF,- Clearly S}, rg;, =Oforalln =1,2,3,..-. This proves that RanS,,r
is infinite co-dimensional, which is a contradiction. Hence (RanS,,7)* =
{0} i.e. RanS,, T is dense. Since RanS,, 1 is closed. Therefore there exists
& > 0 such that

E[M(IoT (), w(t)lyl)] fo(t) = M, élyl)
for p-almost all ¢t € G and for all y € C. This proves that S,  is invertible.
Theorem 3.3. Let Sy, € B(Ly) and E[M(I 0 T-l(t),w(t)|y|)] folt) =

M(t,|y]) for p-almost allt € G and y € C. Then S, 1 is an isometry if
and only if |0| =1 a.e. .
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Proof. Suppose [0(t)] =1 for u-almost all t € G. Then f € Lps, we have
|(Sw,rf)(E)] _ lw(@®)f®)]
(e 2t auey = [ (e, 2 auge

1A 1A
3 o p-1(py (B ()]
= [E[(ter O, =) [ e @dute)
[FG]l
LM (6w <.
Therefore
(3.1) 1Sw,r £l < 1I£11-
Again

/G e l—l-l»'{f?llfll)dy(t) - / Mt ||'|”S(,i),f.(;l)||)du(t)
_ /G E[(IoT-l(t), lTS(f.,).f gf,)ll)]f (t)du(t)

Therefore
(3.2) |[Sw,r FIl 2 1I£1I-

Hence

HSwr Al = I£])-
This proves that S, r is an isometry.
Conversely, suppose that the condition of the theorem is not true. Then
Case I: |{t € G:|6(t) < 1}| > O implies that there is € > 0 such that the
set FF = {t € G:|6(t) < 1— €} is of positive measure for some ¢ > 0. We
can choose a subset A of F such that x4 € Lys. Now

Jo M (&, Gl (e

/A E[M (I o T-1(t), %ﬁ%’i)] Fo(t)dp(t)

w(t)xa(t)
S M (e g ) o
1.

AN

Therefore
[[Sw,rxall < (1= é€)llxall

which is a contradiction.
Case Il : |[{t € G:|6(t) > 1}| > 0. It is similar as in the case L.
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Thus, the condition of the theorem must be true, i.e. |6(t)] =1 a.e.
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