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Abstract: Let K44 be a complete bipartite digraph. In this paper, we de-
termine the exact value of the domination number in iterated line digraph
of Kd,d-

Key words: Combinatorial problems; Domination number; Complete bi-
partite digraph; Line digraph

1 Introduction

An interconnection network can be modeled as a digraph, where each
element can be represented as a vertex and the directed connection be-
tween two vertices is described by an arc. In this paper, we consider only
finite strict directed graph G (digraph having no loops and no parallel
arcs are allowed) with vertex set V(G) and arc set A(G). For a vertex
v € V(G), the out-neighborhood of v is N*(v) = {u|(v,u) € A(G)} and
the in-neighborhood of v is N~ (v) = {u|(v,v) € A(G)}. The closed out-
neighborhood and closed in-neighborhood of v are N*[v) = N*(v) U {v}
and N~[v] = N~ (v) U {v}, respectively. For a subset F C V(G), the out-

neighborhood of F is N*(F) = (J N*(v) and the in-neighborhood of F
veF
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isN~(F)= UN~(v).

Ina digrzsg G, a vertex u is said to dominate itself and all of its out-
neighbors, that is u dominates v if either u = v or (u,v) is an arc of G.
A dominating set of a digraph G is a subset D C V(G) such that every
vertex in V(G) is dominated by at least one vertex in D. The domination
number of G, denoted by v(G), is the minimum cardinality of dominating
sets of G.

Let G = (V(G), A(G)) be a digraph, |V(G)| = n, |A(G)| =m, V(G) =
{v1,v2,--+ ,vn}. The line digraph of G, denoted by L(G), is the digraph
with vertex set V(L(G)) = {aijlai; = (vi,v;) is an arc in G} and a vertex
a;; is adjacent to a vertex as in L(G) if and only if v; = v; in G. For
an integer n, the n-th iterated line digraph of G is recursively defined as
L*"(G) = L(L™Y(G)) with L°(G) =G.

Let Ky 4 is a complete bipartite digraph and d > 1, the (n—1)th iterated
line digraph L™~ 1(K,4) is studied by Liu et al 7] as LCBD(d,n). For
convenience, we use the symbols LCBD(d,n) below. Ford > 2 and n > 1,
the bipartite digraph LCBD(d, n) is a d-regular digraph, has 2d" vertices
and 2d"+! arcs. LCBD(d,n) can be also defined as follows: let Vo =
{1,2,---,d},Vi = {1',2,... ,d'}. The vertex set of LCBD(d,n) is

{z1z2-+ 2n : 2 € Vj and zit1 € Vj41,7 =0,1(mod 2),i =1,2,--- ,n—1},

and the arc set of LCBD(d, n) consists of all arcs from one vertex z1z2 - -+ T,
to - - Ty, where z, and a are not in the same set (Vy or V;). Further-
more some properties of LCBD(d,n) are given such as the connectivity,
spectrum and so on in [7]. But the domination number of LCBD(d, n) has
not been determined yet.

It is one of major areas in theoretical and algorithmic observation to
study domination and its related topics for digraph. Domination of di-
graphs come up more naturally in modeling real world problems, especially
in modeling interconnection network. A survey on domination in digraph
has been written by Ghoshal et al [4]. For a comprehensive treatment of
domination and its variations, we refer the reader to [5, 6]. Domination in
digraph have been studied extensively in recent years such as in De Brujin
and Kautz digraphs [1, 2, 8] and so on.

For terminologies not given here we refer the reader to [3].

516



2 Main results

The next Lemma which is induced in [1] provides a construction of a
dominating set of L(G) from that of G.

Lemma 2.1. Assume that D is a dominating set of G, let Dy be the
subset of vertices of L(G) defined by Dy = {(u,v)|u € D}. Then D; isa
dominating set of L(G).

Proof. Let (x,y) be an arbitrary vertex in L(G). If (z,y) € D, then
it is obvious. Assume that (z,y) € D;, then vertex z is not in D by
the definition of D;. Therefore, there exists a vertex =’ in D such that
(z’',z) € Dy and (z,y) is dominated by (z’, z). O

Lemma 2.2. Assume that D, is a dominating set of LCBD(d,n), let
Dyt be the subset of vertices of LCBD(d,n + 1) defined by

Dpy1 = {z122 -+ - Tat|T122 - - - Tp € Dy,
Zn and o are not in the same set (Vp orVy)}.

Then Dpy1 is a dominating set of LCBD(d,n + 1) and Dpy1 = d|Dy|.

Proof. As mentioned earlier, LCBD(d,n + 1)=L(LCBD(d,n)). It is easy
to see that D, is corresponding to the set of vertices (2122 - + - Tn, ZTaz3 - - - TR Q)
in LCBD(d, n+1) such that zy25 - - -z, € D,,. Hence, by Lemma 2.1, D,
is a dominating set of LCBD(d,n+1). The equation Dy, +1 = d|D,| clearly
holds. a

Next we determine the exact value of the domination number of LC BD(d, n).
Theorem 2.3. Ford >2,n > 1, y(LCBD(d,n)) = [$5].

Proof. First, we show that v(LCBD(d,n))> [2“"]

Assume that D is a dominating set of LCBD(d n), let D be the set of
vertices not in D. A vertex in D is dominated by at least one vertex in D,
there are at least | D| arcs from vertices in D to D. On the other hand, there
are at most d}D| arcs from vertices in D to D because LCBD(d,n) is d-
regular. Hence an mequahty d|D| > |D| must hold. Since |D| +|D| = 2d,
we obtain that |D| > |' ] That is y(LCBD(d,n))> |' '|

Next we will construct a dominating set of LCBD(d, n) with size [ 55 +1]
We consider the following two cases.

Case 1. n is odd.
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Let f(d,n) = [§43], by simple calculation, we have

f(d’1)=2:

fdm = (2L,
_ |.2(d+1)(d"-1—d"‘2+---+d“’—d+1)—2
- d+1
=2(d" ' —d" 2. +d?-d+1).

1

By recursive, we have
f(d,n)=2d*d" 3 —d"*+... +d2—d+1)-2(d—1)
=d?f(d,n—2) —2(d—1),n > 3.
Now we will construct and show that there is & dominating set D,, of
LCBD(d,n) such that |D,| = f(d,n) by induction on n.
For n = 1, it is easily proved that y(LCBD(d,1)) = v(K4a4) =2 =
f(d,1). Without loss of generality, the set D; = {1,1'}(1 € Vp,1' € V}) is

a dominating set of Kg 4.
Assume that D,_; is a dominating set of LCBD(d,n — 2) such that

|Dp-2| = f(d,n—2). Let

F; = {z 0|z, € D1, and z; are not in the same set (Vp or V1),
B and z are in the same set (Vp or W)},

Fay = {11'8| B # 1,8 € Vo} C F3,
Fap={1"1|p#1,B eV} C F3,
D3 = F3\(Fs51 U F33).
For n is odd and n > 3, we can recursively construct D,, as follows: Let

E, ={z122 - Tn_20af|z122 "+ T2 € Dpn_2,a and z,_2 are not
in the same set (Vp or V;), B and z,_; are in the same set (Vp or V1)},

Fa={11'1---18|8#1,B€ V},
Foa={111..-18|8#1,8e 1}.

Thus, F, is a dominating set of LCBD(d,n) by applying two times the
definition in Lemma 2.2, F,,; C F,,, F.u € F,, and F;; N F,o = . Let

Dn = Fn\(Fnl U Fn2),
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then |Dy| = |Fy| = |Fny U Fra| = d?|Dp—g| — 2(d — 1) = d?f(d,n — 2) —
2(d — 1) = f(d,n).

Next we show that D, is a dominating set of LCBD(d,n). Let z be an
arbitrary vertex of LCBD(d, n), we consider the following two cases:

Subcase 1.1. z € F,.

If z € D,, it is obvious. If z € (F1 U F;2), by the above argument, we
know that 2} = 11’1...1'1 € D, and z5 = 1'11’...11' € D,,. If z € F,,,
then it is dominated by vertex z5. If z € F,3, then it is dominated by
vertex zj.

Subcase 1.2. = ¢ F,.

Since F;, is a dominating set of LCBD(d, n), z is dominated by at least
one vertex in F,,. Furthermore, no vertices of N~[z] are in the set Fr,; UF;5

because Nt (Fn1 U Fyp) = U N*(v) € D,. Thus z is dominated
vE(Fn1UFn3)
by at least one vertex in D,,.

Case 2. n is even.
Since n is even, n — 1 is odd, by simple calculation, we have

2d"

f(d,n)=f—d+11

_ r2d(al"-1 +1- 1)]

N d+1

_ |.2d(d+1)(d”‘2—d"'3+---+d2-—d+1)—2d.l

- d+1

=2d" % -d" 3+ +d?—d+1)-1

=df(d,n—1)—1,n22.

By the above argument in Case 1, LCBD(d,n — 1) has a dominating set
D, _; such that |D,_;| = f(d,n — 1). Let

Hy, ={z1z2 - Tp-10|Z1Z2 - Tpn1 € Dp_y;
o and z,_; are not in the same set (Vp or 1)}.

Then H, is a dominating set of LCBD(d,n) by Lemma 2.2 and |H,| =
d|Dp-1| = df(d,n —1).
The vertex v = 1’11’ --- 1’1 € H, by the construction of D,_1 and H,.
Set D, = H,\Hp1, where H,; = {1’11’ -- .11}, then | D,| = df (d,n—1)-1.
Next we show that D,, is a dominating set of LCBD(d,n). Let = be an
arbitrary vertex of LCBD(d,n), we consider the following two cases:
Subcase 2.1. 2 € H,,.
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If z € D,,, it is obvious. If z € Hy;, by the above argument, we know
that ' =11'1---1' € D,,, z = 1’11’ -.-1'1 is dominated by z’'.

Subcase 2.2. z ¢ H,.

Since H,, is a dominating set of LCBD(d, n), = is dominated by at least
one vertex in H,. Furthermore, 1'11’-.- 1’1 ¢ N~ [z], because its every out-
neighbor is contained in D,,. Thus z is dominated by at least one vertex
in Dy,. O
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