SOME TRANSFORMATIONS FOR THE
WELL-POISED 7Fg(1)-SERIES

CHENYING WANGH

ABSTRACT. Several transformations about 7Fg(1)-series are estab-
lished by applying the modified Abel lemma on summation by parts.
As consequence, a reciprocal relation on balanced 3 F(1)-series is de-
rived, which may also be considered as a nonterminating extension
of Saalschiitz’s theorem (1891).

1. INTRODUCTION AND MOTIVATION

For a complex = and an integer n € Z, define the rising shifted-factorial by
(@)n =T(z +n)/T(z)
where the I'-function is given by the Euler integral
o0
I(z) = / #-le=tdt with R(t) > 0.
0

When n € Np, it reduces the usual rising shifted-factorial
(z)o=1 and (z)pn=z(z+1)---(x+n—-1) for neN.

For the sake of brevity, the quotients of shifted factorials and I'-function
will be abbreviated respectively as

[ay ﬁa MY 7] = (a)ﬂ(ﬂ)ﬂ tCe (7)0

A By, Cl. (A)n(B)a---(C)n’

T «, ﬂ7"',7 = I‘(a)I‘(ﬁ)--l"('y)
A B, C T(A)I(B)---T(C)"
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Following Bailey [1] and Slater [7], the generalized hypergeometric series
for an indeterminate z read as

o0
Q)1,02, "+, Qp — ap, @y **- , Qp n
1+qu[ be oo b |z]‘ > [1, bla""bq]nz

1y °"" s Ug n=0

where {a;} and {b;} are complex parameters such that no zero factors
appear in the denominators of the summands on the right hand sides.

Throughout the paper, if Q, is used to denote partial sum of some series,
then the corresponding letter Q without subscript will stand for the limit
of Q, (if it exists of course) when n — co.

Recently, Chu and Wang (2, 3] have utilized Abel’s lemma on summation
by parts to deal with the terminating hypergeometric series. In the present
paper, we shall use the same lemma with the “ remainder term” to inves-

tigate the following partial sum

Sn(a,b,c,d,e, f,g)

= b c d e ! g
= ,;,(‘H- 2k) [1+a—b, l1+a—c¢, 14+a—d, 1+a—e, 1+a—f, 1+a—g]k ’

where 1+ 3a = b+c+d+e+ f. Some transformations for both terminating
and nonterminating 7Fg(1)-series will be established.

2. NONTERMINATING 7F5(1)-SERIES TRANSFORMATION

Theorem 1. For five indeterminate a,b,¢,d, e subject to 1 +2a=b+c+
d + e + f, there holds the following transformation from very well poised
7Fg(1)-series to balanced 3F3(1)-series and 4F3(1)-series

| 1+a/2, b, c, d, e, f Il
776 a/2, 1+a-bl+a—-c¢l+a-d l+a—el+a~f
=T 14-a—b,14a—c,1+a—d,1+a—b—c~d F. b, c, d I 1
- 1+a,14+a=b—c,1+a—b—d,1+a—c—d 3b2 l4a-el1+4+a- f

F1+a—b,1+a—c,1+a—d,l+a—e,l+a—f.e+j—a4F 1,14e—b—c,1+a-b—d,1+a~c—d
1+a, b, ¢, d, l+e, 14+f, l4et+f—a l+e, 14+f, 1l+e+f—e

1.

When f — 0, this theorem induces the following relation between two
balanced 3F3(1)-series.



Corollary 2 (Nonterminating transformation between two 3Fz(1)-series).

F b, c, d =T e, e—b—ca—-b—-da—c—d

32 1a,1+b+c+d—al’|” " |la-ba-ca-da—b—c—d

4T a,a—b-ca-b-da—c—d,1+b+c+d—a

b, ¢, d, 14+a—-b-c—d, 2a—-b-—c—-d
a—b-ca-b—~da—c—-d

>(:"Fz[1+a—b—c—-d,2a—b-c—dll]'

This differs essentially from the following Saalschiitzian transformation [6)
(see also [5, Eq. 5.2] or [1, §3.8])

F b, c, d 1 =r a,a-b—-c,1+b+c+d—-a,l+d-a
32 g1 +b+c+d—-al'| = a—ba—-cl+b+d—a,l+c+d—a

1 I‘[a,,1+b+c+d—a]3F2[ a—-ba—c1 1].

tore—al | b ¢ 1+d l4a—b—cl1+d

In Corollary 2 or the last transformation due to Saalschiitz, if b, ¢ or d is
a negative integer, the second term on the right vanishes and we obtain

Saalschiitz’s theorem [1, §2.2]
a, b, -n _|e=a, e-b
3F2[ c,1+a+b-c—n|1]—[ c c—a—b]n

In order to prove Theorem 1, we shall utilize the modified Abel lemmas. on
summation by parts. For an arbitrary complex sequence {7x}, define the
backward and forward difference operators 7 and A, respectively, by

VT =Tk —=Tk—1 and ATy =Tk — Ty,

It should be pointed out that A is adopted for convenience in the present
paper, which differs from the usual operator A only in the minus sign.
Then Abel’s lemma on summation by parts with the “ remainder term”
may be modified as follows:

n—1 n-1
Y BiV A = {An1Ba— A_1Bo} + 3 AuAB.
k=0 =0

In fact, it is almost trivial to check the following expression

n—1 n-1 n—1 n—1
D BiVAr =Y Beldi—Ac} = Y ABi — Y AprBy
k=0 k=0 k=0 k=0



Replacing &k by k + 1 for the last sum, we can reformulate the equation as
follows

n—-1 n—1
S Biv A = An1Ba—A_1Bo+ ) Ai{Br—Bii1}
k=0 k=0
n—1
= An_1Bn-A_1Bo+ Z ArA By,
k=0
which is exactly the equality stated in the modified Abel lemma. 0

Proof of Theorem 1. For two sequences given by

A 1+ 5, 1+¢, 1+4d, 1+42a—b-c—-d
k l+a—-b 1l+a-c¢, l4a-d, l—-a+b+c+d],
B. = e 1, 9, l-—a+b+c+d] |
k= |1+a-e l4+a-f, 14+a-g, 20-b—c-d |’

it is almost trivial to compute the relations
. _(a=b)(a—c)(a—d)(b+ct+d— a)
w:=A-1Bo= bed(2a—b—c—d)

An_1Bn, _btc+d—atn|[ b, ¢ d, e, 1 g .
A_1By b+c+td—a |a—ba—c,a—d,1+a—e,1+a—f,1+a—g

R:

and the following differences
(a+2k)a—b—c)la—b—d)(a—c—d)

VA = bed(2a—-b—c—d)
9 b, c, d, 20a—b—c—d
1+a-b, 14+a-¢ l4a-d, 1+b+c+d-a],

_(+a+2k)(l+a-e—f)(l+a-e-g)l+a—-f—g)

T (l+ae-e)(l+a-f)(l+a-g)(1+a—-e—f—g)

" [ e, f, g, 1+b+c+d—a]
2+a-e, 2+a—-f, 2+a-g, 1+2a—-b-c-d|°

ABj

By means of the modified Abel lemma on summation by parts, we can
manipulate the following S-series
b—clea—b—d)(a—c—d)
bed(2a—b—c—ad)
-1
= ZB;, VAr=w(®R-1)+ ZAkABk

k=0 =0

Sa(ab,crd e, f,9) x O



Writing explicitly the last partial sum

n—1

(1+ta—e~-f)(l+a-e—g)l+a—f—g)
AABy =
,; kT M+e—e+e-fHl+a-g)l+ta-e-f-g)
n-1
145, 14¢ 14d, ¢ £ 9
X l§’(1+a+2k)[1+a—b, l4+a—c, 1+a—d, 2+a—e, 2-+a—f, 2+¢z—g],c ’
we find the following recurrence relation
Sa(a,b,c,d,e, f,9) =Sp(1+0a,1+b,14+¢,1+d,e, f,g) (1a)

9 bcd(l+a—e-f)(1+a—e—g)(1+a—-f—g)
(b+c—a)(b+d—a)(c+d—a)(1+a—e)(1+a—f)(14+a—g)

(a—b)a—c)(a—d)(b+c+d—a)
t B Tc—ab+d-a)(ctd—a) {1 -R(a,b,c,d,e, f,9)}. (1c)

(1b)

Iterating the last relation m-times, we get the following transformation
Sn(a,b,c,d,e, f,g) = Sp(m+a,m+bm+ec,m+de,f,g)
[b, c, d, 1+a.—e—f,1+a—e—g,1+a-f—g]
b+c—a,b+d-a,c+d—a,l1+a—e,14+a—f,14+a—g m
+ (a—bd)(a—c)(a—d)
(b+c—a)b+d—a)(c+d—a)

m—1

x Y (b+c+d—a+2k){1—R(k+a,k+bk+ck+de,f,g)}
k=0

b,c,d 1+a-e—f, 1+a—-e—g, 1+a—f—g

14+b+c—a,1+b+d—a,1+c+d—a,1+a~e, 1+a~f,1+a—g "
Reformulating the R-function by singling out k-factorials
bt+ct+d—a+n+2k
32(k+a,k+b,k+c,k+d,e,f,g)— btctd—a+ 2k
[ k+b, k+cg k+d, e, f; g ]

l1+k+a-el+k+a-f,1+k+a-g,a—ba-c,a—d
_b+c+d—a+n+2k[ b, ¢ d, e, f g ]
a 9,

b+c+d—a+2k ~ba—-ca—-dl+a—el+a—-f1l4+a—

x n+bn+e,n+d 1+a-—e, 14+a-f, l+a—g
b, e, d, 1+n+a—e,1-i-n-!-a—f,1+n+a—g,c

and then denoting by 8,, the partial sum of another well-poised series
8m(a,b,c,d,e, f,g) = Spm(b+ct+d—a, b, ¢,d, 14+a~f~g,1+a—e—g,1+a—e—f)

m—1
b, ¢ d 14a—e~— l1+a—e~— l4a—f—,
= (b+c+d—a+2k) & remenf ltamems, la-fmg |
= 1+b+c—a,14+b+d=—a,1+c+d—a,l+a—e,l+a—f,14+a—g &



we establish the following transformation formula on well-poised series.

Proposition 3 (Reciprocal relation on well-poised series). For seven in-
determinate a, b, ¢, d, e, f, g subject to1+3a =b+c+d+e+ f+g, there
holds

Sn(a'abac’dse,fag) = Sn(m+a;m+bsm+c)m+d5e,f1g)

bce,d,1+a—e—f,1+a-e—g,1+a—f—g
b+c—a,b+d—a,c+d—a,1+a—e,1+a—f,1+a—g|

(@a—-b)(a—c)(a—d) {
+(b+c—a)(b+d—a.)(c+d—a,) 8m(a,b,¢,d,e, £, 9)
-8m(2n+a,n+bntcn+dntentfintg)

% b, c, d, e, f'n g
a-ba-ca—-dl+a-el+a-f,l+a—g| |

In this Proposition, letting m = n, b — a, ¢ = 1 — n and shifting n to
n + 1 in succession, we see that the last two lines are annihilated and the
Sp-sum on the right hand side of the second line reduces to one. We recover
Dougall’s very well poised terminating series identity.

Corollary 4 (Dougall [4]).

o 1+a/2, b, c, d, e, -n |1
e a/2, l+a-bl4+a—cl+a—-dl+a—-el+tat+n

_ 1+a, 14a-b—c1+a-b—-d, 1+a—-c—d
l1+a-b, l+a-c, l1+e—-d, 14+a—-b—c—d|_

wherel+n+2a=b+c+d+e.

The limiting case m,n — oo of Proposition 3 leads to the following non-
terminating transformation formula.

Proposition 3’ (Nonterminating well-poised series transformation)

(a-ba—d)(e=d)
(b+c—a)(b+d—a)(c+d—a)s(a’b’c’d’e’f’g)

S(a,b, c,d,e,f,g) -

T 1+a—-4l+a—gl+a—d,1+a—e¢lta—f,1+a—g
b, c, d, e, £ g [Ll+a-e-f.l+a—e—g,1+a-f—y
4£3

- b+c—a,b+d—a,c+d—a,1+a—e,14+a—f,14a—g F 1, e, 5 g |1

- b5 ¢ d, 14e—e—f,14+a—e—g,l+a—f—g 1+a-b, 14a—c, 1+a-d
(b+c—-a)b+d—a)(c+d—a) 1+b+c—a,1+b+d—a,1+ct+d—a 1] !

where 14+ 3a=b+c+d+e+ f+g.

Letting b — a further and then relabeling the parameter g by b, we get the

three-term transformation formula displayed in Theorem 1. a




3. FURTHER RELATION BETWEEN TERMINATING 7F5(1)-SERIES

Applying recurrence (la-1c) to
Sa(l+a,e,f,0,1+b,14+¢,1+d)=85.,(1+a,1+b,1+c,1+d,e,f,g),
we have
Sn(1+a,1+b,1+c,1+d, e, f,g) =54(2+a,1+b,1+c¢,1+d,1+¢,1+f,1+g)
efglb+c—a)b+d—a)(c+d—a)
(1+a —e—f)(1+a—e—g)(1+a—f—g)(1+a—b)(1+a—c)(1+a—d)

(14+a—e)(1+a—f)(1+a~g)(1+a—e—f—g)
1-R .
e I ee—a it {1-R(1+a,e, f,9,14+b,1+c,1+d)}

Substituting the last expression into (1a-1c) and then simplifying the result,
we get the following relation

Sn(a,b,c,d,e, f,g) = Sn(2+a,14+b,14+¢,1+d,1+¢, 14+ f,1+g)

bedefg
(1+a =b)(1+a-c)(1+a- d)(1+a e)(1+a -f)(1+a—g)
+(a b)a-c)a—d)(a-b— {1 :R(a,b,c,d,e,f,g)}

(a- b—@@—b di(a—c—- @
bed(2a—b—-c—d) {1
(a—b—c)(a—b—d)(a—c—d)
Iterating the last relation m-times, we get the following transformation
Sn( a,b,c,d, ¢, f,9) = Sp(2m+a,m+b, m+c,m+d, m+e,m+ f,m+g)
[ b, c d, e, I g ]
1+a-b, 1+a~c, 1+a—d, 1+a-e, 1+a—f, 14+a—g m
___(@-H@E-9@-d
(a—b-c)a—b—d)(a—c—4d)

- R(1+a,e, f,9,1+b,14¢,1+d)}.

m-—1
X Y (b+c+d—a+k){1 — R(2k+a,k+b, k+c,k+d, k+e, k+f, k+g)}
k=0
X b’ c’ d’ e’ f’ g
a—ba—-ca-dl+a—-el+a-f,14+a—g "
+ bed
@—b-c)(a—b-d)a—-c—d)
m-1
X Y (2a—b—c—d+k){1 — R(1+2k+ak+ektfbbo bkt 1tkte,1+ktd) }
k=0
o[ 1+b  1+4c 144, e, f g
l1+a-b1l+a-cl+a—d l1+a-el+a-f,14+a—g x



Reformulating the both R-functions by singling out k-factorials

R(2k +a,k+bk+c k+d,k+ek+ f,k+g)
_b+etd—atntk|[ b, ¢ 4, e, Iy g9
" b+c+d—a+k |e—ba-ca—-d 1+a-el+a-f,l+a—g],_

n+bn+c,ntd,nte,ntfn+g,a-ba—c,a-d,l1+a—e,l+a—f,1+a—g .
b, ¢, d, ¢, f, g;n+a—bnt+a—cnta—d,ltn+a—el+n+a—f,l+nta—g |, !

R1+2k+a,k+ek+fik+gl+k+bl+k+cl+k+d)

20—-b—c—d+n+k 146, 14¢ 144, e, f g
2¢—b—c—d+k |l+a—b,1+a—c,1+a—d,1+a—e1+a—f,1+a—g|,

14+n+b,1+n+c,14n+d,n+en+f,n+g,14+a—b,1+a—c,1+a—~d,1+a—e,1+a—f,14+a—g
14b,1+¢,1+d,e,f,9,1+n+a—b,14+n+a—c,l+n+a~d,14+n+a—e,1+n+a-f,14+n+e—g k

and then denoting by Up,, Vi, the following two partial series
Um(a,b,¢,d,e, f,9)

m-1

o b, C, d, €, f» g .
"',;)(b +et+d—atk) [a —b,a—c,a—d, 1+a—e, 1+a—f, 1+a—g]k !

Vm(a’ bp c, ds €, f’ g)

m-—1
a 1+0b, 1+e, 1+d, e, f g
.—§2a—b—c—d+k) [1+a—b,1+a—c,1+a—-d,1+a—e,l+a—f,1+a—g N

we establish the following six-term transformation formula.

Proposition 5. For seven indeterminate a, b, c, d, e, f, g subject to 1+3a =
b+c+d+e+ f+g, there holds

S,,(a,b,c,d,e,f,g)=Sn(2m+a,m+b,m+c,m+d,m+e,m+f,m+g)

X by c d, e, f’ g
l1+a-b1l+a-c¢l+a—-d,1+a—-¢l+a—f,1+a—g|
(@ —b)(a —c)(a —d) {
Gre-ab+d-aerd-a| m@hobeh9)

bl £l d' ? ’
- Um(2n+a,n+b,n+c,n+d,n+e,n+f,n+g) [ € ¢ ! g] }
n

+

a-b, a—c, a—d, 1+a—e, 1+a—f, 14+a—g
bed
_@+c—®w+d—@@+d-@{“““““¢%ﬁ”

1+b 14c 1+d, e,
- m(2n+a,n+b,n+c,n+d,n+e,n+f,n+g)[ ! ’ f g Jﬂ}

1+a—4l+a—gl+a—dl+a—el+a—fil+a—

10



In this theorem, letting m = n, f — a, ¢ = 1 — n and shifting n to
n+1 in succession, then recalling Dougall’s summation formula displayed in
Corollary 4, we find the following interesting transformation on terminating

7Fs(1)-series.
Theorem 6 (Terminating transformation on 7Fg(1)-series ).
F a,1+b+c+d—a, b, e, d, e, -n ,1
776 b+ec+d—-a, a—ba—-ca—-d,1+a—el+a+n
_la,a—b—ca-b—-da—c—d _ bcd(2a—b—c—d)
“la-bae-ca-da—-b-c-d| . (a-b)(a—c)(a—d)(a—b—c—d)
- Fu | % 1+2a—b—c—d, 1+b, l4-c, 144, e, —n |
76 2a—b-c—d,1+a-b1+a-¢c,1+a—-d,1+a—el+a+n

wherel+n+2a=b+c+d-+e.
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