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Abstract

For positive integer n, let fs(n) be the least upper bound of the
sums of the lengths of the sides of n cubes packed into a unit cube C
in three dimensions in such a way that the smaller cubes have sides
parallel to those of C. In this paper, we improve the lower bound of
fs(n).
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1 Introduction and known results

In 1932, Erd6s defined a function f(n) which denotes the maximum sum of
the side lengths of n squares that can be packed into a unit square S. In
(1], P. Erdés and Soifer gave some results concerning f(n). In (3], this kind
of packing and covering problem was generalized to the case of equilateral
triangle. In [4], we generalized this kind of packing problem to the case in
3 dimensions, and give the definition of the packing function f3(n):

Definition 1. For positive integer n, let f3(n) be the least upper bound of
the sums of the lengths of the sides of n cubes packed into a unit cube C in
three dimensions in such a way that the smaller cubes have sides parallel
to those of C.

Definition 2. For a cube C, dissect each of its sides into n equal parts,
then through these dissecting points draw parallel surfaces of the surfaces
of C, so we get a packing of C by n® cubes. Such a configuration is called
an n3—grid. When C is a unit cube, the packing is a standard n3®—packing.
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The following results were obtained in [4].
Theorem 3. (1) fa(k3) = k2.

(2) fa(2) =1; When1<n <7, f3(n) = 3.

(3) fa(n) < ni.

(4) f5(K* —1) 2 k2 = §; fa(n) 2 (n¥ —1)%.

The upper bound for f3(n) is sharp but the lower bound is not. In this
paper, we give an improvement of this result.

2 The improvement of the lower bound of
f3(n)

Theorem 4. When n > 8 and n # k3,
falm) 2 22— [nd] - 1)

)

Proof. When n > 8, for any n # k3, there exists an integer m > 2 such
that m3 +1 < n < (m+ 1)3. Note that (m +1)3 =m3 +3m?+3m+1=
m3+3m(m+1)+1=m3+6m+6(m—1)+...+6+1. For any n between
m?® 4+ 1 and (m + 1)3, we have the following equation:

n=ml+6l +6la+--+6l+,

where 0<U' <5, m>L>bL>--> 4 21
If ! =0, let l = I’, then n can be denoted by:

n=m3+6l +6l+ - +6—L

When 1 < I' <5, set lp = m+ 1,lk4+; = 0. There must exist an
integer 4, 0 < i < k + 1, such that /; > li4; + 1. Otherwise, k = m, and
l1 =m,l2=m—1,~-- ,lm = 1. Thus

m m
n=mP+6Y j+I2mP+6) j+l=(m+1)%
j=1 i=1

This contradicts the fact that n < (m+1)3. If i < k, add 1 to the value of
liy1, and let ! = 6 — I, then n can be denoted by

n=m3+6ly +6ly+ -+ 6l -1,

where 1 <1<5m>1l; >l > - >l > 1. If i =k, still denote [ =6 -1,
then n can be denoted by

n=m3+6l + - +6lg+ 6l —1,
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where iy >l > >k > lky1=1,1 <1 L5.
Combining the case when !’ = 0 and the case when 1 < I/ < 5, n always

can be denoted by
n=m>+6ly+6lg+ - +6l 1, (2.2)

wherem 2>l >l > >, >1,0<1<5 k<m. When [ =1, we can
denote n by:

n=m>+6l +6lp+---+6l+1—(+1), (2.3)

Case 1: When [;; # 1, we can pack the n smaller cubes as follows:

First step: From a standard m3-packing of C, remove an /3-grid in the
top left corner of the front and replace it with an (I; + 1)3-grid packing
the same volume. Then in the obtained (!; + 1)3 cubes, remove I3 cubes
in the top left corner of the front and replace them with one cube which
is denoted by A; packing the same volume. At the same time, in the
remaining (I, +1)3—1$ = 312431, +1 cubes remove [ cubes. Then according
to the following Step 2, pack n; = (I; — 1)3 + 6l + - -+ + 6l cubes in the
cube A;. Thus we pack

(m® —83)+ (L +1)3 =B =1+ (I —1)3 +6lp +--- + 6l
= mP B+ B4+ 43, +1-B+8-32+3], 1
+6lg+ -+ 6l —1
m3 46l +6ly+--+6l—l=n

small cubes into the unit cube.

Step 2: Pack n; smaller cubes into the cube A; as follows:

Make an (I; — 3)3-grid of A;, then remove an I3-grid in the top left
corner of the front and replace it with an (I3 + 1)3-grid packing the same
volume. Then in the obtained (lz + 1)3 cubes, remove 1§ cubes in the top
left corner of the front and replace them with one cube which is denoted
by A; packing the same volume. In Ajg, according to the following Step 3,
pack ng = (I — 1)3 + 6l3 + - - - + 6l; small cubes. Thus we pack

(=13 =B+ +1® -8 +l-1)3+6l3+---+6l
= (11—1)3+6l2+---+6lk=’n1.

small cubes into A;.

Similar to Step 2, we finish Step 3, Step 4, ..., Step k — 1.

Step k: Pack (-1 — 1)3 + 6l; smaller cubes in the cube A;_; as follows:

Make an (lx—, — 1)3—grid of Ak_,, then remove an {3-grid in the top
left corner of the front and replace it with an (I + 1)3-grid packing the
same volume. Then in the obtained (Ix + 1)3-grid, remove an I3-grid in the
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top left corner of the front and replace it with an (Ix — 1)3-grid packing the
same volume. Thus, we pack (lx—; = 1) =B+ (G +1P3 B+ (- 1)3 =
(lk_1 - 1)3 + 6l cubes in Ax_;.

From the above, it’s easy to see:

fa(n)

1 3) 4 L 2 _
> m('m l)+ )[31 +3+1-1]

(z +1
LU G i —— [(l, - )—zg]+——i——(3t§+312+1)
m(l +1) 1-1 (h=1)(2+1)
+1 12 l2 [ [(12 _l3]+
m+10)(G -1 +1) [l- 8
l3
— (312 +3l3+1
G v e o )]
+eoe 4
12 2_, [
by —13-08] +
(H<z+1)(z—1)) eyl pare Gt it
b 2 i (lk—l)]
302 + 3l +1 2.4
RS PSR Rl Ty gy et )
So
mf3(n)
LB +3+1-1
2 m+[ T 1“;1_:; )]
12(313 + 31y + 1)]
_]_3_[3 heAN Bt B
[ O s R
k—2 2
lk— lk—l(slk_l + 3lk—l + 1)
le [ (lk-l—l) o+ e 1 +
12 l L (312 + 3l + 1)
k _1)3 _ 3 4 ‘E\9% k
gﬂ [2_1(lk -+ =—— g (2.5)
3+ll(4ll+1)—l+ 2 (4l +1) 12 2 13(4lz+1)
= L+1 -1 ly+1 B-12-1 lz3+1
k-1
7 he(d4l +1)
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l1(4l1 + 1) 12(412 + 1) lk(4lk + 1)
> 3 - ST Sl L Nl
R e N lk+1
4 +1 4 +1
= md P Bl T ST 2
= m+4(hi+l+--+h)+ k-1 L 71
> n=-2L+b+-+lh)+k-4-4—...—4
= n-2L +lb+---+1l)-3k
> n=22+3+:--4+m)—-3(m-1)
= n-m(m+1)+2-3(m-1)
= (n+5)—-m(m+1)-3m, (2.6)
where we use the fact that k <m,m 2L >l > >l > 2. So
n+5 (n+5)
n) > -m-—4= — |n| -4 2.7
fam) 2 25 o [n#] @7

Case 2: When I, = 1, we can denote n by the formula(2.3). Similar to
Case 1, we can pack n small cubes into the unit cube as follows.

First step: From a standard m3-packing of the unit cube C, remove an
I3-grid in the top left corner of the front and replace it with an (I; +1)3-grid
packing the same volume. Then in the obtained (I; + 1)® cubes, remove [$
cubes in the top left corner of the front and replace them with one cube
which is denoted by B; packing the same volume. At the same time, in the
remaining (I + 1) — &8 = 312 + 3/, + 1 cubes remove I + 1 cubes. Then
according to the following Step 2, pack

(ly = 1)+ 6l2 + - -+ + 6lx + 1 cubes in the cube B;. Thus we pack

m B+ (+1P2-B-Q+)+U-1)°+6l+ - +6L+1
= mP4+6L +6l+- +6l+1-(1+)=n

small cubes in the unit cube.

Step 2: Pack (I} — 1)3 + 6l3 + -+ + 6l + 1 smaller cubes into the cube
B; as follows:

Make an (I, —3)3-grid of B;, then replace an 3-grid in the top left corner
of the front with a cube denoted by B packing the same volume. Then in
Bs, according to the following Step 3, pack (I ~ 1)3 +6l3 + - + 6lx + 1
small cubes.

Similar to Step 2, we finish Step 3, Step 4, ..., Step k — 1.

Step k: Pack (lg—1 — 1) + 6l + 1 = (lk—; — 1)3 + 7 smaller cubes into
the cube Bji_; as follows:

Make an (lx—1 — 1)3—grid of Bx_j, then remove a cube in the top left
corner of the front and replace it with a 23—grid(8 small cubes) packing
the same volume. Thus, we pack

(he1 =12 =148 = (=1 —1)3 +7
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cubes in By_;.

Denote !/ = [+ 1. By the process of packing n small cubes into the unit
cube, it’s easy to see:

fa(n) 2= -171—1( -3+ = ! D +1) [B2+3L,+1-1] +
1(1,1;1)[ = -1 - )
+(ll——1_;2(—12_+_1)(3l§ +3ly + 1)] +
;(z1+1;:zl-1) (lzl:-l) [zz [(2—1)°* - ]
+(l2—_llT?E:1—)(3z§+3ta+1)] ot

2 B
H(z,+1)(z-1) (-1 +1)

8
[lk — [(zk_ —1]+——2(hc _1)] (2.8)

-1

2 LB +3L+1-V
mfs(n) >m3+[21 (1) 5y 2GR +3+ )]
1

L+1
l2(3l§ + 3l + 1)
Lb+1

iy
le_l[lzk -1 =17 - By

i=]

lk—l(slk—l + 31 +1)
+3
+ le—1+1 H 12 -1

=1t
ll(4l1+1)—ll+ l% lo(4lz +1)
Li+1 B-1 lL+1
2B ldls+1)
l2—1 Is+1

l
[ (12—1)3 3+ ]+~-+ (2.9)

_m3+

+

2_ +.--
l
k-2

=

2 lp— 1(41};-1 + 1) -1 12
3 i
,‘2 -1 lga+1 + H
ll(4l1 +1) U+ lo(4l3 +1) " le—1(4lg—1 + 1)
L+1 lb+1 ey +1

i

Il

m3 +

v

+3
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=md+4(h+lh+ -+ b))+ (k1)

4, +1 41 +1
Y Ut L fatdind BLIEE 1
i +1 lk-1+1 +
=n-2UL+b+ - +lha)-T+(k-1)
4 +1 4l_1+1
T L +1 _lk_1+1+3

>n-2(L+lb+ - +l1) =T+ (k~-1)—4(k-1)+3
=n—-2L1+lb+ - +lh-1)-4-3k-1)
>n-202+---4+m)—4-3(m-1)
={n+1)-m(m+1)-3m. (2.10)
fa(n) > nTH—m—4= ntl_ [né] -4, (2.11)

From (2.7) and (2.11), we have

fg(n)>W— i] -4 (2.12)

O

It’s easy to see that the lower bound here we get is asymptotically of
the same order of magnitude as the known upper bound.
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