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Abstract

In this paper, we provide a method to obtain the lower bound
on the number of the distinct maximum genus embedding of the
complete bipartite graph Ky, » (n is an odd number), which, in some
sense, improves the results of S. Stahl and H. Ren.
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1. Introduction

Graphs considered here are all connected and finite. A surface S means
a compact and connected two-manifold without boundaries. A cellular
embedding of a graph G into a surface S is a one-to-one mapping ¥ :
G — S such that each component of S — ¥(G) is homomorphic to an open
disc. The maximum genus v (G) of a connected graph G is the maximum
integer k such that there exists an embedding of G into the orientable
surface of genus k. By Euler’s polyhedron formula, if a cellular embedding
of a graph G with n vertices, m edges and r faces is on an orientable surface
of genus v, the n — m + r = 2 — 2. Since r > 1, we have v(G) < [ﬂzﬂj,
where B(G) = m — n + 1 is called the Betti number (or cycle rank) of
the graph G. It follows that v(G) < [Z2|. If yp(G) = | Z2)|, then the
graph is called upper embeddable. Since the introductory investigations on
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the maximum genus of graphs by Nordhaus, Stewart, and Whitem, this
parameter has attracted considerable attention from mathematicians and
computer scientists. Up to now, the research about the maximum genus
of graphs mainly focus on the aspects as characterizations and complexity,
the upper embeddability, the lower bound, the enumeration of the distinct
maximum genus embedding, etc.. For more detailed information, the reader
can be found in a survey in [2].

It is well known that the enumeration of the distinct maximum genus
embedding plays an important role in the study of the genus distribution
problem, which may be used to decide whether two given graphs are iso-
morphic. It was S. Stahll3! who provides the first result about the lower
bound on the number of the distinct maximum genus embedding, which is

states as the following:

Lemma 13 A connected graph (loops and multi-edges are allowed)
of order n with degree sequence dy, da, ..., dn has at least (d; — 5)!(dz —
5)!(da — 5)!(ds — 5)! [17=5(di — 2)! distinct orientable embeddings with at
most two facial walks, where m! = 1 whenever m < 0.

But up to now, except (3] and [4], there is little result concerning the
number of the maximum genus embedding of graphs. In this paper, we
will provide a result concerning the complete bipartite graph Ky, (n is
an odd number) which is better than that of S. Stahl®® and H. Ren4 in
some sence. Furthermore, the enumerative method below can be used to
any maximum genus embedding, other than the method in [3] which is
restricted to upper embeddable graphs. Terminologies and notations not
explained here can be seen in [5], [6] and [7].

2. Main results

A complete bipartite graph G with bipartition X and Y is denoted by
Gix)v)- A 2-path is called a v-type-edge, and is denoted by V. Let 9(G)
be an embedding of a graph G. We say that a v-type-edge are inserted into
¥(G) if the three endpoints of the v-type-edge are inserted into the corners
of the faces in 9(G), yielding an embedding of G + V. The embedding
¥(G) of G is called a one-face-embedding (or two- face-embedding) if the
total face number of ¥(G) is one (or two). The following observation can
be easily obtained and is essential in the proof of the Theorem A.

Observation Let ¥(G) be an embedding of a graph G. We can insert
a v-type-edge V to ¥(G) to get an embedding p(G + V) of G + V so that
the face number of p(G + V) is not more than that of ¥(G).

Theorem A For n =1 (mod 2), the number of the distinct maximum
genus embedding of the complete bipartite graph K, , is at least

227 x ((n - 2)M)" x ((n — )™
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Proof Letn =2s+1and V(Kan) = {z1,2Z2,...,Z.}U{¥1,¥2,- -, ¥}
where X = {z1,72,...,z,} and Y = {y1,%2,...,yn} are the two indepen-
dent set of K, ,. We denote the v-type-edge yo;T;ysi11 by Vji, where
t€{1,2,...,8} and j € {1,2,...,n}.

G(=1,12][m 2,8 U Z3Y1 U Vs

Giz1,22]lv1,52,s] Glzx.zzl[m WW21ee¥5)

Claim 1:  For G(z, z,)[y1,v2.....yn)» the number of the distinct one- face-
embedding is at least 2° x ((2s — 1)!!)2.

There are 2 different ways to embed Giz, z,](y;,y2,45) O @D orientable
surface so that the embedding is a one-face-embedding. Select any one of
them and denote its face boundary by Wy. In Wy, there are three face-
corner containing z, and z, respectively. So, there are 3 different ways to
put V; 2 in Wy, and 3 different ways to put Vo 2 in Wp. Therefore, the total
number of ways to put V; 2UV, 2 in Wy is 3 x 3 = 9. For each of the above 9
ways, there are 2 different ways to make the embedding of Gz, z,]iy1 v2,....ys]
being a one-face-embedding. So, for each of the one-face-embedding of
Gz, ,z1]lv1,v2,vs)» there are 3 x 3 x 2 different ways to add Vi 2 U Va2 to
Glz1,23)(y1,92.35) tO get & one-face-embedding of Gz, z,)iy1.v2,....us]-

Similarly, for each of the one- face-embedding of G|z, 2,1 ,v,....ys] there
are 5x5x2 different ways to add V13U Va3 to Gz, z)(y1,02,....0s] tO 8et &
one-face-embedding of G|z, z;](y1,y2,....v7]*

In general, for each of the one-face-embedding of G, 2allv1, 2y W2k 1]
there are (2k — 1) x (2k — 1) x 2 different ways to add Vi, UV, to
Glzy,zallys w2r--yax—1] tO Bet @ one-face-embedding of Giz, z,)(y1,v2,... yansa]-

From the above we can get that the number of the distinct one-face-
embedding of Gz, z,){y1,v2,....ya] 1S 8t least

2x(3x3x2Xx(Bx5x2Yx(TxTx2)x--x((2s—1)x(25—-1)x2)
=2° x ((2s - D)2
Claim 2: For each of the one-face-embedding of Glzy,z2)[y1, 520w

there are at least 2x (2s—1)!1x 22 different ways to make Glzy,22,23][y1,520e1¥m)
_ being a one-face-embedding.

Let £ be an arbitrary one-face-embedding of Gz, 2y ,vz,....9a]- IR
&1, there are two different face-corner containing y; (i = 1,2,3). So,
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there are 2 x 2 x 2(= 8) different ways to add y;z3 U V3 ; to £, to make
Glzy,23)ly1,v2,--oya) Y 91Z3 U Va1 being a one-face-embedding. For each of
the above 8 one-face-embedding of Gz, 25y, y2,...,yn] Y ¥1%3 U V3,1, there
are 3 different face-corner containing x3 and 2 different face-corner con-
taining y; (i = 4,5). So, for each of the above 8 one-face-embedding of
Gy, z2)[y1 w2s..wn] UY1T3UV3,1, there are 3x2x 2 different ways to add V3,2 to
Gl z3)lys yar-..ym] YY1Z3 U V3,1 to make Gz, za](y1,v3,....9a) V123U V3,1 U V3,2
being a one- face-embedding.

In general, for each of the one- face-embedding of Gz, z,)i1,u2,....yn] Y
y123UV31UV32U---UV3 k), there are (2k — 1) x 2 x 2 different ways to
add V3 i t0 Gz, ,25)[51,52,9m] Y N1T3UV3,1UV3 U - - U V3 k-1 to get a one-
Jace-embedding of Gz, z,)(y1,v2,...13m] Uy123UV3,1UV32U - UV3 1 U V3.

From the above we can get that for each of the one- face-embedding of

G[:x,zzllw y2,...yn]» there are at least

2x2x2)x(B3x2x2)x(5x2x2)x---x((25—-1)x2x2)
=2x (25— 1)l x 2%°
different ways to make Gz, z,,zq)[y1,52,....ya] D€INE & One-face-embedding.

Claim 3: For each of the one- face-embedding of Gz, 2, 23)ly1,¥2,....¥a]>
there are at least 3x (2s-1)!!x32° ways to make Giz, z;,z5,24)[y1,32:..,va] PEINE
a one-face-embedding.

Let &; be an arbitrary one- face-embedding of Gy, 2, 23)jv1,y2,...,3] 1P
&, there are three different face-corner containing y; (¢ = 1,2,3). So,
there are 3 x 3 x 3(= 27) different ways to add y174 U V41 to £ to make
Gloy,2a,25]ly1,2,yn]) U Y124 U V4,1 being a one- face-embedding. For each
of the above 27 one-face-embedding of Gz, z,,zs)[y1,v2,....yn] Y V174 U Va1,
there are 3 different face-corner containing z4 and 3 different face-corner
containing y; (i = 4,5). So, for each of the above 27 one- face-embedding
of Gz, ,z4,23][y1 w2, n) Y Y1Z4 U V4,1, there are 3 x 3 x 3 different ways to
add v4,2 to G[z;,zg,zs][yl,yg,...,y,.] Uy1$4UV4.1 to make G[z;,zg,za][yx,yz,...,y,,] U
Y124 U V4,1 U V4 2 being a one- face-embedding.

In general, for each of the one-face-embedding of Gz, z;,25)(y1,v2,..yn] Y
Y174UVg,1UVy,2U- - -UVy i1, there are (2k—1) x 3x 3 different ways to add
Vi k 10 Glzy 20,25 (y1,92,e001¥n] SY1T4UVa,1 UV 2U- - -UVy k-1 to get a one-face-
embedding of G[,,l'Iz,,sllth,,_“yﬂ] Uyrza UV 1 UVsoU - UVgx_1UVqs.

From the above we can get that for each of the one-face-embedding of

G[:;,zz,:va][yl.yz,...,ynls there are at least

(3x3x3)x(3x3x3)x(5x3x3)x--x((25—-1)x3x3)
=3x (25 —1)!! x 3%
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different ways to make Gz, 25,23,24][y1,y2,...vs] DEINE & One- face-embedding.

Similarly, we can get the following general result.

Claim 4: For each of one-face-embedding of Gz, z,,....zx_1]ly1.y2::9m]>
there are at least (k — 1) x (25 — 1)!! x (k — 1)2* different ways to make
Glzy, 22, 2k—1,24][V1,¥2,-..un] DEINE 8 OTe-face-embedding.

Noticing that a one-face-embedding of a graph must be its maximum
genus embedding, we can get, from Claim 1 - Claim 4, that the number of
the distinct maximum genus embedding of K, ,, is at least

{2° x ((25 — 1)11)2} x {2 x (25 — 1)1 x 22} x {3 x (25 — 1)!!
x3%} x ... x {28 x (25 — 1)!! x (25)%}
=2° x ((2s — 1)1)2+1 x ((2s)1)22+?
=2"F x ((n — 2)M)™ x ((n — Y™ 0

Remark Through a comparison we can get that the result in Theorem
A is much better than that of Lemma 1(3] when n < 9.

In (4], the second author of the present paper obtained that a connected
loopless graph of order n has at least iy [Toev(c)(d(v) — 1)! distinct
maximum genus embedding. Let fi(n) = 2% x ((n—2)1)" x (n=1)1)",

fa(n) = ﬁﬂinuewc) (d(w) -1)! = X ((n - 1)!)271. Through

a computation we can get f1(3) — f2(3) = 16, f1(5) — f2(5) = 6772211712.
So, when n < 5 the result obtained in Theorem A is much better than that
of [4].
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