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Abstract. We determine all connected odd graceful
graphs of order < 6, we show that if G is an odd graceful
graph, then G U K,, , is odd graceful for all m, n = 1, we
give an analogous statement to graceful graphs
statement, and we show that some families of graphs are
odd graceful.

0. Introduction.
Gnanajothi [2] defined a graph G with g edges to
be odd graceful if there is an injection f from V(G) to

{0, 1, 2, ..., 2g-1} such that, when each edge xy is
assigned the label | f(x) - f(y) |, the resulting edge labels
are {1, 3,5,...,2g - 1}. She proved that the class of

odd graceful graphs lies between the class of graphs with
orlabelings and the class of bipartite graphs by showing
that every graph with an orlabeling has an odd graceful
labeling and every graph with an odd cycle is not odd

graceful.

She conjectured that all trees are odd graceful and
proved the conjecture for all trees with order up to 10.
She also proved that many families of graphs such as P,
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C, if and only if n is even, K,,, , books, crowns,
caterpillars and rooted trees of height 2 are odd-graceful.
Sekar [5] showed also that many families of graphs such
as all n polygonal snakes with n even, lobsters, banana
trees, regular bombo trees, graphs obtained from even
cycles by identifying a vertex of the cycle with the
endpoint of a star and the splitting graphs of P, and C, ,
n is even, are odd graceful.

This paper is divided into two sections. Section 1,
in which we determine all connected odd-graceful graphs
of order < 6, we show that if G is odd graceful, then G U
K » is 0dd graceful for all m, n 2 1, and we show that if
G is an odd graceful Eulerian graph of g edges, then g =
0 or 2 (mod 4). This result corresponds to the result in
case G is graceful and Eulerian, which had been stated
and proved by Rosa [4]. The proofs are identical. In
section 2, we show that several families of graphs are
odd graceful.

Throughout this paper, we use the standard
notations and conventions as in [1] and [3].

1. General Results

Theorem 1.1.
All connected graphs of order < 6 are not odd

graceful, except the following 28 graphs
i) Ks33,K4,Cs,Cy,
(ii)  all non-isomorphic trees of order <6,
(iii) the following graphs of order < 6:
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Figure (1)
Proof.

The graphs in (i) are odd-graceful by theorems due
to Gnanajothi [2]; the graphs in case (ii) are odd-
graceful: note that there are exactly (14) non-isomorphic
trees of order < 6 and these are odd-graceful by the
theorem: “All trees of order < 10 are odd-graceful”
which is also due to Gnanajothi [2]. And those in case
(iii) are shown to be odd-graceful by giving specific odd-
graceful labeling assigned to the vertices of each graph as
indicated in Figure(l). According to Harary [3] the
remaining (115) connected graphs of order < 6 are not
odd-graceful by the theorem: “Every graph with an odd
cycle is not odd-graceful” which is also due to
Gnanajothi [2].

Theorem 1.2.
If G is an odd graceful Eulerian graph of g edges,

then g =0 or 2 (mod 4).
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Proof.
Let G be an odd-graceful Eulerian graph, and let

£ V(G) - {0, 1, 2, ..., 2g-1} be an odd-graceful labeling

for G.

Since G is an Eulerian graph then ) (f(v)-f(v,)=2k ,

k is a constant. For each v;, v;€ V(G)
Y|fwo-fw)|=2k,50 1+3+5+...+2¢-1=2k’

this implies that £;-(1+ 2g-1)=2k . Hence ¢ = 0 or 2 (mod
4).

Theorem 1.3.
Let G be an odd-graceful graph, then G U K,,, , is
odd graceful for all m, n 2 1.

Proof.
Let f be an odd graceful labeling of the graph G.

Let g =| EG)| and V(K ) = Vi U V2, where V;,i=1,
2 are two independent sets of vertices, such that V; = {u,,

Uy U3y, ony um} and VZ ={V], V2, Vi, ... Vn}a
m,n21.
Define the function :
FiV(GUK,,) = {01,...2(q + mn)~1}
as follows
Flu)=2g+mn—i)+1 , 1<i<m
F,)=2m(i-1) : 1<i<n

7 lvg =f+@mn-1)+ ).
We observe that f is injective.
The edge labels will be as follows:
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¢ The vertices u; and v;, 1<i < n induce the edge labels
{2g +2mn - 1,2q + 2mn - 2m - 1, 2q + 2mn - 4m - 1,
s 2qg+2m-1}.

¢ The vertices u; and v; , 1< i < n induce the edge labels
{2q +2mn - 3, 2q + 2mn - 2m - 3, 2q + 2mn - 4m - 3,
w0y 2q +2m - 3}.

¢ The vertices u3 and v;, 1<i < n induce the edge labels
{2q+2mn -5, 2q + 2mn - 2m - 5, 2q + 2mn - 4m - 5,
ey 2q+2m -5},
and so on until the vertices u,, and v; , 1<i <n induce

the edge labels {2qg + 2mn - 2m +1, 2q + 2mn - 4m + 1,

2g +2mn-6m+1, ...,2qg + 1}.

¢ The remaining edge labels {1, 3, 5, ..., 2¢g - 1} come
from the edge labels of the graph G, since G is odd-
graceful and we added a constant number on its vertex
labels. So, we have the same edge labels

{1,3,5,...,2q - 1}. Hence f° is injective as required.

Corollary 1.4.
According to Theorem 1.3 numerous families of

disconnected graphs are odd-graceful, e.g.
1. lrJKm,_,,, ,r21, m,m21.
i=1
2. ¢, UK, , ifand onlyif r is an even integer, m, n 21.

3. PLUK,, ,nr,s21.
Knnsmn21,C,,r isevenand P, , n 21 are odd-
graceful [3].)

2. Some odd-graceful graphs
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In the following theorems we did not consider the
trivial cases,
e.g. in Theorem 2.4, if n = 1, then P, X P; = P; X P;
which is isomorphic to P; and so it is odd-§raceful.
Also in Theorem 2.8 (1)if m =1, n =1, then S (K,,,) =
S'(K, ;) is isomorphic to P, , and it is also odd-graceful,
andsoon....

The graph K, (r, s) is obtained from K, , (n 2 2) by
adding r and s (r, s > 1) pendent edges out from the two
vertices of degree n.

Theorem 2.1.
The graphs K, (r, s) are odd-graceful for all n, 7, s

2 1.
Proof.

Let K, , (, s) be described as indicated in Figure(2)
U 175) Us Ug Ur

V1

wi wy W3. Wy Wi
Figure(2)
The number of edges of the graph K, (r, s) is
2n + r + s. We define the labeling function :
f: V(K (r, 8)) > {0,1,2,..2Qn+r+5s)-1}
as follows
f(u)=2(g-n-i)+1 , 1<i<r
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f(up)=2n

Avi)=2(g-i)+1 , 1<i<n
fve)=0
Aw)=2i-1 , 1<i<s

The edge labels will be as follows:

The vertices vo and w; , 1 <i <s, induce the edge
labels {1, 3,5, ...,2s-1}.

The vertices uy and u; , 1 <i <r, induce the edge
labels {25+ 1,25 +3,25+5,...,25s + 2r-1}.

The vertices up and v; , 1 <i < n, induce the edge
labels {2s +2r+ 1,25 +2r+3,2s +2r+5, ...,2n +
2r+2s-1}.

The vertices vp and v; , 1 <i < n, induce the edge
labels {2n +2r+ 2s +1,2n+ 2r + 2s + 3, 2n +2r + 2s
+5,...,4n +2r +2s-1}.

Hence the result follows.

Let G; and G, be two disjoint graphs. The corona

(G1 © G;) of G; and G; is the graph obtained by taking
one copy of G; (which has D1 vertices ) and p; copies of
G, and then joining the i™ vertex of G; to every vertex

in the i™ copy of G,.

Theorem 2.2.

The graphs C,0K, ,forn=4,6,8, 10, 12 and m >

4, are odd-graceful.
Proof.

Let C,0K,, be described as indicated in Figure(3):
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2Figure(s)
It is clear that the number of edges of the graph
C,®K,, is n(m + 1). We define the labeling function:

f:V(c,@eK,)—{0,1,2,3,....2n(m+ 1) - 1}
as follows

G-1) ,Jj=13,5...,n-1
f(Vj)={

2nm+2n—j+1 , j=2,4,6,...,n-2
fv) =2nm+3
fv)=2m+2i-1 , 1<i<m

2n—-4 +2i ,i=1,2,3,...,(n2-2)
-]

2n—2 +2i ,i=n2-1,n2, n2+1,....m
fviy=2n-2)m-2i+3 , 1<i<m
fOV)=4m+2i+2n-4 , 1<i<m
fO)=Qn-6)m-2i+5 , 1<i<m

fvi)=@2h-4dm+2i+(2n-h) , 4<h(even)<n-2,
1<i<m
fvi)=R2n-Q2k-4)Im-2i+k , 5<k(odd)<n-3,
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fi)=6m-2i+(n-1) , 1<i<m
fOI)=Qn-2)m+2i+2 , 1<i<m.

The edge labels will be as follows:

The path vv;vs...v,; induces the edge labels
{2nm +2n-1,2nm +2n - 3, 2nm + 2n - 5, ...,
2nm + 5},

f (Vivp) =2nm + 3

f(v,,-lv,,) =2nm-n+95

The vertices v, and v, 1 <i < (n/2 - 2), induce the
edge labels

{2nm+1,2nm-1,2nm -3, ...,2nm—-n + 7}.

The vertices v, and v;, n/2 - 1 <i <m, induce the
edge labels {2nm-n+3,2nm-n+1,2nm-n- 1,
vees 2nm -2m + 1}.

The vertices v; and v;, 1 <i < m, induce the edge
labels {2nm - 2m - 1, 2nm - 2m - 3, 2nm - 2m - §,
vy 2nm-4dm + 1},

The vertices v4 and v, 1 <i < m, induce the edge
labels {2nm - 4m - 1, 2nm - 4m - 3, 2nm - 4m - 5,
ooy 2nm - 6m + 1}.

The vertices vs and v, 1 <i < m, induce the edge
labels {2nm - 6m - 1, 2nm - 6m - 3, 2nm - 6m - 5,
.oy 2nm-8m+1}.

and so on until the vertices v,.; and v ,, 1 <i<m,
induce the edge labels {6m - 1,6m -3, 6m -5, ...,
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4m + 1}.

e The vertices v; and v{, 1 <i < m, induce the edge
labels {4m -1,4m-3,4m -5, ..., 2m + 1}.

¢ Finally, the vertices v, and v,, 1 < i < m, induce
the edge labels {2m - 1, 2m - 3, 2m - §, ...3, 1}.
So we obtain all the edge labels. Hence C,0K,, is
odd-graceful for n = 4, 6, 8, 10, 12 and m 2 4.

In the following theorems we mention only the
vertices labels, the reader can fulfill the proof as we
did in the previous theorems.

Let G; and G; be two disjoint graphs. The union
(G; U G,) of G; and G, is the graph having vertex set
V(G;) UV(G,)and edge set E(G,) U E(G>).

Theorem 2.3.
The graphs P, U Cy, n 22 are odd-graceful.

Proof.
Let the path P, have the consecutive vertices u,

U, us, ..., U, and C4 have the consecutive vertices v, v,,
vs, v4. The number of edges of the graph P, U Cy4 is n +
3. Now we define the labeling function
f:VP,uC)—>{0,1,2,..,2n+5}
as follows:
2n+5-i , i=13,5..,n0orn-1
Slu) ={

5+1i , 1=2,4,6,..,n-lorn

fvi,va, v3, va)=(0,2n+5, 2,2n+1).
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Let G; and G; be two disjoint graphs. The
_cartesian product (G; X G;) of G; and G; is the graph
having vertex set V(G;) X V(G) and edge set{(u;, v;) (uz,
v2): (4, = u and vyv, € E(Gy) or (vi = v; and

uu; € E(Gp)}.

Theorem 2.4.
The graphs P, X P;, n 22 are odd-graceful.

Proof.
Let P, X P; be described as indicated in Figure(4):

u; Uz Us __ Uni Up
Vi V2 Vil _ _Vn

w w W Wp.

Figure(4)

It is clear that the number of edges of the graph P, X P;
is 5n - 3. We define the labeling function
f:V(P,XP;)—>{0,1,2,...,10n -7}
as follows:
10n-5i-2 , i=13,5,..,no0rn-1
fw) ={

5i-6 ,
5G-1) ,

f("i)={
10n - 5i -3 , i=2,4,6,....n-1lor n
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10n-5i-4 , i=13,5...,norn-1

ﬂWi)={
5i-4 , i=2,4,6,...,n-10r n.

Let G; and G; be two disjoint graphs. The
conjunction (G; A G;) of G; and G; is the graph having
vertex set V(G;) X V(G;) and edge set{(u;, v;) (uz, v2):
U E(G]) and Vivy € E(Gz)}[3]

Theorem 2.5.
The following graphs are odd-graceful
1. P,AP, ,m=3 or m iseven, n22
2. P,AC3 , n22
3. P,ACy , n22
4. P,AS, n,m22.
Proof.

(1) Let P,, A P, be described as indicated in Figure(5):

1 1 1
Vll V2 V; _ ‘in-l Va
2
_vn—l 2
3 3
’ ' [} ' '
' I .
v{”:él é"' <\:“3 . 1):':l>v<"m—li
m
v - - -
1 m m vm m
v2 v3 n-1 vn

Figure(5)
It is clear that the number of edges of the graph P,, A P,
is 2(m - 1)(n - 1). We define the labeling function
f:VPuAP,)—>{0,1,2,...,4m-1)(n-1)-1}
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as follows:
i-1 ,1=1,3,5,...,norn-1
£ ={
4(m-1)(n-1) -2(n-2)-i,i=2,4,6,...,n-1orn,

and we have two cases for labeling f(v/)
o If j=3,5,...m-1

(j+ D=1 +(i-1),i=1,3,5,.,norn-1
f(v£)={
(4m-3j-1) n-i-(4m-3j-3),i=2,4,6, ...,n-lorn
o If j=2.4 ... m
(j-2(n-1)+i ,i=1,3,5,...,n0or n-1
f(v:')={

(4m-3j+2)n-i-(4m-3j+1),i=2,4,6,....,n-1orn
(2) Let P, A C; be described as indicated in Figure(6):

u U Us  Upy Un
v 7 Vn.4 Vn
Wi : .-
w2 w3 Wh.i Wy
Figure(6)
It is clear that the number of edges of the graph P, A Cs3
is 6(n-1).

We define the labeling function
f:V(P,AC3)—>{0,1,2,...,12n- 13}
as follows:
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i-1 , i=13,5,...,norn-1

Sflu) ={

8n-i -7 , 1=2,4,6,...,.n-1orn

2n+i-3 , i=1,3,5,..,norn-1
ﬂvi)={

12n-i - 11 , i=2,4,6,....,n-1lorn

8n+i-9 , 1=13,5,..,norn-1
ﬂWi)—‘{

10n-i-9 , i=2,4,6,....,n-1lor n.

(3) Let P, A C,be described as indicated in Figure(7):

Figure(7)
The number of edges of the graph P, A C,1s 8(n -
1). We define the labeling function :
f:V(P.ACy)—{0,1,2,...,16n - 17}
as follows:

i-1 , i=1,3,5,...,.norn-1
f(ui)={

8n-i -6 , i=2,4,6,...,n-1lorn

i , i=1,3,5...,n0orn-1

f(Vi)={
16n-i - 15 , 1=2,4,6,..,n-1lorn
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2n+ i-3 , i=1,3,5,..,norn-1
ﬂwi)‘{ .

dn-i-2 , i=2,4,6,...,.n-1lorn

2n+ i-2 , i=1,3,5,...,.norn-1
ﬂxi)={

12n-i-11 , i=2,4,6,...,n-1or n.

v m

v
“Figure(8)
It is clear that the number of edges of the graph P, A S,
is 2(n - 1)m. We define the labeling function:
f:V(P,ASn)—>{0,1,2,...,4n-1)m-1}
as follows:

i -1 , i=1,3,5,...,norn-1
-]

2(n-1)m-i +2 , i=2,4,6,...,n-lorn

2m-1)G-D+i , i=13,5,...,norn-1
ﬂv;‘):{ , j =1,2,3,4, N (3

2(n-1)2m—j+1)-i+1, i=2,4,6,...,n-1orn

, 7=1,2,3,4,...,m.
Let G; and G, be two disjoint graphs. The
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symmetric product (G; ® G;) of G; and G; is the graph
having vertex set V(G;) X V(G;) and edge set
{(us, v)) (uz, v2): uue E(G,) or v,v; € E(G;) but not
both}.
Theorem 2.6.

The graphs P, ® K, ,m,n 22 are odd-graceful.

Proof.
Let P, ® K, be described as indicated in

Figure(9):

Figure(9)
It is clear that the number of edges of the graph
P, ® K_is (3m-2)(n-1). We define the labeling function
f:V(P,®K,)—{0,1,2,...,23m-2)(n-1)- 1}
as follows:

2(G-1)(n-1) + (G-1), i =1,3,5,..,norn-1

j=12,3,....m
f(vij)=
2(3m-2j)(n-1) - i+l, i=2,4,6,...,n-lorn
j=12,3,...,m

Let G, ° S,, be the graph obtained by identifying a
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vertex of G, with the centre of S,,.

Theorem 2.7.
The graphs C,°S,, ,nisevenand m 2 1 are odd-

graceful.

Proof.
Let C, ° S be described as indicated in Figure(10):

Figure(10)
The number of edges of the graph C, ° S,, is (m +
n ). We define the labeling function
f:V(C,°S, )= 1{0,1,2,...,2m+n) -1}
as follows:

i-1 , i=1,3,5,...,n-1
f(Vi)={

2m+n)+1-i , 1=2,4,6,....,.n-2
fvy)=2m+3
fu) =2i + 1 L 1<i<|m-nr2+2]

and|m-n/2+2|< i <m.

For a graph G, the splitting graph of G, S'(G), is
obtained from G by adding for each vertex v of G a new
vertex v' so that v' is adjacent to every vertex that is

adjacent to v.
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Theorem 2.8.
The following graphs are odd-graceful:

1. S$'Kpn) , mn2

2. S'\PuAP) , n22

3. 'S, AP;) , n=2

4. S'(P,®K,) , n=2
Proof.

(1) Let (Kmn) ={us, Uz, U3, <.y Um 5 VI, V2, V35 «.-, Vn}

,m, n22. Itis clear that the number of edges of the
graph S'(K,,,) is 3mn. The graph is indicated in
Figure(11):

Figure(11)
We define the labeling function
fiV(S' Kmn)) = {0,1,2,...,6mn -1}
as follows:

fw)=2mn+2n@G-1) , 1=Zi<m
Avi)=6mn-2i+1 , 1=<iZn
fuw)=2n(-1) , 1<i<m

178



fOW)=dmn-2i+1 , 1Zign
(2) ) Let S'(P, A P, )be described as indicated in
Figure(12):

u, u; u ;

Figure(12)

It is clear that S'(P, A P; ) = (P, A P,;) which is an

odd-graceful graph by Theorem 2.5. Hence S'(P, A P; )

is odd-graceful for each n 2 2.

(3) Let S'(S, A P, )be described as indicated in
Figure(13):

Figure(13)

It is clear that SI(S,, APy )= (S, A P;) which is an
odd-graceful graph by Theorem 2.5. Hence S'(S, A P, )
is odd-graceful for each n = 2.

(4) Let S'(P, ® K,) be described as indicated in
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Figure(14):

- x=1 Yy
_ U U,
Yy v
- - - wa
- - - 1
1
Uy)

Figure(14)
It is clear that the number of edges of the graph
S'(P, ® Kk, ) is 12(n - 1). Now we define the labeling
function
f:V(S'(P,®Kk,)—{0,1,2,...,24n - 25}
as follows:

2n+ i-3 , i=1,3,5,...,norn-1
f(ui)'—'{

24n - i - 23 , i=2,4,6,...,n-lorn

dn+i-5 , i=1,3,5,..,norn-1
ﬂvi)={

12n-i-11 , i=2,4,6,....,n-1lorn

i-1 , 1=1,3,5,...,nor n-1
ﬂvil):'{

18n-i-17 , 1=2,4,6,...,n-1lorn

6n+i-7 , i=13,5,...,norn-1
f(uil)—{

6n-i->5 , 1=2,4,6,....,n-1orn.

We recall that the n-stars are the graphs obtained from
a star S,, by identifying each pendant vertex of S,, with an
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end vertex of the path P,. This is shown in Figure(15):

v

1 1
xz v . Voo V,
2 2 2 2
3 3 3
V. V. 3 \%
.2 .3_ - .1_)5‘1—"
,m m == o, " m
Figure(15)

Gnanajothi [2] proved the graphs n-stars in case n
= 3, 4 are odd-graceful, we extend this result to n =5, 6,
7,9, 11 in the next theorem.

Theorem 2.9.
All5,6,7,9, and 11-star graphs are odd-graceful.
Proof.
¢ The number of edges of the graph 5-stars is 5m,
where the star is S,,. The graph is defined by taking n

= 5 in Figure(15). Now we define the labeling
function:

f: V(5-stars)—{0, 1,2, 3, ...,10m - 1}
as follows

fve)=0

f)H)=10m+1-2i ,1<i<m
fv)=4m+2-4i ,1<i<m
f(v)=8m+1-2i ,1<i<m
fO)=10m+2-4i ,1<i<m
fvi)=6m+1-2§ , 1<i<m.

® The number of edges of the graph 6-stars is 6m. The
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graph is defined by taking n = 6 in Figure(15). Now
we define the labeling function:
f: V(6-stars)—{0, 1,2, 3, ...,12m - 1}
as follows
Rvo)=0
fO=12m+1-2i , 1<i<m
fv)=4m+2-4 ,1<i<m
fv)=10m+1-2i , 1<i<m
fvi))=8m+2-4i , 1<i<m
fOviy=6m+1-2i ,1<i<m
fvi)=12m+2-4i ,1<i<m
e The number of edges of the graph 7-stars is 7m. The
graph is defined by taking » = 7 in Figure(15). We
define the labeling function:
f: V(7-stars)—>{0, 1,2, 3, ...,14m-1}
as follows
Rvo)=0
fiy=14m+1-2i ,1Zi<m
fO)=d4m+2-4 ,1<i<m
fy=12m+1-2i ,1<i<m
fOD=8m+2-4i ,1<i<m
f)=10m+1-2i ,1<i<m
foy=12m+2-4i ,1<i<m
fviy=4m+1-2i ,1Zi<m.
¢ The number of edges of the graph 9-stars is 9m. The
graph is defined by taking » = 9 in Figure(15). We
define the labeling function:
f: V(9-stars)—>{0, 1, 2,3, ...,18m - 1}
as follows
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® The number of edges of the graph 11-stars is 11m.
The graph is defined by taking n = 11 in Figure(15).

fvo) =0

Avi)=18m+1-2i
f(vi)=4m+2-4i
Ay =16m+1-2i
AvY=8m+2-4i
Aviy=14m+1-2i
fvi)=18m+2-4i
fvi)y=6m+1-2i
Av)=12m+2 - 4i
Avy=12m+1-2i

-

’

We define the labeling function:
f: V(11-stars)—{0, 1, 2, 3, ...,22m - 1}

as follows

f(Vo)=0
fvY=22m+1-2i
fvi)=4m+2 - 4i
f(vi)=20m+1-2i
f(vi)=8m+2-4i
fvi)=18m+1-2i
fvi)=12m+2-4i
fvi)y=6m+1-2i
fv)=22m+2-4i
fv)=12m+1-2i
i) =16m+2-4i
fvi)=16m+1-2i
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Theorem 2.10.
The following graph G, shown in Figure(16), is
odd-graceful.

1 1
1 1) V,

V

Figure(16)
Proof.
It easy to see that the number of edges of the graph
G is 9(n-1). We define the labeling function:
f:V(G)—>{0,1,2,3,...,18n - 19}
as follows
i-1 , i=1,3,5,...,norn-1
ﬂvil) ={

18n-i-17 , 1=2,4,6,..,n-1lorn

2n+i-3 , i=13,5,..,norn-1
f(V?)={
14n-i-13 , 1=2,4,6,...,n-lorn
12n+i-13 , i=13,5,...,n0r n-1
10n-i-9 , i=2,4,6,...,n-1orn.
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