MORE IDENTITIES AND TRIDIAGONAL MATRICES
ABOUT FIBONACCI AND LUCAS NUMBERS

JISHE FENG

ABSTRACT. In this paper, we derive a family of identities on the ar-
bitrary subscripted Fibonacci and Lucas numbers. Furthermore, we
construct the tridiagonal and symmetric tridiagonal family of matri-
ces whose determinants form any linear subsequence of the Fibonacci
numbers and Lucas numbers. Thus, we give a generalization of the
presented in Nalli and Civciv [A. Nalli, H. Civciv, A generalization
of tridiagonal matrix determinants, Fibonacci and Lucas numbers,
Chaos, Solitons and Fractals 2009;40 (1): 355 61] and Cahill and
Narayan [N. D. Cahill, D. A. Narayan, Fibonacci and Lucas num-
bers as tridiagonal matrix determinants, The Fibonacci Quarterly,
2004;42 (1): 216-221).

1. INTRODUCTION

The Fibonacci sequence {F,}, is defined by the recurrence relation, for
n>1
with Fg = 0, F} = 1. The first few Fibonacci numbers are:
0,1,1,2,3,5,8,13, 21, 34, 55, 89, 144, 233, 377,610, 987, 1597, 2584, 4181, - - -
The Lucas sequence {L,}, is defined by the recurrence relation, forn > 1

Lot1=Ln+Ln (1.2)

with Ly = 2,L; = 1. The first few Lucas numbers are:
2,1,3,4,7,11, 18, 29,47, 76, 123, 199, 322, 521, 843, 1364, 2207, 3571, 5778, - - -
There are many known connections between determinants of tridiagonal
matrices and the Fibonacci and Lucas numbers. For example, Strang [5][6]
presents a family of tridiagonal matrices given by:

( 31 1
13 1
M(k) = 1 3 - (1.3)
L .
L 1 3 p
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where M(k) is k x k. It is easy to show by induction that the determinants
|M(k)| are the Fibonacci numbers Faxy2. Using the method of Laplace
expansion to evaluate the determinant of tridiagonal matrix:

a1 a2
az; a2 Q23

A(k) = azz ag3 - , (1.4)

Qp—1,k
Gk k-1 ALk

Cahill and Narayan [1] provides symmetric tridiagonal matrices as follows:

a+8 my,2
myy |22t VDS

(-1)= Lo V(=1)=
Map(k) = VEDE

. La \[(:W
L Vv (—1)° Ly

(1.5)
where my 2 =mg; = \/[EF?—:—;_E‘,Q—I Fotp — Foaig 0 € Z* and B € N. Using

lemma: Fiyn = LoFy + (—1)"*1Fy_, (for n > 1), the author proves that:
|Ma,p(k)| = Fak+p. Nalli and Civciv [4] generalizes Cahill’s result, gives
the following matrix:

[ F—a—ﬂ my2
myy  [F2=2] VD
(—1)-° L_q
M_, _p(k) =
- \ (_1)—0‘ L_q J
(1.6)
where my o = ma1 = \/[%_’T‘_:f] F o pg—F_ga-p,a € Z* and B € N,
using relation F_,_g = —Fq4p, the authors prove that the determinant

|M_a,—s(k)| equals to Faxys or —Foarip(see Ref. [4]). The purpose of
this paper is to get more identities, and present another method to con-
struct tridiagonal matrices or symmetric tridiagonal matrices which have
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connections between determinants of tridiagonal matrices and the arbitrary
subscripted Fibonacci and Lucas numbers.

2. MORE RECURRENCE RELATIONS (IDENTITIES)
Suppose we want an identity of the form (w, h, k and n > 1 are arbitrary
positive integers)
Fw(n+h)+k =1 Fyn + ngw(n—l), (2.1)
we write an augmented matrix A;:

F, Fyn- F,
A* = wn w(n-1) w(n+h)+k ] . 29
" [ Funt1)  Fun  Futnentr)+x (22)
Then take a convenient value for n, say n = 1, and use elementary row
operations on the augmented matrix A} (3],
Fo Fo Fuqen)+k
A= w(l+h)+ 2.3
! [ Fow Fuy Fy@en)+r (23)
to obtain a classes of identities (for w, h and k various integers):

Fy(nta) = 21F3(ny1) — 8F3n; (2.4)
Fg(n+5) = 55F2(n+1) - 21F2n; (25)
Fyn+3)+5 = 89F3(nt1) — 34F2; (2.6)
F3(n+4) = 72F3(n+1) + 17F3n; . (27)
377 89
Fiinia)y42 = —2-F3(n+1) + 7F3n; (2.8)
Fynta) = 329Fy(n41) — 48Fyn; (2.9)
4181 610
Fynra)43 = TF4(n+1) - TFMI; (2.10)
F5(n+5) = 15005F5(n+1) + 1353F5n; (211)
514229 46368

Fy(nt5)+4 = 5 Fy(n41) + Fisn; (2.12)
Frnis) = 17373187209F7(n 1) + 598364773 Fy; (2.13)

2504730781961 86267571272
Frn+8)+s = ———13——F7(n+1) + _13——'F7n§ (2.14)

Note: For (2.4-2.14), using the principle of induction, we can get the
general identities:

F2(ﬂ+r) = F27'F2(n+l) - F2(r_1)F2n; (2.15)
F: Fan_

Fa(ninyre = 3;“ Fin41) + _3(h_21)4_~_k_F3n; (2.16)
F, Fyp—

Fatntnyre = 4g+k Fyn+1) — Lh:?‘l—)ik-ﬂm; (2.17)
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F: Fs(n-

Fspninyrk = —X5 Fying1 g SOtk L (2.18)
(nekh) 5 F5(nt1) 5
F Forin-

Fr(n+hy+k = 71’;' 5 Frns1y + 7‘+31)ﬁF7n; (2.19)

Suppose we want an identity of the form (w, &,k and n > 1 are arbitrary
positive integers)

Lw(n+h)+k = Z1Lyn + 33Lw(n—1), (2.20)
we write an augmented matrix Bj;:
L L L
B* = wn w(n-1) w(n+h)+k ] , 2.21
" [ Luw(n+1) Ly Luy(nt+h+1)+k ( )

Then take a convenient value for n, say n = 1, and use elementary row
operations on the augmented matrix By,

L Ly L
B* = w w(l+h)+k ] .
! [ Law Ly Luw@tn)+k (2:22)

to obtain a classes of identities (for w, h and k various integers):

Lo(nt4) = 21Ly(n41) — 8La2n; (2.23)
L2(n+5) = 55L2(n+1) - 21LG; (2.24)
L2(n+3)+5 = 89L2(n+1) - 34L2n; (2.25)
Lyinss) = T2L3(n+1) + 17L3n; (2.26)
377 89
L3(nta)42 = —2'L3(n+l) + 7L3n; (2.27)
Lagnia) = 329F3ns1) — 48Lan; (2.28)
4181 610
Ly(n+a)+3 = _3—_L4(n+1) - —3-L4n; (2.29)
Ls(nts) = 15005Lsn41) + 1353Lsn; (2.30)
514229 46368

Lsn+syra = —g—Lstnsn) + —5—Lan; (2.31)
Lr(ns8) = 17373187209 L (s 41) + 598364773 L7n; (2.32)

2504730781961 86267571272
L7(n.+8)+5 = ——T—L7("+1) + —'1—3_L7n; (233)

Note: For (2.23-2.33), using the principle of induction, we can get the
general identities:

L2(n+r) = F2rL2(n+l) - F2(r—1)L2n; (234)
F. Fih-
La(n+h)+k = 3;+k Lan+1) + &ZI)—MLM; (2.35)
Fipsk Fyh-1)+x I

Lygntny+k = —3 Ly(n+1) — 3 4n} (2.36)
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F: Fyn—

Ls(niny+x = sg+k Ly(n41y + L(h-5l)—+kllsn; (2.37)
F. Fon—

L7(n+h)+k = 71h:;k L7(n+1) + —'I_(fi'al)iLﬂz; (2.38)

3. MORE TRIDIAGONAL MATRICES

Suppose we want an identity of the form (w,k and n > 1 are arbitrary
positive integers)

Fw(n+l)+k = T Funtk + szw(n—l)+k~ (31)

Using the generating matrix A {2},

0 1
A= [ - ] (3.2)
for augmented matrix Aj:
F, F, F,
A* = wn+k w(n—1)+k w(n4-1)+k ] , 3.3
" [ Fomt+)y+k  Fonie  Fyiz)+k (3:3)

using direct matrix computation and the principle of induction, we have
AL =AAL | =A%A, _,=-- = A"14A] (3.4)

Thus, we use elementary row operations on the augmented matrix Aj,

e [ Foske Fe Fous
= 3.
Ai [ Fowtr Fotk  Fiwsr (3:5)

to obtain z; and z;. We can construct the n x n tridiagonal matrix:

[ Ftw-!—k m
1 F;‘-:‘l"::k-l T
1 I -z,
M (n) = 1 = -z, (3.6)
1 z
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or n X n symmetric tridiagonal matrix:

M (n) =

( Ftw+k \/ﬁ
vm  [Bgpee] oy
V-2 1 V=22
\/3 £31
.V
L v —Z2 A1 j
3.7

where m =

ﬂ%’fi-l Ptk = Featyurn, M{ () and M (2) sre nxn,

t € N, i2 = -1, when m < 0, /m = i+/|m|, when —z2 < 0, /=22 =
iy/|z2|. It is easy to show by induction that the determinants |M ,(,1)(t)|

and ,Mg)(t)l are the Fibonacci numbers Fy(nqt—1)+&, that is ]Mg)(t)l =

[P )| =

Fw(n+t—l)+k'

For the Lucas numbers, by the above method, we construct the similar
n X n tridiagonal matrix:

[ Liwtk r
1 L(t+12w+k-| —
Ltw+k 2
1 1 -,
M (n) = 1 = -2 (3.8)
I 1 =
or n X n symmetric tridiagonal matrix:
[ Liwtk VT i
L w
VP[] e
V=2 T v—%2
MP (n) = V-T2 T
s
L v —Z2 1 ]
(3.9)
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L w
where r = [Jﬁf’i.l * Ltwt+k — Lie+1)wk, Mr1(t) and Mpa(t) are n x n,

t € N,i2 = -1, when 7 < 0, /7 = iy/[r], when —-z5 < 0, /=23 =
iy/|z2|. It is easy to show by induction that the determinants ,M [El)(n)l

and lMt(.z)(")l are the Lucas numbers Ly ¢—1)+k, that is IMI(,I)(n)l =
2
'M }, )(n)l = Lu(n+t=1)+k-

Example 3.1. Ifw=2,k=>5, (8.1) becomes
Fa(n41)45 = T1F2n15 + T, Fo(n_1)+5, (3.10)
the augmented matriz A} can be transformed to

. F;, Fs F 13 &5 34 01 -1
o[58 R1[E S E](103) e

Fy F; Fn 34 13 89
Thus, we have identity
Fy(nt1)+5 = 3Fan+s — Fan-1)45- (3.12)
If we sett =2 in (8.6, 3.7), the determinants of
[ 34 13 1 [ 3 vi3 1
1 3 1 VI3 3 1
1 3 . ) 1 3
1 RPN |
I 1 3] 1 1 3]

are the Fibonacci numbers Fy(ni1)4s-
If we sett =1 in (3.6, 3.7), the determinants of

13 5 1713 V6 1
1 3 1 vVi 3 1
1 3 - , 1 3
1 A |
1 3] L 1 3]

are the Fibonacci numbers Fop ;5.

If we sett =0 in (3.6, 3.7), the determinants of

[ 5 2 [ 5 V2 ]
13 1 v2 3 1
1 3 . , 1 3
- S
i 1 3] [ 1 3]
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are the Fibonacci numbers Fy(n_1)45-

Example 3.2. Suppose we want an identity of the form (w,k andn 21
are arbitrary positive integers)

Lunt1)+k = T1Luntk + T3 Lw(n-1)+x- (3.13)
Ifw= -3, k=—4, (3.13) becomes
L_3(n+1)-4 = T1L-gn-4 + T, L_3(n-1)-4 (3.14)

the augmented matriz B} can be transformed to

B* = L.; L.y Loy |_|-20 7 123 11 —4
1=\ L o Ly L_y3 | | 123 -29 -521 01 1
(3.15)
Thus, we have identity
L_3(n+1)-4 = —4L-3n—4 + L_3(n-1)-4- (3.16)
If we set t =2 in (3.8, 3.9), the determinants of
T 123 29 1 [ 123 V29 T
1 -4 -1 V29 -4 i
1 -4 . ) i —4
- | R )
[ 1 —4] L i -4 |

are the Lucas numbers L_3(n4+1)—4-
If we sett =1 in (8.8, 3.9), the determinants of

[ —29 -7 1 [ -29 iv/7 ]
1 -4 -1 VT -4 i
1 -4 . , i —4
. -1 B
i 1 -4 | i —4

are the Lucas numbers L_3n—4.

If we set t =0 in (3.8, 8.9), the determinants of

(7 1 7 1
1 -4 -1 1 -4 i
1 -4 . , i —4
. .o=1 . Tl 4
| 1 -4] | i -4

are the Lucas numbers L_g(n—1)-4-
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4. CONCLUSION

In this paper, we derive family relations on the arbitrary subscripted
Fibonacci and Lucas numbers. Furthermore, we construct the tridiagonal
and symmetric tridiagonal family of matrices which determinants form any
linear subsequence of the Fibonacci numbers and Lucas numbers. Thus,
we give a generalization of the presented in Nalli and Civciv [4] and Cahill

and Narayan [1].
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