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Abstract

In this paper we obtain the Fibonacci length of amalgamated free

products having as factors dihedral groups.
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1 Introduction and Preliminaries

By considering finite cyclic groups, the concept of the Fibonacci length
of groups has been introduced by Wall [10], and then this concept has been
extended to abelian groups by Wilcox [11]. After that, in [3], Campbell et. al.
defined the Fibonacci orbit and the Fibonacci length of 2-generator groups. We
may refer to [4, 6] for the Fibonacci length of more than two generator groups.
We may also refer to {1, 2, 7, 8] for some other known results.

For a finitely generated group G with a generating set A = {ay,...,an},
the Fibonacci orbit Fo(G) of G with respect to the A is the sequence z; =
@1, ,ZTn = @n, Titn = ]|;-4 Titj-1, Where ¢ > 1. Moreover, if Fa(G) is
periodic, then the length of the period of the sequence is called the Fibonacci
length of G with respect to the A, denoted by LEN4(G). We note that the
Fibonacci length of a group depends on the chosen generating set A and its
order.

For the dihedral group D,,, with a presentation < a;,b;;a} = b? = (a16,)% =
1 >, and for any generating set {a),b;} (with has an independent ordering) of
Dyn, it has been showed that LEN(a, 4,)(D2n) = 6 (see [3] for the details).
Later, this result was generalized to the powers of dihedral groups in [4], and
was generalized to polyhedral and binary polyhedral groups in [5)].

Let A=<ay, -+ ,at; Ry, -+ ,Ri>and B=<by,--- ,by; S, ,5 > be
two groups with the proper subgroups H < A, K < B, respectively. Suppose
f: H — K is an isomorphism. The free product of A and B amalgamating H
to K is the group G with presentation A*y B = G =< ai,,b;, ; Ri;, Sy, H =
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F(H) >, where 1 <4 <k,1<43 <!, 1< <pandl<jp <t The groups
A and B are called factors while H and K are called amalgamated subgroups.
As a special case, if H = 1 then the amalgamated free product becomes the free
product.

2 Amalgamated Free Products of Dihedral Groups

For n > 3, let us consider the dihedral group D,, with a generating set
{a1,b1}. Since all subgroups of D2, are exther cyclic or dihedral, these cyclic
subgroups of order n/d are generated by < a.1 >, where djn, and the dihedral
subgroups of order 2n/d are generated by < af,ajb, >, wheredlnand 0 < r < d.
Firstly, by considering the subgroup H =< a1b1 > of Dy, and considering
another dihedral group Day, (m > 3) with a generating set {a2,b2}, we obtain
the Fibonacci length for G = Day *<a,b,> Dam with all related subgroups of
Dam. We should note that since the ordering in the generating set is important
while obtaining LEN, we will strictly use the notation LEN(4)(G) to reveal
the importance of the ordering that we use.

Then the first main result is the following.

Theorem 1 Let G = Dy, *<a,8,> Dam and K be a subgroup of Dop,.

i) For0<r <m, v #£1, if K =< aglbz > andm=1 mod (2r' —2), then

10m

LEN (@, p1.0200(C) = o35

ii) If K =< agby >, then LEN(a, by ,3,62)(G) = 10.

#4i) For an even positive integer m and a subgroup K =< ag’ LB

LEN(GI 1b1,a2,b3) (G)=10.

Proof. i) By a calculation using the sequence shows that the Fibonacci orbit
starts with the words

al, bl’ a2, b2’
-1
arbrazhy —aE -
-2
b1a2b2a2 = b1bza§ )

blazbza; = b1b2a2 .

agbgaz lblbga' =2 = beaj -2b 1boa] =2,

bad -1 b2a2 2b2a2 2b1b2a2 ~2 _ poal —1b2ar -,2 = a5},

a2 1b 1bea ‘2620.’" '2blb2a2 a;l= ag03 ~Zbyal ~ ay’ = a3by,
b1b2ag 252% 2b1b20«2 ay la2b, = 5205 _152 = a 2" +1

!
-2 1 "oy a4 _ o422 2
b2a2 blbza2 a2 a.zbga S+ = bya; ““biay v+ =03 v, 183 T+

2 tadboag

r +1 2r +2 a3 —27 +2 _ a.zbza ~2r +3b2b a—2r +2 _ a2r —Zbla—Zr +2
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bga r +l 2 —2r +2a 02—21‘ +2agr _2bla —2r +2 azbza;%r -{-:ib2 —2r’ +2 _ = ay,

- 1, -2 +2 -2 2 2r -2 —2r 42 ~3r +3 =2r +3 _
05" Hlag? +2a105% +2ad" ~%h105%" 20y = a5 ¥ *a;biaz? +S = by, .

Now, by replacing —2r' + 2 with &, we can consider what happens to the

orbit when we have a section of the form - -, afa;a§, a; ®b1a$, ag, by, - --
aefajaf,
a; %byag,
az,
b2, ’ ! ?
agayafa; “byaf azbz = agaj byafagbs = af byaghy = af -1,

- -2,

ay b1a2 agbgaz =ay ,"bgbza atr’
‘.‘2172&2 0'2 °b1bza atr -2 _ b20 2b162 -a+r —2
b2a2 (12 "blbga'°‘+' —2b2a—a+1‘ 2b bza-c-l-r -2 _ ag 1,
a; —la2 °’blbga, cx+r —2bza—a+r 2b1b2a -2 ;1 _ 02b2,

(12 blbza,"‘"'"' —2b2a ar+r —2b b2a2 ' a lagbz = a; —r +1

bz 2—a+r 2b1b2a—a+r -2 —la2bza—r +1 _ ag—2r +2 a;-2r +2

a2 a2b2a—r +1 ;z —2r +2 a0 g -2 +2 _ —-a+2r -2b atzx—2r +2
aboay 02 = a2,

! l
a;r +1a;: —-2r +20'1 ¢2x -2 +2 —a+2r —2b ag-2r +2a2 - bz,

r+1 a —2r +2, a—2r +2 -a+2r —2b aa-2r +2

vee

As in [5], the Fibonacci orbit can be said to form layers of length ten. In fact,
by using the above, the orbit becomes:

Ty =ay, 73 = by, 23 —02, $4=52- Sy

z = a2—2(r l)a a; 2(r = 0.2 l)b a—2(r —1)

z13 = ag, $114—bz, " ,

Zo1 = a-2-4(r —l)ala;“' _1),$22 — a;(r -l)bla;-4(r —l),

Tg3 = ag, ?124I=bz,"', , , ,
Tyomen = a2—2i(r -1)a1a2—2i(r D, z10isa = a2 =D bla;”(' -1,

T10i43 = G2, T10i4+4 = b2, +-

So we need the smallest positive value of i such that 2i(r = 1) = km, for k €N
If m={mod (2r —2), then i = Tzr—7) and the Fibonacci length is T2r_'7‘

i) We prove this by a direct calculation. We have the sequence
ay, by, az, by, arbrazhe = 1, braghy = arl, azbzalf1 = adby, baayladby = a3!,
al'la%bla; = a2by, a7 'a?biazladb; = 1, a?bjaz'adb; = a4,
a5 'aZbya; = by, adbrarby = ay, ajbrag = by, -

and the Fibonacci length is 10.
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441) The members of the Fibonacci orbit are

ai, bl’ Qaz, 62’ a;?"-lb% al_l) agbly az—l’ a%bZa a2?+1b2’ a, b11a21 b2 Tt

Hence the Fibonacci length is 10, as required. m

We can show that for the subgroup X =< aglbg >,
LEN(4, 0, ,61,02)(G) = %{:—;"5, where m =l mod4. Also, if K =< a;"/z >, then
LEN(Gz.bzyahbl)(G) = LEN(b3,a, b1,02) (G) =10.

Now let us consider the subgroup H =< af,a1b; > of Da,,, where d|n, d # 1
and d # n. We should note that if there exists a positive divisor d’ of m such
that & = 9, then one can pick the subgroup

K =<af df by > (1)
of Do, where 0 < ' < d'.
Corollary 2 Let G = Dan *<q¢,0,5,> D2m and let K be as in (1).

i) If' #1 and m=! mod (21 — 2), then

10m
LEN(al)bhahbﬂ)(G) = m.

i) Ifr' =1, then LEN(qg, b, a,,6:)(G) = 10.

Proof. In the proof of Theorem 1, the relation a} = 1 is never used in the
calculation of the Fibonacci orbit. Thus Dan *<ad 4,s,> D2m has the same
Fibonacci length of the group given by Theorem 1. m

Let us take the dihedral subgroups H =< a(b; > and cyclic subgroup

H=<a}*> . Then we have the following result.

Theorem 3 Let K =< agby > be a subgroup of Dyy,. Let G = Dy, %y Doy,
where f : H — K is an isomorphism.

i) If H =< alby >, where0<r<n,r#1 andn=1 mod(4r — 4), then

10n

LEN(a“bx,ambﬁ)(G) = (l, 4r — 4) )

i3) Let n be even. If H =< a.?/z >, then LEN(,, b, ,a3,5,)(G) = 10.
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Proof. We need to show that the Fibonacci orbit is of the form

2r=2)(j~1
( Q=
~ (r-2)G-3)
Qg ° b]_,
az,
ba,
al—r’
Z; = < _{ar-2)(j-6 —(2r-1)
a
2r=2)(§=7
ai__gu_z.'.‘r-zbl’
a;l,
agbg,
\ a;-l!
We use induction on j.
T =a,
Ty = bl:
T3 = ay,
T4 = b2:
z5 = arbjagby = a]”7,
ZTg = blazbzai_' = a%'z',
z7 = a2b201 Ta —2r - arblal—Sr = 4r—2b1

zg = b20'1_r 1- br 4r—2bl = b2aib1 = a2 l’

z9 =al™" 1')2' 4"2b1a —a1b1a2 = a3by,

j=1mod 10,
Jj =2 mod 10,
7 =3 mod 10,
Jj =4 mod 10,
J =5 mod 10,
7 =6 mod 10,
Jj = 7 mod 10,
J =8 mod 10,
J =9 mod 10,
7 =0mod 10.

r—1

Zy0 = a1_2' 4’"'2b1a la2by = a}"bjalb) = a]"2.

Let £ = 0 mod 10 and let us suppose that the result holds for all values up

to k + 5, in other words,

Tk4l =@

k(2r-2) _X(2r-2 1
) The2 = Q) b1, Tk4s = a2, Tres = bo, Thas = a;

-r

Now we have to show that the required result is true for the next ten entries.

Thes = Qy
Tr+r = agbzal™"a
Tkss = boai""a
ZTi49 = Qg
—(2"—'2)- (2r—1) M+4r-2
Tk4+10 = O
Te+11 = 0y
Tk4+12 = a2 a2b20.
Tk413 = azbga.
Th414 =

!2! —2!‘!:1[0[

Te415 = Ay
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_k(2r=2) - _k(2r-2) _ k(2r—23) 2r—1
blazbgai T=a, ° bla{bla{ T=a, (@r ),
_ﬂl's.-_zl_(z,-_l) ’,bla_ﬂl’;_’l_&.'.z _

--S’-’:—’l —(2r—1) ﬂ’-'f—’1+4r—2
— ol g _kgz.-zz —(2r— 1) k(?r-22+4r_2

-1
= boalby = a3 ",

—1

-1
biay” = afbie;” =
—l 2b2 - ar 1
k(2r-2 +47‘—2 _1 szar 1 _akSZr—2!+4r_3 _
1, (2r—2%§k+10)+1 a_gzr-zﬁhimz
r— 1 ‘2r—2§§k+10!+1 ]_._131'—35!51’(4-10!
-1 .Qﬂ)éﬂl.p] _&:ﬁéﬂﬂlb
12"—2!?#'0'102

biazby =

bl’

2r=—2){k+410'
| asyoeio
ay ,

by = a%bzazbz = ag,
162 = agboaz = by,
= a1byaghy = a]~



For simplicity, let us denote LEN(q, ,,a2,55)(G) for short by LEN. Here we
require LEN to be the smallest non-trivial integer such that

@roRLEN Ly
= a,

1
r— N
_ (3 2?1.5 b = by

ay 1

a

After the above progress, for k € N, we have
(2r — 2)LEN = 5nk.

Let n =1 mod(2r — 2). In this step, we have to consider ?172:——27 in two cases. If

(o iseven, then LEN = 2% and if yrggy isodd, then LEN = 2.

Theref btai
ereiore we obtain _ 1011,
T (L4r-4)
On the other hand, it is easy to see that if n =1 mod4, then
10n

LEN(bhaz,bz,a,)(G) = m

LEN

and if n =1 mod(2r — 2), then

10n

LEN@aps.000(C) = 73755

11) Since the members of the Fibonacci orbit are
Q, b11 a2, b?y ay 2 bl; a; -, a%bl, Qo 1: a;b% ay 7 bls ap, bly a2, b2""

the required length is clearly 10.
Also, LEN(bhaz.ba.ﬂx)(G) = LEN(az.ba,ﬂhbl)(G) =10.
Hence the result. ®

Remark 4 Let G = Doy, ¥y Daym. Let us consider the subgroup K =< a{,'bz >
of Doy in the case ' # 1. We should note that, for any generating set A =
{a1,b1,02,b2}, if H =< alby > (r # 1), then Fy(G) is not periodic. We also
note that if H = 1, then F4(G) is not a periodic sequence.

The following result is an easy consequence of Theorem 3.

Corollary 5 Let K =< ag’,agbg > and H =< a¢,afb; > be two subgroups of
Dy and Doy, respectively. If d = g;" and n =1 mod(4r — 4), then

10n

LEN(alnbliazvb?)(Dzn *H Dzm) = (l 4T - 4) '

By considering the 3-generator case, we have the following result.
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Theorem 6 Let G = Dan *<a¢, a,6,> D2m and K be a subgroup of Dom.

i) Let K be as in (1), then LENp, a;,,)(G) = 8.
i) If K =< agby >, then LEN(g, 5,,0,)(G) =8 and LEN 4y 4, ,)(G) = 4n.

iit) For an even positive integer m and d =n if K =< ay' /2 >, then

LEN@,,0,,5,)(G) = 8.

Proof. The proof is similar to the proof of Theorem 1. ®
We further obtain the following result as a consequence of Theorem 6.

Corollary 7 Let K =< af ,azb, > and G = Dpy %3 Do,

i) Ford = €% if H =< af,aib, >,then LEN, o, 5,)(G) = 8.
i) Let n be even positive integer and d = m. If H < a?/ 2 >, then
LEN(bz.nl,bl)(G) = 8.

Example 8 By [9), it is known that the eztended Hecke group H(),) is defined
by the presentation

<T, S, R|T*=8"=R*=1, RT=TR, RS=S"'R>.
Since H(\;) & D, xz, D, and the members of the Fibonacci orbit are
T, S, R, TSR, STS~!, §~', RS™%, STR, T, §, R,---,

the Fibonacci length of H()\g) is 8. Furthermore, as a special case, since the
eztended Hecke group is called the extended modular group T for q = 3, we also
have the Fibonacci length of T is 8.
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