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Abstract

In this paper, we give some identities involving the harmonic numbers
and the inverses of binomial coefficients.
Keywords : Inverses of binomial coefficients; Harmonic numbers; Com-
binatorial identities

1. Introduction and preliminaries

Binomial coefficients play an important role in many areas of mathemat-
ics, including combinatorial analysis, graph theory, number theory, statis-
tics and probability. The inverses of binomial coefficients are also prolific
in the mathematical literature, and the readers are referred to the papers
[1-4] for many results on the identities involving the inverses of binomial
coefficients.

In this paper, we establish some finite sums and some infinite series
which involve the harmonic numbers and the inverses of binomial coeffi-
cients. The identities of this type might not have been presented before.

Lemma 1 (see[3]). Let n and k be any nonnegative integers, then

(Z) T (n+1) /01 t*(1 — t)*kdt.

Lemma 2. Let m < n — 1 be a nonnegative integer, then
n

> (Z)?;(——:r)z;=2“Zm3(';’)<—1)kz(’°+:-i)(-1)]#.
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Proof. Let f(z) = z;k_m+1L;;S—L—( 1)™+1(22)™ In(1 + 2z).
Then

z": (n)zk(—l)k=[zn]2m(—1)m+1 Z ™ 2z
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This completes the proof.

In a similar way, we can obtain the following lemmas.
Lemma 3. Let m < n — 1 be a nonnegative integer, then

> OER-R@)ern ()

k=m+1 k=0 j=1

Lemma 4. Let j be a nonnegative integer, then

S () ey (et

=0 k=1

i(;;) o= 2 s (CTY)

The first identity of this lemma can be derived from [4, Theorem 2.1],
and the second identity can be found in [4, Corollary 2.3].

Lemma 5. Let j be a nonnegative integer, then

i n+k -1_ n (a+j-1\""
k T n-1 j !

k=3
S kT onn AT V)
g( k ) (-1)* =n2 1n2+nk§0( k ); el

The identities presened in this lemma can be found in [4, Corollary 3.7].



2. Summations involving the inverses of binomial coefficients

In this section, we present some summations involving the inverses of
binomial coefficients.

Theorem 1. Let j be a positive integer, then

g(z)-1(_;)k n+1( )"+ (- 1),( nl)_l.

Proof. Note that

SRS IO
oy k kE n Rl k
and . et .
2L\ TH(-1)F 1 Z_: (n—l)— k1
= (1),
Ej (k) k n 5 k
Then by Lemma 4, we obtain the desired results. O

Theorem 2. Let j be a nonnegative integer, then

i n+k "1__ n n+j—1)-l_(2n )_1
k Tn-1 j n+l/

k=j

n n+k -1 X 'n—l n—1 n+l (—l)k"'i
(~1)* = —n(-1) g
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Proof. By Lemma 1, we have

kz:;(n:k)'l=(n+1)/01(1—t)"kz_]tkdt+/ (l—t)nkz_;ktkdt

1
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which gives the first identity. By Lemmas 1, 2 and 3, we can also establish
the second identity. a

Theorem 3. Let j be a positive integer, then

ki(n-l-k) _ i(n+i-1)“_ (2:)—1,

=]

e LT Hb

k=j k=0 i=j

Proof. By Theorem 2, we have
z": n+k\7'1_ 1 Z n+k+1\"
'\ k k n+1 k
k=j =51
_1fn+i-1\""_ (m+2\7' 1 (241 “+ 2n +2\ 7}
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1fm+j-1 -1 _(2n -1
n n n !
then the first identity can be obtained. Next, since
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then the second identity can also be obtained. O



Theorem 4. Let j be a positive integer, then

Z(n-;—k) ';1;_,1,(”+i—1) ’
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Proof. Note that

I o (A I

k=j k=j-1

Thus in view of Lemma 5, we establish the second identity. In a similar
way, we can establish the first identity. a

Theorem 5. Let Hy = Z =1 } be the harmonic numbers, then

{Z n+k\7'1 _ . +"z":‘ n+1\ (-1)*H; )ka
2\ k) ¥~ (n-|-1)2 :
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Proof. We have
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which is the first identity. Next, let us establish the second identity:
& (n+ k) =k (=1)k+t !
> - (n+1+k) / (1 — )™ +Hgk gy
k=1 ( k k2 n + 1 Z k + 1 0
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The proof is complete. a

3. Summations involving harmonic numbers

Let Hy = Z ! be the harmonic numbers. Based on the results
given above, we estal;hsh in this section several identities involving both
the harmonic numbers and the inverses of the binomial coefficients.

Theorem 6. We have

n n n n 1
Z(k)Hk=2 Ho=) o (3.1)
k=1 k=1
2. /n kg 1
> (o) =1, (32)
k=1
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Proof. Let f(2) := Yz, Hiz* = 115 In 15, then
= 1 1 1
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> ()m - e
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Next, let g(2) := Ez’;j E=—-ln(l-2z)- Ei;i fkf Since
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Analogously, the identities (3.2) and (3.4) can also be obtained. O
Theorem 7. We have
n 1 ntl n izl k+1
n) _n+ 1 Z Z ( )( —: 21+
- 1y Z :
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Proof. Note that
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Then by Lemma 4, we can obtain the d&nred results. a
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Theorem 8. We have

n
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Proof. To establish this theorem, we should notice that

AR AR
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and n -1 ( l)ka n 1 n -1 (_l)k
> FF-niz()
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and make use of Theorem 1. O

Theorem 9. We have

20wt (7)) a0 )

k=1
nz22,
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Proof. Note that
=, /n+k L1l ~/n+k
() mein ()
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then by Theorems 2 and 3, we obtain the first identity. Note that
n+k k n+k x
N () I Z SN e
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then by Theorem 2, the second identity can also be derived. O
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Theorem 10. We have
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Proof. It is sufficient to notice that

e

k=1 3=1" k=j
and n
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k ko i\ k k
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and make use of Theorem 3.

Theorem 11. We have

2 /m+k\ n
> (%) mogim n22

k=1

(oo -1 2 - n j-1 _1\k
51 B2 SIE ()
k=1 n Jj=1 J k=1

Proof. First, by Lemma 5 and Theorem 4, we have

n+k n+k
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- 12 ( j ) -~ (n-1)2°
which is the first identity. Next, by Theorems 4, 5 and 6, we have
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This gives the second identity.

Theorem 12. We have

2 b\ SN (1) i 1
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This yields the first identity. By Theorems 3 and 5, we have

i(n+k) Z( 14 Z( 1)Ji(n:k)-1%
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This gives the second identity.
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