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Abstract

We recall from [13] a shell graph of size n , denoted C(n, n-3) , is the
graph obtained from the cycle C, (v, v, v;,...,v, ;) by adding n-3 consecutive
chords incident at a common vertex , say v, . The vertex v, of C(n, n-3) is
called apex of the shell C(n, n-3) . The vertex v, of C(n, n—-3) is said to be at

level 1.

A graph C(2n,n-2) is called an alternate shell, if C(2n,n—2) is obtained
from the cycle C,, (v, Vi, VyssVypy) DY 2dding m-2  chords between the
vertex v, and the vertices v, , for1sisn-2 . If the vertex v, of
C(2n,n-2) atlevel  and is adjacent with v, then v, is said to be at level

with a chord, otherwise the vertex v, is said to be at level | without a chord.
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A graph, denoted G(2n,, n, -2, k, 1) is called one vertex union of alternate
shells with a path at any common level I (with or without chords), if it is obtained
from & alternate shells C(2n,,n, -2)’s, 1<i < k , by merging them together at

their apex and joining &k vertices each chosen from a distinct alternate shell in a
particular level ! (with or without chords) by a path B, ; such that the chosen

vertex of the i th altemate shell C(2n,, n, -2) is at the (2i—1) th vertex of the
B,., for1sisk . We denote the graph G(2m,m -2, k1) as
G(2n,n, -2, k, 1,) if the path B, , joins the vertices only at the common Jeve/
1 with chords.

In this paper, we show that G(2n,,n, -2, k, I,) is graceful and admits an a -
labeling, for k21, n, 23,1sisk, and G(2m,n, -2, k, 1) is cordial, for

n=nz3, kzl, 1si<k.

1. Introduction
At the Smolenic symposium in 1963, Ringel conjectured that the complete graph
K,,,, can be decomposed into2m+1 isomorphic copies of a given tree with m

edges. In an attempt to solve Ringel’s conjecture, Rosa [12] introduced graceful
labeling, an @ -labeling and other labeling as a tool to attack the Ringel’s

conjecture.
A function f is called a graceful labeling of G with m edges, iff is an

injection from the vertices of G to the set {0,1,2,..,m} such that when each
edge uv is assigned the label | f(u) - f(v)| , then the resulting edge labels are
distinct. A graceful labeling f is called an @ -labeling of G if there exists an
integer A such that f(u)sA < f(v) (or) f(¥)sA < f(u) , for every edge
uvEE(G) . Agraph G admitting an O -labeling is necessarily bipartite.

Harmonious labeling was introduced by Graham and Sloane [9] in connection
with their study on error correcting codes. A function f is called harmonious

labeling of a graph G with m edges, if f is an injection from the vertices of
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G to the group of integers modulom , such that when each edge w4V is assigned
the label f(u)+ f(v) (mod m ), then the resulting edge labels are distinct.

Over the period, variations of these two labelings were studied with different
motivations. Chang [4] introduced elegant labeling as a variation of harmonious
labeling. A graph G with m edges is called elegan, if there is an injection
£:V(G)® {0,1,2,..,m} such that when each edge 4V is assigned the label

f)+f(v)(modm+1), then the resulting edge labels are distinct and non-
zero.

In [3], cordial labeling was introduced by Cahit as a variation of both
graceful and harmonious. A function f from the set of vertices of the graph G

to the set {0,1 } and for each edge uv assign the label |f(u)- f(v)| is called

cordial labeling, if the number of vertices labeled 0’s and the number of vertices
labeled 1’s differ by at most 1, and the number of edges labeled 0’s and the
number of edges labeled 1’s differ by at most 1. Though the cordial labeling
looks much simpler to graceful labeling, but it is surprising to note that there are

families of graphs which are graceful but not cordial, for example, K, is

graceful but not cordial.
The above labelings are not only useful in theoretical studies, but also play

an important role in applications, (refer [2]).
It is extremely hard to characterize graceful / harmonious / elegant / cordial
graphs. Also determining a graph is harmonious / cordial are NP-complete. Due
- to the inherent difficulties of these labelings, researchers have investigated these
labelings on various specific families of graphs.
A line of work on graceful graphs has concentrated on graphs related to the
cycles stemming from Rosa’s result [12] that a cycleC, is graceful if and only if

n=0.3 (mod 4). In [5], Delmore et al. proved that every cycle with a chord is
graceful. In this direction, Koh et al. [10] have shown that every cycle with £
consecutive chords is graceful for £ = 2,3 andp—3, and this result had been

. extended to all Z, where 4 < ¢ < n-4 by Goh and Lim [8].
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We recall from [13), a shell graph of size n , denoted C(n,n-3) , is the graph
obtained from the cycle C, (v, v, v;,..,,) by addingn-3 consecutive
chords incident with a common vertex, say v, . The common vertex v, of
C(n,n-3) is called apex of the shell C(n,n-3) . The vertex v, of C(n,n-3)

is said to be at the level | .

In [13], Sethuraman and Dhavamani have shown that one edge union of shell
graphs is graceful. In [14], Sethuraman and Selvaraju have shown that the one

edge union of shell graphs is cordial.
A graph C(2n,n-2) is called an alternate shell, if C(2n,n-2) is obtained from

the cycle C,, (v, %, V35 ¥y,,) by adding n—2 chords between the vertex v,
and the vertices V,,,, , for 1<i<n-2. If the vertex v, of C(2n,n-2) at level
] and is adjacent with v, then v, is said to be at level | with chord, otherwise
the vertex v, is said to be at level [ without chord.

Let C(2n,m, -2) , C(2ny,n,-2) , ..., C(2n,,n, —2) be any k alternate
shells, without loss of generality, we assume that a, <n, <...< n, . The alternate

shell C(2n,,n, -2) is called i th alternate shell. Let gc(zn,,n, -2) denote the
one vertex union of k alternate shells C(2n,,n, -2)’s, for 1< i < k , obtained by
merging the apex of each of these k alternate shells together. Let v, denotes
the common vertex of QC(Z"“"’ -2), and let v, ; be the vertex of the i th

alternate shell C(2n,,n, -2) atthe j th level, where 1< j < 2n, 1. The (i—1)
th alternate shell C(2n,_,,n,_, -2) and the i th altemate shell C(2n,,n, -2) are

said to be adjacent alternate shells in ﬁc(zn,,n, -2),for 2sis<k.
=1
We arrange the vertices of each alternate shell C(2n,,n, -2) ’s excluding the

apex V, in the one vertex union of alternate shells lfJC(zn,,n, -2) with certain
=1
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hierarchy, so that £ suitable common level vertices (with chords and without
chords) can be identified for joining them by a path B, .

Level arrangement of first and second alternate shells
First arrange the vertices of the first alternate shell C(2n,,n, —2) as a chain

V.15 Vi,20 ++0s Vi, 20, 1 Such that v, is in the bottom level vertex and v, ,, , is
in the top level vertex of C(2m,n ~2) . Now we armange the vertices of
C(2n,,n,~2) asachainvy,,v,,,..v,,, , such that the top level vertex
V2 Of the first alternate shell C(2n,n, -2) and the top level vertex
Vy, 20,1 Of the second alternate shell C(2n,,n, ~2) are in the same level, so that
the bottom level vertex v, , of the first alternate shell C(2n,,n, ~2) and the

verteX V, o, ams1 of the second alternate shell C(2n,,n, ~2) are in the same

level.

Observe that there are m;  pairs of vertices (Vl 2m -v"z,z»,-x) ,
(vl,2n|-3’v2.2n3-3 ), ...,(vu, vmh_z,w) are in the same levels with
chords, and n, —1 pairs of vertices (Vl.zq-zsvz.z»,-z ), (v,'z,,’ 4> V2, 2m 4 ),

'"’<V1.2’ V2, 20, ~2my42 ) are in the same level without chords, see Figurel.
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Figuro 1 : Lovel rangement of C(20,, 0, -2) aad C (20,1, - 2)

Level arrangement of i th alternate shell
When 3sisk andi odd, arrange the i th alternate shell C(2n,,n,-2) asa

chain Vi, 15,205 Vi 20,41 such that the bottom level vertex v,_, ; of the
(i-1) th alternate shell C(2n,,, n,_, -2) and the bottom level vertex v, ; of
the i th alternate shell C(2n,,n, —2) are in the same level, so that the top level
vertex v, o,  Of the (i-1) th altemnate shell C(2n,,, n,_ ~2) and the

vertex v, ,, _, ofthe i th alternate shell C(2n,,n, —2) are in the same level.
Thus, there are 1,_, pairs of vertices (v‘_ L1 Vit ), (v‘_“, Vi3 ) seres

(v,_ L 2n <15 Vi, 20,41 ) are in the same levels with chords, and there are
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n_,-1 pairs of vertices(v,_l' 25 v,’z) , (v,_,' 4 vM) yeers
<vi L 2ng-20 Vi 20,2 ) are in the same levels without chords.
=% 1™ il 1™

When 3<isk andi even, arrange the vertices of the i th alternate shell

C(2n,,n,~2) asachainy, ,, v, 5, ,Vi20 such that the top level vertex

Viet, 2n,,-1 of the (i ~1) th alternate shell C(2n, ,, n,, -2) and the top level

vertex v, ,, _, of the i th alternate shell C(2n,,n, -2) are in the same level, so
that the bottom level vertex v, ; of (i —1) th alternate shell C(2n, ,, n,, -2)
and the vertex V, 5, , .1 Of the J th altenate shell C(2n,,n, -2) are in the

same level.

Thus, there are #,_,  pairs of vertices (vi-l.m;-l’ V;, 28 -1 ) ,

<v,_,, 2n,,-3> Vi, 20,3 >, ...,(v,_,, 1> Vi2n-2n_, 41 ) are in the same levels

with chords, and n,_, -1  pairs of vertices (v,_,. 28,25 Vi, 202 ) ,

<V1.1, 2n_,-4> Vi, 2,4 >, ...,<v,.,' 29 V:,zn,-za,.l+2) in the same levels

without chords.
We refer the above hierarchical level arrangement of vertices of the

alternate shell C(2n,, n,-2) in UC(2n,n,~2) is called Top-Bottom -Level
f=]

arrangement (TBL- arrangement). In the TBL-arrangement of LkJC(zn,,n‘ -2)
P

there are m, levels of vertices in each alternate shell which are in the common

level with chords and m, ~1 levels of vertices in each alternate shell which are
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in the common level without chords, the vertices in the common levels with
chords are called common level vertices with chords, and the vertices in the
common level without chords are called common level vertices without chords.

Observe that, there exists #, different sets of common level vertices with chords

where each set containing a vertex from a distinct altemate shell C(2n,, n, ~2),

for 1si<k , and there exists m, —1 different sets of common level vertices
without chords where each set containing a vertex from a distinct alternate shell
C(2n, n,-2),forl<sisk.
Let fJC(zn,,n, ~2) be one vertex umion of ¥  alternate shell
l=]

C(2n,n,-2)’s,1si<k , with TBL- arrangement, choose k¥ vertices, each
from a distinct alternate shell C(2a,, n,-2) , such that they are in any fixed
common level / (with or without chords). Join these & vertices by a path P,
such that the i th alternate shell C(2n,, n,-2) at the (2i-1)th vertex of B, , .
The vertex W, of the path B, , is called middle vertex between the i th
alternate shell C(2n,, n,-2) and the (i +1) th altemate skell C(2a,,,, n,,,-2),
for 15§ <k -1. The graph thus obtained is denoted by G(2n,, n, -2, k,I) and
is called one vertex union of k alternate shells with a path P, , at any common
level | (with or without chords).

In particular, we denote the graph G(2a,n,-2,k,I) as
G(2n,,m, -2, k,1,) ifthe path P, , joins the vertices only at the common level

| with chords, see Figure 2.
We observe the following two observations from the graph G(2n,,n,-2,k, /).

Observation 1
In each of the alternate shell C(2n,, n, ~2) excluding the apex v, there isa

path B, , oflength 2, —1 in GQ2n,, n,-2,k,)),for1sisk.
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In the path P, , of G(2m,m -2,k 1) joining the k alternate shell with
alternate vertices, there are k vertices which are common to the path F,, ; and
the £ alternate shell, called shared vertices of the altemating path P, , in
G(2n,,n, -2, k, 1), and the (K —1) middle vertices W, ’s (1 i< k-1) which
lies only on the path P, , .

By the construction of the graph G(2n,, n, -2, k, ), there is no odd cycle.
Therefore, G(2n,, n, -2, k, I) is a bipartite graph.
Rosa [12] has proved the following significant theorem.

Theorem [Rosa].
If a graph G withm edges has an O. -labeling, then there exists a cyclic

decomposition of the edges of the complete graph K, pmel into sub graphs

isomorphic to G , where D is an arbitrary natural number.

In 1996, El-Zanati and Vanden [6] have proved the following theorem.

Theorem [El-Zanati]
IfG hasm edges and admits an Q. -labeling then Km.w can be
partitioned into sub graphs isomorphic to G for all positive integers p and

q.
Observation 2
When 7, = n, for 1 <i <k , then we denote the graph G(2n,, n, -2, £, 1)

as G(2n,n-2,k,I) . We amange the ¥  copies of the altemate shells
C(2n, n-2)’sin G(2n,n-2,k,I) as first, second,..., k th copy. Observe that
there are 2n— 2 pairs of vertices which are in the common levels between any

two adjacent copies were not joined in the path B, , . Join 2¢ P, paths between
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2t pairs of vertices where each pair of vertex is selected from any adjacent

alternate shells in the same common level. The graph thus obtained is denoted by
G(2n,n-2,k,1,2¢) ,where 1<t s (k-1)(n-1).

In this paper, we show that the graph G(2n,,n,-2,%,1) is graceful and admits
an O -labeling, for n, 23,1<i<k, k=1. Thus it follows from Rosa’s [12] and
El-Zanati’s [6] theorems. We show that the graph G(2n, n-2, £, [) is cordial, for
n=3, k=1, and the graph G(2n,n-2,k,1, 2t) is cordial, forp=3, k =1.

Finally, we discuss related open problems.
2. One vertex union of alternate shells with a path at any common level
with chords is graceful

In this section, we show that the graph G(2n,,m, -2, %, 1) one vertex union

of k alternate shells C(2n,, n,-2)’s with a path P,, ; at any common level ]

with chords is graceful and admits an @ -labeling, for n, 23, 1<i<k, k=1.
Theorem 1. For k=1, m 23,1sisk , the graph GQ2n,,n -2,k,1) s

graceful.
Proof. Let G(2n,,m, -2,k,1) be the one vertex union of £ alternate

shells C(2n,, n,~2)’s with a path F,, , at any common level / with chords,

for n, 23, 1sis<k, k=1.

k 3
Observe that |V(G(2n,, n, -2, k,1,)] = Z(Zn,-l)-l-k =2Zn. ,and

|EG@n,n,-2,k,1) = 2(3;:,-2)»,2(1;-1) =3(2n,)-2.
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Figure 2 ; The graph G(2n, n;2, k, D with k even

Let m =|E(G(n, n -2 kL) -
For the convenienée of graceful labeling, we rename the vertices of
G(2n,n,-2,k,1,) 8 shown in Figure 3.
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Define ¢ :¥(G@2n,n, -2, k1)) —{0,1,2,..,m} by

¢ () =0, ¢(v,)-{m-(j-l), for lsjszn, , and

¢(“1)'{”’*’1"’j‘2£"n Jor lsjs(in,)-l .

k

It is clear that the vertex labels ¢ (v;)’s, for Osszn, ,and

k
¢ (u;)s, forlsjs(zn,)-l are distinct.
Let A be the set of edges of G(2n,, n, -2, k,1,) which are adjacent to v, , that
L3
is, A={(v,,,v,) EE(G(2n,,n,~2,k,1)), forls szn,}-

Let B be the set of edge of G(2n,,n, -2, k,1,) whicharenotin 4.

Let A" and B’ denote the sets of edge labels of the edges of the sets A and B

respectively.
Observe that

A'-{m, m-l, m-z,..-,m‘l'l'Zn‘ } ’

B'-{m—(Zn,), m-(Zn,)—l,...,3,2,l}.

It is clear that the edge labels in the sets 4’ and B’ are distinct, and
AUB ={,2,3,.,m-1,m}
Hence, G(2n,, n, -2, k,1,) is graceful.

526



.‘>€ () oee

1
£
Ll
L]
L3
L3

ES
)
-~

2 -1

oee() ()

OME 0) + 1
O 111.)02
&

ln')
> ln,)u

Figure 3 : The graph G (20, n;-2, k, |) with k even

From Theorem 1, observe that for every edge wwE E(G(2n,,m, -2,%,1.))
3
such that f(u)sA <f(v) OF f(¥)<A<f(u) , where ) .m_zn, , hence

G(2n,, n, -2, k,1,) admits an G -labeling.
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The following two corollaries are an immediate consequence of Rosa’s Theorem
and El-Zanati’s Theorem.

Corollary 1.
The complete graphs K, me1 €A1 be decomposed into sub graphs isomorphic to

G(2n,,n, -2, k1), where m =|E(G(2n,,n,-2,k,1,))|, and p is an arbitrary
Dpositive integer.

Corollary 2.
The edges of the complete graphs Km-w can be partitioned into sub graphs

isomorphic to G(2n,,n,-2,k,1.) , where m = |E(G(2n,, n -2k, Ic))l , P and

q are arbitrary positive integer.

3. One vertex union of copies of alkternate shells with a path at any
level is cordial
In this section, we show that the graph G(2n,n-2,k,7) the one vertex

union of X copies of alternate shell C(2n, n—2) witha path P, ; atany level
1 ( with or without chords) is cordial, for n = 3, k =1. We also show that the

glaph G(znvn_ztk9la2‘) iscomm for n23, k&l, lstS(k—l)(u-l)-

Theorem 2.
For n=3,k =21, the graph G(2n,n -2, k, ) is cordial.

Proof. Let G(2n,n-2, k,I) one vertex union of § copies of the alternate

shells C(2m, n~2) with a path P, | at any level ] ( with or without chords),

whose vertices are described as shown in Figure 2, where

B=n=..=n=n.
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Observe that |V(G(2n, n—-2, k, I))| = 2kn,

|E(G(2n, n-2,k,D))] = 3kn-2.
Define ¢:V(G(2n,n-2,k,D)—{0,1} by ¢ (%)=0,
Labeling of the first copy in G(2n, n-2, k, I)
For1sj<2n-1,

1, if jm1,2 (mod 4)
o) '{o, i 103 (mod 4)

Labeling of the i th copy in G(2n,n-2,k,1)
Let ¢(v,_,)=l-¢(v,_,.,), for 2<sisk,1s js2n-1.
Labeling of middle vertices in the path P,

L, forlsi<k-1landiodd
Let -
¢(w,) {0, Jorl<si<k-1andieven

Let ¥, and V; denotes the set of vertices of G(2n,n-2,k,I) were

assigned the labels 0’s and 1’s respectively.
Let E, and E, denotes the set of edges of G(2n,n-2,k,I) were having the

labels 0s and 1’s respectively. Let A= ()4, , where 4, be the set of all edge
1=l

labels of the edges of the i th copy of the alternate shell which are adjacent to

V, , that is,

4= fo)-00v,)] for 12 j = 2n-1}.

Let B be the set of all edge labels of the edges of the paths F,, s in each copy
of the k alternate shells C(2n, n-2) . Let C be the set all edge labels of the

edges of the path B, , atany level [, where /€{1,2,3,...,2n -1}
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Table 1. Edge labeling of G(2n,n-2,%,1).

Nature | Nature The edge labels sequence for the set Relation
of k |of 2n 4, B C between
iml,3 [im0,2[i=0L23(7a12]Im0,3] |E| and
(mod4) |(mod 4)| @04 4) {(mod 4) [(mod 4) )

1

Odd l4r laoy |01y [ *|OD* [10)** |E,|=|E]
4r+2 |(10)r1 (010 (0D (o1y*-! (10)1:-1 |Eo| =|B| -1
Bven [4r a0y |01y [on®-¢[(on* |10)*! |Eo| = |E)|
4r+2110y1 (01’0 |(OD®*{OD* [10)*" |E,|=|E|

From the Table 1, it is clear that the graph G(2n, n-2, k,/) is cordial.
Corollary 3. For k21, n=23, the graph G(2n,n-2, k,1, 2t) is cordial, for
Ist<(k-D(n-1).

Proof. The graph G(2n,n-2, k,1) is cordial. Observe that, any two adjacent
copies of the alternate shells are complement to each other in G(2n,n-2, %,1) ,
therefore joining any two adjacent copies of an alternate shell by a path P, with

middle vertex having the label 0 or having the label 1 will give one of the edge
label as 1 and the other edge label as 0.
From Observation 2, join ¢ P, paths having middle vertex labeled 0’s and

t P, paths having middle vertex labeled 1’s between any adjacent alternate

shellsin G(2n,n-2,k,1).
Hence, G(2n,n-2, k, 1, 2t) is cordial.
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4. Discussion
In Section 2 of this paper we have shown that the graph

G(2n,,n,—-2,k,1.) the one vertex union of k alternate shells with a path F, |

at any common level [ with chords is graceful. We feel that tendency towards
having the graceful labeling of G(2m,,n, -2,k,7) the one vertex union of k
alternate shells with a path F,; , at any common level / without chords seems

to be negative. It prompts to ask the following question.
Is G(2n,,n, ~2, k,1) the one vertex union of Kk alternate shells with a path

B, , at any common level | without chords graceful, for k=1 ,n, 23,

I<i<k?
In Section 3 of this paper, we have shown that G(2n, n~2, k, ) is cordial. It

appears that proving the cordialness of G(n,, n, -3, k,) for arbitrary 7, ’s, seem

to be hard to establish. So we conclude this paper with the following question.
Is G(n,,n, -3, k,I) the one vertex union of k alternate shells with a path P, ,

at any common level | (with or without chord) is cordial, for all

mz3 lsisk, k217
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