A CONVOLUTION FORMULA FOR BERNOULLI
POLYNOMIALS
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ABSTRACT. In this note, we establish a convolution formula for Bernoul-
li polynomials in a new and brief way, and some known results are
derived as a special case.

1. INTRODUCTION

The classic Bernoulli polynomials B,(z),n = 0,1,2,--- , are usually de-
fined by the following exponential generating function

tet > "
= Z(,B"(x)m (It] < 2m). (1)
In particular, B, = B,(0) are called Bernoulli numbers.
In the present note, we will be concerned with the convolution formulae
for the Bernoulli polynomials and numbers. The best known such convolu-

tion relation is Euler’s formula
n

Z ('Z)BiBn..i =-nB,_1 — (n - I)Bn (n >1), (2)
=0
which can be rewritten as

(Bo+ Bo)" = —nB,_1 —(n—1)B, (n21), (3)

by using the umbral calculas. Very recently, by making use of some connec-
tions between the Bernoulli numbers and the Stirling numbers of the second
kind, Agoh and Dilcher [1] obtained an explicit formula for (Bi+ Bp,)" with
arbitrary fixed integers k,m,n > 0, by virtue of which they deduced some
surprising and unusual recurrence relations for Bernoulli numbers. Also,
see [4] for a different proof of the Agoh-Dilcher’s identity by applying the
extended Zeilberger’s algorithm.
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Motivated by the work of Agoh and Dilcher, in this note we shall give
the expression of (Bk(z) + Bm(y))" for any non-negative integers k, m,n in
a new and brief way. For convenience, in this following we always denote
B_p(z) = 0 for any positive integer n.

Theorem 1.1. Let k,m,n be any non-negative integers. Then

n

Z (7:) Bie+i(z) Bmn-i(y)

i=o— —(—k:k%(n + 8(k,m)(k +m + 1)) Bxam4n(z + )
+’:+Z:( 1) k*'{ ( ) (ifl) }Bn-1+i($+y){%%
o) () st B

where 6(k,m) = —1 when k = m =0, d(k,m) =0 when k =0,m > 1 or
m =0,k > 1, and §(k,m) =1 otherwise.

Theorem 1.1, as well as the identity of Agoh and Dilcher, leads to several
important arithmetic properties of Bernoulli polynomials. For example,
setting n = 0,y = 1 — z in Theorem 1.1 and then using Bn(1 — z) =
(=1)"Bn(z) (n > 0) and Banyy =0 (n 2 1), we derive

By(z)Bm(z) = Z{"‘(ﬁz) + k(g:) }Bzi%f_nm__ﬁ%)-
' T .
&+ m)!

which appeared in (3, 6] in different ways, and was used by Carlitz [2] to
give the proof of a reciprocity formula of the generalized Dedekind sums.
Similarly, setting n = 0,z + y = 1 — z in Theorem 1.1 we get

(=1)* & [k Brnyi(W) 1) \Buri(@)
A ; (i)Bk-—i(Z) m++i ‘z_; ( ) m—t( k-l:l- i
= (—1)k+m (k- 1)!(2':;;3)!!Bk+m(z) + Bklfl') Br;iy) 5)

with k,m being both positive integers, which was discovered and used to
deduce an extension of the Woodcock'’s identity [9] by Pan and Sun [7] who
made use of an symmetric relation for Bernoulli polynomials due to Sun
(see (1.14) in [8] or Corollary 1.4 in [5]).

+ (_1) (kam 2 l)a (4)
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2. AN AUXILIARY THEOREM

We deduce Theorem 1.1 from our following auxiliary result.

Theorem 2.1. Let k,m,n be any non-negative integers. Then

n

> (7) Bie) + Bman-its)’

i=0

k+n e fm+1
L ( )( 1™ B 41 (2) Bignorsi(z + 9)
i=0

k
++n

(y)Bk+n—1(w + y) + Bm(y)Bk+n(x + y)

Proof. Observe that

ve® (u+ v)e¥(utv) evt yelsty)v
ev -1 evtv-1 (u+v) -1 ev-1

e1=2)u (y 4 y)e(@+¥)(uty)
ev—1 evtv —1

Now, making k-times derivative for the above identity (6) with respect to
v, with the help of the Leibniz rule we derive

j/dvi\ev —1)dvk-i evtv — 1

=0
_ ue¥® dF [velsty evs gkl fyeletu)y
T e —1dvF\ ev -1 et —1dvk-1\ ev—1
+ v eyu dk ve(z+y)” —ve(l_z)u d—k (u + v)e(:"'y)(u"'u)
et —1dvk\ ev—1 et —1 dok eutv — 1
(1—z)u qk-1 (z4+y) (u+v)
~ k& _(lutvle G
e* — 1 dvk-1 evtv —1
Note that
_ — m+1 (:L‘) u™
Z “m+1 ml (8)
and
(u +v)ez(u+v) oo o0 u™
T - 3 S B S Y 0
m=0 n=!



By putting (8) and (9) into (7), in view of the Cauchy product and the fact
B,(1 - z) = (-1)"Bn(z) (n > 0), we derive

> ()
) Birs (@) Brsman—ics 0] o o
m=0n=0"%i=0 j=0 J ? e ’ m! n!
o kBm+1(y)Bin—1(z +y) | u™ v
= 33 [Butw)Brinte-+4) + Pt et C 2D S
o )
k v Bpnt1(y)Be4n(z +y) u™ v
+un2=:Bk+"'l(m+y) +"§Z~; m+1 m! nl
1 oo m-— n+1
+;ZBk+n(x+y)—— - Z ZBk+m+n($+y) T
n=0 m=0n=0 )
® oo m m mai m+1_‘(m) u™ .Un+1
+2.2 [ (F)en Bt O Bevste+9) | T

mvn

3 - - m ‘Bm -t
+kz=:onz~o[,z(;< ) nm mrl (x)Bk+n-1+:(:z:+y)] — 7
o0 o0
—k Z Z Bk+m+n—

m=0n=0

~ (10)

Thus, Theorem 2.1 follows immediately by comparing the coefficients of
u™v™*! /min! and v™/m! in (10), respectively. m]

3. THE PROOF OF THEOREM 1.1

Proof of Theorem 1.1 via Theorem 2.1. By setting k = 0 in Theorem 2.1,
we have

Bm ..i(.’B)
m+t . +1
(Bo(z) + Bm(y))"= n§ ( ) B 14i(z +y)——m+ T
_ nBmyn(T +Y) + nBm+1(y)Br-1(z + v)
m+1 m+1
+ Bm(y)Bn(z +y), (11)
which means the case §(k,m) = —1 or 0 in Theorem 1.1 holds.

Next, consider the case d(k,m) = 1. We shall use induction on & in
Theorem 2.1 to prove Theorem 1.1. Taking k£ = 1 in Theorem 2.1, in light
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of (11) we obtain

(Bi(z) + Bm(v))"
- (Pt DBeenttlE 40 4 B ) B +)
L2 =) Bmi1(4)Bn(z+y) _ nBm+2(y)Bn-1(z +y)
m+1 m+2
m+1
+ g( 1)m+1( ( ) _ (z"_nl)) n—1+;($ +y) m-;-22‘($)

which implies the case k = 1 of Theorem 1.1. Now, assume that Theorem
1.1 holds for all positive integers being less than k. By Theorem 2.1 we
have

(Bi(z) + Br(v)"

m(Y)Bian(T +y) + (k +7)Bmi1(4)Besn—1(z +9)

m+1

k+n sy m+1 i
+m + 1 ( )( 1) + Bm+l—t(z)Bk+n—l+z($ +y)

-y ( ) 3 ( )B.+,(z)3k+m+n_.-, (v)

=0 j=0
(k + 1)Bm+1(y)Brsn-1(z + y)
m+1
k+n)B m4n(Z + n
k+n o (m+1

= Bn(y)Br4n(z + ) +

1 i ) (—1)m+iBm+1—i($)Bk+n_1+i(.'z: + y)

m+
k-
Z ( )(B,(:t) + Bk+m—.1(y)) . (12)
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Applying (11) and Theorem 1.1 to (12) we derive

(Bk(x) + Bm(y))"
k B _
= Bn(4)Bisn(z +y) + EX 1 Emt10Brinoi(z +0)
k+n)B m+n(T +
_nBiim+1(¥)Ba-1(z + ) N nBrimin(T +Y)
k+m+1 E+m+1

k+m

+> (- 1)"+"‘+‘{(k+n)( )

=0
k+m Biym41-i(Z)
n( i )}B"—1+'($+ )k+m+1—z

(k +m+ nk++17)nB:+1,,.+,.(z +y) & Z ( ) / (k + m)

Er B () b()

=0

B . _ Biym+1-i(y)
(am=i)(, 1) PBecsaste+ ) primeis )

Fem B ertr)

=97 e roiimas® o

Note that for any non-negative integers ¢, k, m,
k

(k) _k+m+1 Y k\ /m +_7 wf m
JZO(kJ;m) N jgo( 1)](]-)( ) =(-1) ( ) (14)
It follows from (14) that

S0/ (47 - e - e

() -eo((2)-(5)-(0)
3w () (7)o ) -+()
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Sk m - 2(5) (1)

Jj=1

=_m(ifl) —(‘l)k(k+m)(i-(-)l) +m(i-’8—1) +k<i-(-)’°)'

Thus, by applying the above five identities to (13) we conclude the induction
step after simple calculation. We are done. o

4, CONCLUDING REMARKS

To conclude this note, we remark that the convolution formulae involving
the Euler polynomials given by

2 Y E@L (H<m (15)

n=0
can also be easily derived by using the above methods, as follows,

n

Z (?) Ey1i(z) Brmn-i(y)
=0
li?( l)k-“{ ( ) (2 f 1) }Eﬂ—l-H(x + y)Ek-l-m—i(y)

=0
k+m
+ Z ( )( —1)™**Bryi(z + ¥)Extm-i(z) (k,m,n>0), (16)
i=0
and
Z( )E’C+t(z)Em+n-s(y)
i=0
k4+m
Biim —i(y)
- _ ki +m+1
-2 ,Z; ( )( IR sy
k+m
- Biomt1-i(Z)
— —1ym+i X +m+
2 ,Zg ( ) R SR sy p
kim!
+ 2———(k Tmt 1)!Ek+m+n+1(1‘ +y) (kym,n=0), (17)
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which can be regarded as the further generalization of the formulae for (12)
and (16) in [6] and (2.12) and (2.16) in [7]. We leave them to the interested
readers for an exercise.

ACKNOWLEDGEMENT

The authors express their gratitude to the referee for his or her helpful
comments and suggestions in improving this paper.

REFERENCES

(1) T. Agoh, K. Dilcher, Convolution identities and lacunary recurrences for Bernoulli
numbers, J. Number Theory 124 (2007), 105-122.

[2] L. Carlitz, A theorem on generalized Dedekind sums, Acta Arith. 11 (1965), 253-260.

[3] L. Carlitz, Note on the integral of the product of several Bernoulli polynomials, J.
London Math. Soc. 34 (1959), 361-363.

[4) W.Y.C. Chen, L.H. Sun, Extended Zeilberger’s algorithm for identities on Bernoulli
and Euler polynomials, J. Number Theory 129 (2009), 2111-2132.

{5] Y. He, W.P. Zhang, Some symmetric identities involving a sequence of polynomials,
Electronic J. Combin. 17 (2010), #N7.

(6] N. Nielsen, Traité élémentaire des nombres de Bernoulli, pp.75-pp.78, Gauthier-
Villars, Paris, 1923,

(7] H. Pan, Z.W. Sun, New identities involving Bernoulli and Euler polynomials, J.
Combin. Theory Ser. A 11 (2006), 156-175.

[8] Z.W. Sun, Combinatorial identities in dual sequences, European J. Combin. 24
(2003), 709-718.

[9) C.F. Woodcock, Convolutions on the ring of p-adic integers, J. London Math. Soc.
20 (1979), 101-108.

1. FacuLty OF SCIENCE, KUNMING UNIVERSITY OF SCIENCE AND TECHNOLOGY, KuN-
MING, YUNNAN 650500, PEOPLE’S REPUBLIC OF CHINA
E-mail address: hyyheQyahoo.com.cn

9. DEPARTMENT OF MATHEMATICS, NORTHWEST UNIVERSITY, XI'AN, SHAANXI 710069,
PEOPLE’Ss REPUBLIC OF CHINA
E-mail address: wpzhang@nwu.edu.cn

104



