On the strongly c-harmoniousness of cycle
with some chords *

Zhihe Liangt
Department of Mathematics, Hebei Normal University
Shijiazhuang 050016, P. R. China

Abstract. For1 < s < n—3,let Cn(3;41,49,---,1,) denotes an n-
cycle with consecutive vertices z;, z2, ..., £, to which the s chords
Zi%i, , LiTiy, ..., TiZ;, have been added. In this paper, we discuss
strongly c-harmonious problem of the graph Cp(i;%1,%2,: " ,1s).
A shell of width n is a fan C,,(1;3,4,---,n — 1) and a vertex with
degree n — 1 is called apex. M S{n™} is a graph consisting of m
copies of shell of width n having a common apex. If m > 1 is odd,
then the multiple shell M S{n™} is harmonious.

Key words: harmonious graph; strongly c-harmonious graph;
labelling; cycle; chord; multiple shell

Mathematics Subject Classifications: 05C78,05C90,05B30

1 Introduction

Graphs labelling, Where the vertices are assigned values subject to cer-
tain conditions, have often been motivated by practical problems. Labeled
graphs serves as useful mathematical models for a broad range of appli-
cations such as Coding theory, including the design of good radar type
codes, synch-set codes, missile guidance codes and convolution codes with
optimal autocorrelation properties. They facilitate the optimal nonstan-

dard encoding of integers. Harmonious graphs naturally arose in the study
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by Graham and Sloane [1] of modular versions of additive base problems
stemming from error-correcting codes. They also proved that some graphs
are harmonious. Only graphs without loops, isolated vertices and multiple
edges will be considered in this paper. The symbol Z, denotes a ring of
integers modulo n. Graph G=(V, E) is said to be a (p,q) graph if it has
p vertices and g edges. If there exists an injection f: V — Z;, such that
the induced mapping f*(uv) = f(u) + f(v) (mod g) is a bijection from E
onto Zg, then f is said to be a harmonious labelling of G. A graph which
admits such a labelling is called a harmonious graph. Chang, Hsu, and
Rogers (see [3]) and Grace (see [4], [5]) have investigated subclasses of har-
monious graphs. Chang et al. defined an injective labelling f of a graph G
with g edges to be strongly c-harmonious labelling if the vertex labels are
from {0,1,...,¢4— 1‘} and the edge labels induced by f*(zy)=f(z) + f(v)
for each edge zy are ¢,c+1,...,c+ g — 1. Grace called such a labelling
sequential labelling. By taking the edge labels of a sequentially labeled
graph with ¢ edges modulo g, we obviously obtain a harmoniously labeled
graph. It is not known if there is a graph that can be harmoniously labeled
but not sequentially labeled. S. Xu in [6] proved that all cycles with a
chord are harmonious except that Cg and the distance in Cg between the
endpoints of the chord is 2. In [8] Deb and Limaye showed that a variety of
multiple shells are harmonious and they conjectured that all multiple shells
are harmonious. Gallian in [7] surveyed the results on harmonious labelling
of graphs and opened the problem whether a cycle with some chords are
harmonious or not.

For1 < s<n — 3, let Cyn(;41,12,--+,%s) denotes an n-cycle with con-
secutive verticeé T1,%2,...,Zn to wWhich the s chords z;z;,, z;zi,, ..., Ziz;,
have been added. In this paper, we shall discuss the strongly c-harmonious
problem of the graph C,(%;%1,%2,---,%,), and obtain the following graphs



are strongly c-harmonious. Let n = k(mod 4)

k graph range of t range of s
all Cn(1;3/4,..,n-1)
1,3 Cn(1;4,5,..,n-2)
all  Ca(1;5,6,...,n-3)

2 Cn(1;34,..,t+2) 4s-2,4s-1  [1,|23L
0 Ch(1;34,..,t+2) 4s-34s-4 [1, [i
1 Cn(n;2,3,...,25,25+1) 1, —4—
1 Ca(n;2,3,..,2s) (1,25
3 Cn(n;34,..,25+1,25+2) 1, 23]
3 Co(ni3A4,.25+1) L, =
1 Cn(n;4t+2,4t+3,... 4t +s+1) >0 >12t+s< 252
3 Cn(njdt+3,4t+4,...4t+5+2) >1 >12t+s< "-3
1,3 Cn(n;3,5,..,25+1) 1, '*T-"]
1,3 Ca(pl; 245 8 | ntl o) 1, 251]
0  Cn(1;n-1,n-3,...,n-2s+1) 1, 252
3  Cn(ni4s,...,2+2s) 1,233]
1 Cn(1;n-1,n-2\n-4,...,n-2s) 1, ”T‘a]
2 Ca(3;n,n-1,n-3,...,n-25+1) 2, 254
1 c,.(—+— adlgndl g | 24l o,
—""—+2 2+l 14, —+—+2t) 0,274 (1,23

By above definition, we obtain the following results.
Theorem 1.1 If G is a (p, q) graph, then
(1) the graphnG' s not harmonious when p > q+ 1;

(2) a strongly c-harmonious graph is also a harmonious graph. o
Theorem 1.2 (Graham and Sloane (1)) The n-cycle is harmonious if
and only ifn=1 or 3 (mod 4). a

Theorem 1.3 (1) If (p,q) graph G=(V, E) is strongly c-harmonious,
then Y d(z)f(z)= q(g— 1)/2 + cq, where d(z) is the degree of vertez .

Ifn;ce-‘r,‘egular (p,q) graph G is strongly c-harmonious, then g(q—1)+2cq =
0 (mod 2k).

(2) If (p, q) graph G=(V, E) is harmonious, then ). f*(e)=q(g—1)/2+
kq for some k. =eF

Proof For part (1), there is

2 d@)f(z)= 2 (f(=) + f)= ¥ f*(e)=q(g+2c—1)/2

zeV zy€E e€E
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=q(q - 1)/2 + cg.

Therefore, there is g(g — 1) +2cg = 0 (mod 2k) when G is a k-regular (p, q)
graph. Part (2) is a corollary of part (1). o

Theorem 1.4. (M.Z.Youssef [2]) If G is a harmonious graph, then G(™
(the graph consisting of m copies of G with one fized vertez in common) is
harmonious for any odd m > 1. (]

A shell of width n is a fan C,,(1; 3,4, --,n—1) and a vertex with degree
n —1 is called apex. MS{n™} is a graph consisting of m copies of shell of
width n having a common apex. Deb and Limaye in [8] obtained that ”all
M S{n3} are harmonious”. The following theorem extends this result.

Theorem 1.5 If m > 1 is odd, then M S{n™} is harmonious.

Proof By Theorem 2.5, we have the fan C,(1;3,4,--,n—1) is strongly
c-harmonious and apex is labelled 0. Hence it is also harmonious. This
result immediately follows by Theorem 1.4. 0

Let Z be the set of all integers. The symbol [a,b] is defined by {z| z €
Z,a < z < b}, [a,b]x is defined by {z| z € Z,a < = < b,z = a(mod k)},
and the symbol |z] denotes the greatest integer y such that y < z. When
f is a function defined on the set S, let f(S) denotes the set {f(z)| =z € S}.

Example Figure 1 shows a Cs(1;4,5,6). Figure 2 is a strongly 4-
harmonious labelling of Co(1; 5, 6).

Figure 1 Figure 2
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2 (, with consecutive chords

In the following, we use V and E to denote the vertex set and the edge
set of Cyn(4;%1,%2,- -, 1s), respectively.

Theorem 2.1 When n =1 (mod 4) and n > 9, the graph Cp(n;4t +
2,4t +3,...,4t + s + 1) is strongly (n — 1)/2-harmonious fort > 0, s > 1
and 2t +s < (n— 3)/2.

Proof This graph has n vertices and n + s edges. We construct the
function f: V — Z,,, as follows: f(zai_1)=i—1if i € [1,(n + 1)/2),
f(zai)=(n-1)/2+iif i € [1,¢],

J(z)=|s/2] + (n—1)/2+iifi€[t+1,t+ (n—1)/4],

f(zas)=s+(n—1)/2+iifi€[t+(n+3)/4,(n—1)/2].

It is not difficult to check that the f is an injection from V to Z,,,.
Let
A={f*(z2%2i-1), [*(T2i2i41)| ¢ € [1, 1]}

={(n—38)/2+2i,(n - 1)/2 + 24| i € [1,t]}=[(n + 1)/2,2t + (n — 1)/2],
B={f*(z2iz2i-1), [*(z2iz2ip1)| i €[t + 1,t + (n — 1)/4]}

={|s/2] +(n—3)/2+2i, |s/2] +(n—1)/2+2i|i € [t+1,t+ (n—1)/4]}

=[s/2] + (n +1)/2+2t,|s/2] + 2t +n - 1],

C={f*(z2ix2i-1), f*(z2z2i41)| i € [t + (n + 3)/4,(n - 1)/2]}
={s+(n-38)/2+2i,s+ (n—1)/2+2i| i € [t + (n+ 3)/4, (n - 1)/2]}
=[s+n+2t,s+ (3n - 3)/2],

D={f*(@n21)}{f* (@nTars145)] 5 € [1,s]}={(n—1)/2}U{(n-3)/2+i]i €

[2t+2,2t+ (s +2)/2]]}U{ls/2] +n—1+i|i € [2t+1,2t+ [ (s + 1)/2]]}

={(n-1)/2}U[(n+1)/2+2t,2t + | (s + 2)/2] + (n - 3)/2]U[|s/2) +n +

2t,2t+s+n—1J.

Therefore, f*(E)=AU B U C U D=[(n — 1)/2,s + (3n — 3)/2]. This
implies that the f* is a bijection from E to [(n — 1)/2,s+ (3n — 3)/2]. D
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Theorem 2.2 When n =3 (mod 4) and n > 11, the graph Cp(n;4t +
3,4t + 4, vyt + s + 2) is strongly (n — 1)/2-harmonious fort > 1, s > 1
and 2t +s < (n—3)/2.

Proof This graph has n vertices and n + s edges. We give the labelling
fi V= Z,,s as follows: f(zgi—1)=i—1ifi€ [1,(n+1)/2],
flzas)=(n—1)/2+14if i € [1,¢],
flx)=L(s-1)/2] + (n+1)/2+iifi € [t + 1,t+ 2],
flza)=(n—1)/2+s+iifie [ +1¢, 252

It is not difficult to check that the f is an injection from V to Z,,,.
Let
A={f*(z2i%2i—1), [*(Z2iT2i41)| © € [1, 2]}

={(n—3)/2+2i,(n—1)/2+2i| i € [1,¢]}=[(n +1)/2,2t + (n — 1)/2],
B={f*(z2iz2i-1), f* (z2iz2i1)| i € [t + 1,2 + (n + 1) /4]}

={l(s-1)/2]+(n-1)/2+2i,|(s-1)/2) + (n+1)/2+2i|i € [t +
Lt+(n+1)/4]}

=[l(s - 1)/2] + (n +3)/2+ 2t, |(s — 1)/2) + 2t + n + 1],
C={f*(z2i2i-1), F*(z2iT2i41)| ¢ € [t + (n + 5)/4, (n - 1)/2]}

={s+(n—3)/2+2i,s+(n—1)/2+2i|i € [t+(n+5)/4,(n-1)/2]}=[s+
n+2t+1,s+ (3n - 3)/2],
D={f*(znz1)YU{F*(@nTars245)| 5 € [1, s]}={(n-1)/2}U{(n-3)/2+i|i €
[2¢+2,2t+ [(s+3)/2)]}U{|(s—1)/2) +n+i| i€ [2t+2,2t+ |(s+2)/2]]}

={(n-1)/2}U[(n+1)/2+2¢t,2t + |[(s — 1)/2] + (n + 1)/2) U [|(s —
1)/2] +n+2t+2,2t+ s +n).

Therefore, f*(E)=AUBUCUD=[(n-1)/2,s+ (3n - 3)/2]. ]

Theorem 2.3 Let integer n 2> 6. (1) Let n =2 (mod 4), and t=4s— 2
or4s—1 where1 < s < |(n—1)/4]. Then the graph Cn(1;3,4,...,t+2) is
strongly (n +2)/ 2-harmonious if t=4s — 2, or strongly n/2-harmonious if
t=4s—1.

(2) Let n =0 (mod 4), t=4s—3 or 4s—4 where 1 < s < |(n+1)/4]. Then
the graph Cpn(1;3,4,...,t +2) is strongly (n + 2)/2-harmonious if t=4s — 4,
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or strongly n/2-harmonious if t=4s — 3.

Proof Each graph has n vertices and n + t edges. We construct the
function f: V — Z,,, as follows.

For part (1), f(z2:i)=n+ 2s —1i if i € [1,n/2)], f(z1)=0,
J(zaim1)=(n+2)/2+2s—iifi € 2,5+ (n+2)/4],
f(zai-1)=n/2+1—iif i€ [24€ +5,3].

It is not difficult to check that the f is an injection from V to Z,4:.
Let h
A={f*(z2iz2i-1), f*(x2i-2T2i-1)| i € [2, 5+ (n + 2)/4]}

={3n/2+4s+1—-2i,3n/2+4s+2-2i| i € [2,5+ (n+ 2)/4]}

=[n+2s,3n/2 +4s - 2],

B={f*(z2i2i-1), f*(%2i-1%2i-2)| i € [s + (n + 6)/4,7n/2]}
={254+3n/2+1—2i,25+3n/2+2 - 2| i € [(n +6)/4+ s,n/2]}
=[2s+n/2+1,n-1],

C={f*(znz1), f*(z271)}={25 + n/2,25 + n — 1},

when t=4s — 2,

D={f*(z1z;)] 5 € [3,t + 2]}={n/2+ 25+ 1 —i,n+ 25 —i| i € [2,25]}
=[(n+2)/2,(n—2)/2+ 25} U[n,25+n - 2].

When t=4s — 1,

D={f*(z1z;)| j€B,t+2}={n/2+2s+1-i,n+2s—j|li€[2,25+1],j €

[2,2s]}=[n/2,(n - 2)/2 + 2s] U [n,25 +n — 2).

Therefore, f*(E)=AUBUCU D=[a,4s + (3n — 4)/2], where a=n/2 if
t=4s—1, or a=(n +2)/2 if t=4s — 2.

For part (2), f(zei)=n+2s—-1—-iifi € [1,n/2], f(z1)=0,
f(z2i—1)=n/2+2s—iif i € 2,5+ n/d],
flz2i-1)=n/2+1—iifie [+, 3]

It is not difficult to check that the f is an injection from V to Z,.
Let
A={f*(z2iz2i-1), f*(T2i-2T2i-1)| % € 2,5+ n/4]}

={3n/2+45—1-2,3n/2+ 4s— 2i| i € [2,3+n/4]}
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=[n+2s-1,3n/2 + 45— 4],

B={f*(z2i%2i-1), f*(z2i-1%2i—2)| § € [s + (n +4)/4,n/2]}

={2s+3n/2 - 2i,25+3n/2 +1 - 2| i € [(n +4)/4 + 5,n/2}]}

=[2s+n/2,n—1],

C={f*(znz1), f*(z271)}={28+n/2—-1,25+n — 2},
when t=4s — 4,
D={f*(z1z;)| j € [3,t + 2]}={n/2+ 25 —i,n+ 28— 1—i]i€[2,25 - 1]}

=[(n+2)/2,(n—4)/2+ 2s]U [n,25+n - 3].

When t=4s — 3,
D={f*(@1z;)| 5 € [3,¢ + 2]}

={n/2+2s—i,n+2s—-1-j|i€[2,2s],j €[2,2s—1]}

=[n/2,(n—4)/2+2s]U[n,2s+n - 3].

Therefore, f*(E)=AU B UCU D=[a,4s + (3n — 8)/2], where a=n/2 if
t=4s— 3, or a=(n +2)/2 if t=4s — 4. o

Theorem' 2.4 Let integer n > 9. Then the graph C,(1;5,6,...,n — 3)
is strongly (n — 1)/2-harmonious if n is odd; the graph Cyn(1;5,6,...,n —3)
is strongly (n — 4)/2-harmonious if n is even.

Proof This graph has n vertices and 2n — 7 edges.

Case 1: When n is odd, if n=9 see Figure 2.

If n > 11, we construct the function f: V — Zs,_7 as follows:
f(z1)=0, f(z2)=n—3, f(z4)=2n-09, f(zzu)=n+i-5if i € [3,(n—3)/2],
F(2i-1)=(n—T)/2+i if i € [2, (n=3)/2), f(Zn-2)=1, f(@n-1)=(3n—9)/2,
f(zn)=n—4.

Since f(V)={0,n—38,2n-9,1,(3n—-9)/2,n—4}U[n—2,(3n—13)/2]U
[(n — 3)/2,n — 5], the f is an injection from V to Z3,—7. In the following
we show that the f* is a bijection. Let
A={f*(z2:i%2i+1) =3(n —5)/2 + 2i| i € [3,(n - 5)/2]}

=[(3n - 3)/2, (5n — 25)/2],

B={f*(z2iz2i-1) = (3n — 17)/2 +2i| i € [3,(n — 3)/2]}

~((3n - 5)/2, (5n — 23)/2)z,
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C={f*(x2i-171) = (n — 7)/2 +1%, f*(z2i71) = n -5+ i| i € [3, (n — 3)/2]}

=[(n-1)/2,n-5]U[n—2,(3n — 13)/2],

D={f*(z172), f*(z322), f*(x3Z4), f*(%4%5), f*(ZTn-3Zn—2), * (Tn-1Za-2),
F*(Zn-1%a), f*(@nz1)}={n—3,(3n — 9)/2, (5n — 21)/2, (50 — 19) /2, (3n —
11)/2,(3n —7)/2,(5n — 17)/2,n — 4}.

Therefore, f*(E)=AU B U CU D=[(rn —1)/2, (5n - 17)/2].

Case 2: When n is even, we construct the function the f: V — Z,,_7
as follows:

F(21)=0, f(z2)=n—3, f(z4)=2n -8, f(z2)=n+i-5ifi € [3,(n—2)/2),
f(zai1)=(n—8)/2 +iifi € 1,(n —4)/2], f(zn-1)=1, f(zn)=n —5.

Since f(V)={0,n - 3,2n - 8,1,n — 5} U [n - 2,(3n — 12)/2] U [(n —
6)/2,n — 6], the f is an injection from V to Zs,_7. In the following we
show that the f* is a bijection. Let
A={f*(z2i2in1), f*(z2%2i-1)| © € [3, (n — 4)/2]}

={(3n — 18)/2 + 2i, (3n — 20)/2 + 2i| i € [3, (n — 4)/2]}

=[(3n — 8)/2, (5n.— 26)/2],

B={f*(@yw1) =n—5+i i € [3, (n— 4)/A}=[n— 2, (3n - 10)/2],
C={f*@aisaz1) = (n - 8)/2 + ] i € [2, (n — 4)/2}=[(n — 4)/2,n— 6],
D={f*(z1%2), f*(z3%2), f*(x3%s), f*(xaZ5), *(Tn-3Tn-2), f*(Zn-1Zn—2),
[ (&n-12Zn), *(Tnz1)}={n—3, (3n— 12)/2, (5n — 22) /2, (5n — 20) /2, (5n —
24)/2,(3n — 10)/2,n — 4,n — 5}.

Therefore, f*(E)=AU BUCU D=[(n — 4)/2, (57 — 20)/2]. a

Theorem 2.5 When integer n > 4, the graph C,(1;3,4,---,n—1) is
strongly c-harmonious.

Proof The graph C,(1;3,4,---,n—1) has n vertices and 2n — 3 edges.
We construct the function f: V — Zp,_3 as follows: f(z;)=0, and label
the other vertices by distinguishing 4 cases.

Case 1 When n is odd and n > 5, let f(zgi41)=n—2+iifi € [1, 23],
flz2:)=253 + 14 if i € (1, 251]. Then
f(V)=l(n—1)/2,n~2Ur—1, (3n5)/2]U{0}=[(n—1)/2, (3n—5)/2]U{0}.
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Since |f(V)|=n, the f is an injection from V to Z3,_3. By the definition
of f we have
{f*(zz2i)] i € [2, 252 }={252 +i| i € [2, 25 ]}=[(n + 1)/2,n - 2],
{f*(@r22ir)l i € [1; 253} ={n - 2 +i] i € [1, 23%]}=[n — 1, (3n - 7)/2},
{F*(z2i1m2:)] 4 € [2, 25} ={8(n — 3)/2+ 20l i € [2, %51]}

=[(8n — 1)/2, (5n.— 11)/2}z,
{f*(z2i122:)| i € [1, 2572 }={(3n — 7)/2 + 24| i € [1, 23]}

=[(8n —3)/2,(5n — 9)/2)2,
f*(@122)=(3n - 5)/2, f*(z132)=(n — 1)/2.

Since f*(E)=[(n — 1)/2,(5n — 9)/2], the f is a strongly (n — 1)/2-
harmonious labelling of the graph C,(1;3,4,---,n —1).

Case 2 When n =2 (mod 4) and n > 6, let

f(zaip1)=n+i—-2ifi € [1,253], f(zn)=3 +i—2ifi € (1, 3]
Then f(V)=[2 —1,32-8]u{0}. Since |f(V)|=n, the f is an injection from
V to Zzn—3. By the definition of f, we have
{f(@mz)l i € 2,22} ={§ +i -2 i € [2,23%]}=[3,n - 3],
{f*@z2in) i € [1, 252 ={n+i~2{ i € [1,25%]}=[n - 1, 3"'6],
{f(zairzu)l i€ 2,3} ={P +2i-5] i 2,3]}=[F -1, F ~ 52,
{F*@anza)l i € [1L, 2521} ={3 + 2 — 4] i € [1, 252]}= [ 2,5 6],
{F*(z12n), f*(z172)}={n - 2,3 — 1}.

Since f*(E(G))=[n/2 — 1,5n/2 — 5], the f is a strongly (n — 2)/2-
harmonious labelling of graph C,(1;3,4,:--,n—1).

Case 3 When n =0 (mod 4) and n > 8, let
flzz)=n+i-2ifi € [1,}], f(z2ipa)=§ +i—1ifi € [1,§ — 1]. Then

f(V)=(2,34] u {0}. Since |f(V)|=n, the f is an injection from V to

Zan-3. By the definition of f we have
{f*@rzan)l i € [1,222]}={3 +i- 1] i € [1,252]}=[3,n - 2],
{F*(mz2)l i € [2, 232 }={n +i-2|i € [2, 25%]}=[n, 3559),
{f*(z2im1z2i)| i € [2, F}={ +2i - 4| i € [2, 3]}=[3}, T — 4],
{f*(z2ir1zs)l i € [1, 252} ={3 + 20 - 3| i € [1, 252]}=[%¢ — 1, § — 5],
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{f*(z12n), f*(z122)}={n -1, %’* -2}

Since f*(E(G))=[n/2,5n/2 — 4], the f is a strongly n/2-harmonious
labelling of the graph C,(1;3,4,---,n—1).

Case 4 When n=4, we directly construct the f as follows: f(z2)=2,
f(z3)=1, f(z4)=4. o

Theorem 2.6 The graph Cn(1;4,5,--+,n — 2) is strongly (n — 1)/2-
harmonious when n is odd and n > 7, or strongly (n — 2)/2-harmonious
when n = 0 (mod 4) and n > 8, or strongly (n — 4)/2-harmonious when
n =2 (mod 4) and n > 6, or strongly 3-harmonious when n = 6.

Proof The graph C,(1;4,5,---,n —2) has n vertices and 2n — 5 edges.
When n=6, let f(z1)=3, f(z2)=1, f(23)=2, f(z4)=5,f(z5)=0, f(ze)=6.

When n > 6, we construct the function f: V — Z,,_5 as follows:
f(z1)=0 and we assign labels to the other vertices by distinguishing three
cases,

Case 1 When n is odd and n > 7, f(22i4+1)=(n—5)/2+iif i € [1, 251,
flzai)=n—3+iifie(l, 25

It is not difficult to check that the f is an injection from V to Za,_s.
By the definition of f, we have
A={f*(z2iT2i41) = (3n — 11)/2+ 2| i € [1,(n - 1)/2]}

=[(8n = 7)/2, (5m — 13)/2]s,
B={f*(z2iz2i-1) = (3n - 13)/2+2i| i € [2,(n — 1)/2]}

=[(3n — 5)/2, (5n — 15)/2],
C={f*(z122), f* (znz1)}={n — 2,n - 3},
D={f*(mm:)l i € [4,n - 2}={(n— 5)/2 +i,n — 3 +i| i € [2, (n — 3)/2]}

=[(n-1)/2,n—4]U[n—-1,(3n—9)/2].
Therefore, f*(E)=AU BUC U D=[(n —1)/2, (5n — 13)/2).

Case 2 When n = 0 (mod 4) and n > 8, f(z2i41)=(n — 2)/2 + 1 if
i€ [ls ﬂ—.z-ﬁ]a
f(xa)=n—-3+iifi€[1,252], f(zn-1)=1, f(za)=(n—2)/2.

It is not difficult to check that the f is an injection from V to Zop—s.
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By the definition of f, we have

A={f*(z2T2i41) = 3n/2 -4 +2i| i € [1,(n—4)/2]}=[3n/2 - 2,5n/2 — 8]5,
B={f*(x2:iz2i—1) = 3n/2—5+2i| i € [2, (n —2)/2]}=[3n/2 - 1,5n/2 —T],,
C={f*(z122), f*(@nT1), F*(@nTn-1), f*(Tn-1Zn-2)}

={n-2,n/2-1,n/2,3n/2 - 3},

D={f*(z1zi)| i € [4,n - 2]}=[(n+1)/2,n — 3]U[n — 1,(3n — 8)/2].
Therefore, f*(E)=AUBUC U D=[(n - 2)/2, (5n — 14)/2].

Case 3 When n = 2 (mod 4) and n > 10,
f(z2i)=(n-6)/2+iifi€[1,3]
f(@oi41)=n—2+iif i€ [1, 254], f(zn-1)=2.

It is not difficult to check that the f is an injection from V to Za,_s.
By the definition of f, we have
A={f*(z2iT2:i41) = 3n/2-5+2i|i € [1,(n—4)/2]}=[3n/2 - 3,5n/2 — 95,
B={f*(z2iz2i_1) = 3n/2 - 6+2i| i € 2, (n—2)/2]}=[3n/2 — 2,5n/2 — 8],
C={f*(z122), f*(zaZ1), f*(ZnTn-1), f*(Tn-1Tn-2)}

={n/2-2,n-3,n—-1,n—2},

D={f*(z1z:)| i € [4,n - 2]}= [n/2 - 1,n — 4] U [n, (3n — 8)/2].
Therefore, f*(E)=AUBUCUD =[(n —4)/2,(5n - 8)/2]. o

Theorem 2.7 Whenn = 1 (mod 4) andn > 5, G1=Cpn(n;2,3,---,2s,23+
1) and Gy = Cp(n;2,3,--+,2s) for 1 < s < (n—1)/4 are strongly (n—1)/2-
harmonious.

Proof The graph G; has n + 2s edges. We define f: V — Z,,4, as
follows: f(z2i-1)=i—1ifi€[1,(n+1)/2],
f(za)=(n-1)/2+s+iifi€[1,(n—1)/4],
f(zai)=(n—1)/2+2s+iif i € [(n+3)/4,(n-1)/2].

Then f(V(G1))=[0,(n-1)/2]U[(n+1)/2+s,(3n—3)/4+s]U[(3n+
1)/4+ 2s, (n + 2s — 1]. Since f(V(G1)) € Zn+2s and |f(V(G1))|=n, the f
is an injection from V to Z,2;. By the definition of f, we have
A={f*(z2i2i-1), [*(T2iZ2i41)| ¢ € [1,(n — 1)/4]}

={(n—3)/2+5+2,(n—1)/2+s+2] i € [1,(n—1)/4]}
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=[(n+1)/2+s,n-1+3],

B={f*(z2iz2i-1), f*(z2i2i+1)| i € [(n +3)/4,(n - 1)/2]}
={(n—3)/2+ 25+ 2i,(n—1)/2+ 25+ 2i| i € [(n + 3)/4, (n — 1)/2]}
=[n+ 2s, (3n — 3)/2 + 23],

C={f*(znz1)}={(n - 1)/2},

D={f*(znz:)l i € 2,28+ 1]}={(n—1)/2+i,n—1+s+i| i €[1,s]}
=[(n+1)/2,(n-1)/2+s]U[n+s,n— 1+ 23].

Therefore, f*(E(G1))=AUBUCUD =[(n-1)/2,3(n—1)/2 + 2s].

The graph G has n+2s—1 edges, let f(xsi—1)=i—1ifi € [1,(n+1)/2],
f(zei)=(n—8)/2+s+iifie[l,(n—1)/4],
f(z2i)=(n—38)/2+2s+iif i € [(n+3)/4,(n—1)/2].

Then f(V(G2))=[0, (n — 1)/2]U [(n —1)/2+ s, (3n — 7)/4+ s] U [(3n —
3)/4+2s,(n+2s—2]. Since f(V(G2)) C Znt2s—1 and |f(V(G2))|=n, the
| f is an injection from V to Z, +9,-1. By the definition of f, we have
A={f*(z2i%2i-1), f*(z2i%2i41)] 5 € [1, (n — 1)/4]}

={(n—5)/2+ s+ 2i,(n—3)/2+ s+ 2i| i € [1,(n - 1)/4]}

=[(n-1)/2+s,n-2+34],

B={f*(z2iz2i-1), f* (z2:%2i41)| i € [(n +3)/4,(n ~ 1)/2]}
={(n—5)/2+2s+2i,(n—3)/2+2s+2i|i € [(n+3)/4,(n—1)/2]}
=[n+2s—1,(3n — 5)/2 + 23],

C={f*(znz1)}={(r - 1)/2},

~ D={f*(znzi)| i € [2,25]}={(n—1)/24+i,n-2+s+j]|i € [1,5—1],5 € [1,5]}
=[n+1)/2,(n—3)/2+s]U[n+s5-1,n—2+2s).

Therefore, f*(E(G2))=AUBUCUD =[(n-1)/2,(3n—5)/2+2s]. This
implies that both G, and Gz are strongly (n — 1)/2-harmonious. o

Theorem 2.8 Whenn =3 (mod 4) andn > 7, G1=C,r(n;3,4,---,2s+
1,25+2) for 1 < s < (n—3)/4 and Go=Cy(n;3,4,--,25+1) for1 <s <
(n+1)/4 are strongly (n — 1)/2-harmonious.

Proof The graph G, has n + 2s edges. We define f as follows:
f(zai-1)=i—-1ifi € [1,(n+1)/2], f(z2)=(n—1)/2+s+iif i € [1, (n+1)/4],
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flza)=(n—1)/2+2s+iifi€[(n+5)/4,(n—1)/2].

Then f(V(G1))=[0,(n-1)/2]U[(rn+1)/2+ s,(3n—1)/4+s]U[(3n+
3)/4 + 2s,n + 2s — 1]. Since f(V(G1)) C Zn+2, and |f(V(G1))|=n, the f
is an injection from V to Z, 2. By the definition of f, we have
A={f*(z2i2i-1), f* (z2:%2i41)| ¢ € [1,(n +1)/4]}

={(n—3)/2+s+2i,(n—1)/2+ s+ 2i| i € [1,(n +1)/4]}

=[n+1)/2 + s,n + 3],

B={f*(z2i%2i-1), f*(z2i%2i41)| i € [(n +5)/4, (n - 1)/2]}
={(n—3)/2+2s+2i,(n —1)/2+2s+2i| i € [(n +5)/4,(n—1)/2]}
=[n+2s+1,(3n —3)/2+ 2s],

C={f*(znz1)}={(n—1)/2},

D={f*(znz2i41)| i € [1, 8]} U {f*(znz2s)| i € [2,5+ 1]}
={(n-1)/2+i|i€[l,s]ju{n—-1+s+i]i€[2,s+1]}
=[(n+1)/2,(n-1)/2+s]U[n+ s+ 1,n+2s].

Therefore, f*(E(G,))=AUBUCUD=[(n-1)/2,3(n—1)/2 + 2s].

The graph G has n+2s—1 edges, let f(z2i-1)=i—1ifi € [1,(n+1)/2],
f(zai)=(n-1)/2+s+iifi€[l,(n+1)/4],
f@n)=(n - 8)/2+2s +i if i € [(n +5)/4,(n — 1)/2].

Then f(V(G2))=[0, (n — 1)/2]U[(n+1)/2+s, (3n— 1)/4+ 5] U[(3n —
1)/4+ 28,n+ 25 — 2. Since f(V(G2)) € Zns20-1 and |f(V(Ga))|=n, the
f is an injection from V to Z,2;—1. By the definition of f, we have
A={f‘($2i1'2i-1), f*(xg.-wm“)l i€ [1, (n + 1)/4]}

={(n—3)/2+s+2,(n—1)/2+ s+ 2i| i € [1,(n +1)/4]}

=[(n+1)/2+s,n+34),

B={f*(z2iT2i-1), f* (z2iT2i41)| i € [(n + 5)/4,(n - 1)/2]}
={(n—5)/2+2s+2i,(n — 3)/2+ 258+ 2i| i € [(n + 5)/4, (n - 1)/2]}
=[n + 2s, (3n — 5)/2 + 23],

C={f*(zam1)}={(n—1)/2},

D={f*(zn22i+1)| i € [L,s]} U {f*(znz2:)| i € [2,5]}

={(n—-1)/2+i|li€[l,s]}u{n-1+s+1i|i€[2,s]}
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=[(n+1)/2,(n-1)/2+s]U[n+s+1,n—1+2s].
Therefore, f*(E(G2))=AUBUCUD=[(n—1)/2,(3n-5)/2+2s). This
implies that both G} and G are strongly (n — 1)/2-harmonious. o

3 Other C,, with some chords

Theorem 3.1 When n is odd and n > 5, Cp(n;3,5,---,2s+1) for1 <
5 £ (n—3)/2 and Cp((n+1)/2; (n+1)/2+2,(n+1)/2+4,---, (n+1)/2+2s)
for 1< s < (n—1)/4 are strongly (n — 1)/2 — s-harmonious.

Proof The graph C,(n;3,5,:-+,2s+ 1) (or Cp((n +1)/2; (n +1)/2 +
2,(n+1)/2+4,---,(n+1)/2+2s)) has n+ s edges. We define f as follows:
f(@2i1)=(n+1)/2-iifi € [1,(n+1)/2], f(z2:)=n—iifi € [1,(n—1)/2).

Since f(V)=[0,n — 1], the f is an injection from V to Z,4s. By the
definition of f, we have
A={f*(z2iz2i-1)| i € [1,(n — 1)/2]} U {f* (z2sw2i+1)| % € [1, (n — 1)/2]}

=[(n+1)/2,(3n - 3)/2],

B={f*(znz1)}={(n - 1)/2}.

For the graph C,(n;3,5,---,2s+ 1),
we have C={f*(znz2i4+1)| i € [1,8]}=[(n - 1)/2 - s,(n — 3)/2].

Therefore, f*(E)=[(n —1)/2 - s,3(n —1)/2)].

For the graph Cn((n+1)/2; (n+1)/242, (n+1)/2+4,- - -, (n+1)/2+2s),
we have C={f*(Z(n+1)/2Z(n+1)/242i)| 1 € [L, s]}=[(n — 1)/2— s, (n - 3)/2].

Therefore, f*(E)=[(n —1)/2 — s,3(n - 1)/2]. o

Theorem 3.2 When n = 1 (mod 4) and n > 5, the graph Cp((n +
1)/2;(n+1)/2-2,(n+1)/2-4,---,(n+1)/2~-25,(n+1)/2+ 2,(n +
1)/2+4,---,(n+1)/2+2t) for I<s<(n—1)/4 and0< t < (n—1)/4
is strongly (n — 1)/2 — t-harmonious.

Proof This graph has n vertices and n + ¢ + s edges. We construct
function f: V — Z, 444, as follows: f(zai—1)=(n+1)/2-iif i € [1, 2],
f(zai)=n+s—iifie (1,252
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Since |f(V)|=n, the f is an injection from V' to Zp4s4¢. By the defini-
tion of f, we have
A={f*(z2:i%2i-1), f*(z2:T2i+1)| i € [1, (n — 1)/2]}
={(8n+1)/2+5-2i,(3n-1)/2+s—-2i|i € [1,(n—1)/2]}
=[(n+1)/2+s,(3n —3)/2+ 4],
B={f*(znz1)}={(n—1)/2},
C={f*(Z(n+1)/28(ms1)/2-2i)] © € [1,8]}=[(n +1)/2,(n - 1)/2+ 4],
D={*(@(n+1)/2%(n+1)/242:)] © € [1,t]}=[(n — 1)/2 - ¢, (n - 3)/2).
Therefore, f*(E)=AUBUCUD=|(n—-1)/2-t3(n-1)/2+s]. D
Theorem 3.3 When n = 0 (mod 4) and n > 8, the graph C,(1;n —
1,n-3,---,n—2s+1) for 1 < s < n/2-1 is strongly n/2 — s-harmonious.
Proof This graph has n vertices and n+ s edges. We construct function
f: V> Z,,., as follows: f(zoi—1)=i—1ifi€ [1,n/2],
f(z2i)=n/2+iif i€ [l,n/4-1]),
f(z2:)=n/2+i+1ifi € [n/4,n/2 1], f(zn)=n/2.
It is not difficult to check that the f is an injection from V to the set
Znys- By the definition of f, we have
A={f*(z2iz2i-1), [*(z2iz2i41)| ¢ € [1,n/4 = 1]}
={n/2+2i—1,n/2+2i]i€[l,n/4-1]}=[(n+2)/2,n -2,
B={f*(zai%2i-1), f*(z2:%2141)| i € [n/4,n/2 — 1]}
={n/2+2%,n/2+2i+1| i€ [n/4,n/2 - 1]}=[n,3n/2 - 1],
C={f*(@n1), f*(@nTn-1)}={n/2,n - 1},
D={f*(z1Zn+1-2i)| % € [1,8]}=[n/2 — 8, (n - 2)/2].
We obtain f*(E)=AUBUCUD=[n/2-s,(3n—2)/2]. Therefore, the f is
a strongly n/2— s-harmonious labelling of Cp(1;2—1,2—3,---,n—2s+1).
(m]
Theorem 3.4 Whenn = 3 (mod 4) andn > 7, the graph Cr(n;4,6,---,2+
2s) for 1 < s £ (n—3)/4 is strongly (n — 1)/2 ~ s-harmonious.
Proof This graph has n vertices and n+ s edges. We construct function
f: V= Zp,s as follows: f(zgi—1)=n—1iifie |1, %1],
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fl@nim)=(n+1)/2-iifie (2 +1,28),
fru)=(n+1)/2—iifi € [1, 2], flzn)=n—iifie [2£ +1, 25L).

It is clear that the f is an injection from V' to Z,;,. By the definition
of f, we have
A={f*(z2iz2i-1)| i € [1, (n + 1)/4]} U {f*(z2iz2i41)| i € [1, (n — 3)/4]}

=[n, (3n - 3)/2)

B={f*(z2iz2i-1), f*(z2i%2i41)| ¢ € [(n+5)/4, (n—1)/2]}=[(n+1)/2,n-2],
C={f*(znx1), f* (Z(n+1)/2Z(ns3)72)} ={n—1,(n - 1)/2},
D={f*(znz242:)] i € [2,s]}=[(n — 1)/2 - 5, (n - 3)/2].

We obtain f*(E)=[(n — 1)/2 - s,(3n — 3)/2]. Therefore, the f is a
strongly (n — 1)/2 — s-harmonious labelling of C,(n;4,6,---,2s+2). D

Theorem 3.5 When n =1 (mod 4) and n > 5, the graph Cp(1;n —
L,n—-2,n—4,---,n—28) for 1 <s < (n—3)/2 is strongly (n — 1)/2 — s-
harmonious. - B

Proof This graph has n vertices and n + s + 1 edges. We construct
function f: V — Z,.41 as follows: f(zai1)=i — 1 if i € (1,28,
fl@a)=(n—1)/2+iifi € [1,27L],
flza)=(n+1)/2+iifie [z +1,251)

It is not difficult to check that the f is an injection from V to the set
Zntst1. Let
A={f*(z2i22i-1), f*(z2i%2i41)| § € [1, (n ~ 1)/4]}=[(n + 1)/2,n — 1],
B={f"(z2i22i-1), f* (z21%2i41)| i € [(n+3)/4, (n—1)/2]}=[n+1, (3n—-1)/2],
C={f*(@nz1), f*(@nTn-1)}={(n — 1)/2,n},

D={f*(z:1zn-2)| i € [L, s]}=[(n - 1)/2 ~ 5,(n - 3)/2].

We obtain f*(E)=AUBUCUD=[(n—-1)/2-s,(3n—1)/2]. Therefore,
the f is a strongly (n — 1)/2 — s-harmonious labelling of Cn(1;7 — 1,7 —
2, n—4,---,n—2s). o

Theorem 3.6 When n =2 (mod 4) and n > 6, the graph Cn(3;n,n—
Ln-3,---,n—2s+1) for 2 < s < nf2 —2 is strongly (n + 2)/2 — s-

harmonious.
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Proof This graph has n vertices and n + s + 1 edges. We construct
function f: V — Z,, 4441 as follows: f(zgi—1)=i—1ifi € [1,n/2],
f(xa)=n/2+iifi € [1,232), f(zai)=n/2+2+iifie 22 +1,3].

We have f(V)=[0,n/2-1]U[n/2+1, (3n+2)/4]U[(3n+2)/4+3,n+2].
Thus the function f is an injection from V to Z,4+s41. By the definition of
[, we have
A={f*(z2i%2i-1), f* (z2i22i41)| ¢ € [, (n + 2)/4]}=[(n + 2)/2,n + 1],
B={f*(z2i2i-1), f* (z2i%2i41)| © € [(n + 6)/4, (n - 2)/2]}=[n + 4,3n/2],
C={f*(zn71), f*(TnZn-1), f*(znz3)}={n +2,(3n + 2)/2,n + 3},
D={f*(z3zn-2i+1)| ¢ € [1,5]}=[(n +2)/2 - 5,7/2].

We obtain f*(E)=AUBUCUD=[(n+2)/2-s,(3n+2)/2]. Therefore,
the f is a strongly (n +2)/2 — s-harmonious labelling of C(3; 2,2 —1,n—
3,---,n—2s+1). O
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