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ABSTRACT. By means of partial fraction decomposition method, we
evaluate a very general determinant of formal shifted factorial frac-
tions, which covers numerous binomial determinantal identities.

1. INTRODUCTION AND MOTIVATION

Mathematicians and physicists often come across determinants they need
to evaluate. For example, it is well-known that Cauchy’s celebrated double
alternant [9)

ot [ 1 ] _ ocici<n(®i — i) (ys — y;)
0<ij<n [ T; + ¥ Hog, j<n(®: +45)
has fundamental applications to the multiple elliptic hypergeometric se-
ries [18] and the theory of symmetric functions [19, Chapter 1]. Several
generalizations have appeared in the literatures [5,8,12,15,17). In partic-
ular, it has recently been generalized by the first author [13] via divided
differences.
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As a further extension, this paper will establish a very general determinan-
tal identity (see Theorem 1 in the next section) by means of partial fraction
decomposition method. The usefulness of our main theorem will be shown
through exemplifying a large number of binomial determinantal formulae,
that have been important in enumerative combinatorics (cf. [6,16,25]), par-
ticularly in plane partitions (see [4,11,20,24] for example).

The paper will be organized as follows. The next section will be devoted to
the proof of a generalized Cauchy determinant with the method of partial
fraction decomposition as well as to the exposition of few limiting cases. As
applications of our main theorem, the third section will collect ten classes
of binomial determinantal identities, including several interesting ones con-
tained in Amdeberhan-Zeilberger [3] and the Hankel determinants on Cata-
lan numbers due to Aigner [1] and Radoux [23]. Finally in the fourth section,
five classes of determinant identities will be illustrated with the entries of
matrices containing more binomial coefficients.

Throughout the paper, N and Ny will stand for the sets of natural numbers
and nonnegative integers, respectively. For two indeterminate z and n,
the shifted factorial will be defined by the following I'-function quotient
(z)n := I(z + n)/T(z). It reads, in particular for n € N, explicitly as
(x)o=1 and (z)p=z(z+1)---(z+n-1) with neN.

The binomial coefficient will accordingly be defined by
(x _(l4+z-n)n _ T(z+1)

n)-  (Dn  Tn+)I{(z-n+1)

which reduces to the usual one when » is a nonnegative integer.

2. PARTIAL FRACTION DECOMPOSITION

For two sequences {cx, Yk }k>0, define the generalized shifted factorials by
n—1

(zla)o=1 and (zlo)a= [J(z+ o) with neN, (1a)
k=0
n—1

(Who=1 and (yy)a=][J(w+mw) with neN (i)
k=0

When ax = 7 = k for k € Ny, they will reduce to the usual shifted
factorials. For the upper triangular matrix given by a = [aijlo<i<j<oo
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denote its j-th column by a; = (ao;, 015,225, ,@;;). Then our main
theorem may be stated as follows.

Theorem 1 (Generalized Cauchy determinant). Let {zx}}_, be distinct
complex numbers. Then there holds the following determinantal identity:
. [ (zi)as); ] _ Mogicjen(®:i — 25)(e5 — )
0sij<n | (Zi7)j41 o, j<n(®i + %)

This theorem generalizes Cauchy’s double alternant displayed in the intro-
duction. In fact, the very special case of Theorem 1 with a;; = ; for
i,J € Np results in Cauchy’s double alternant. Observing that the proof
below depends on the Cauchy double alternant, we can therefore say that
they are substantially equivalent.

Proof. Expanding the rational function in partial fractions, we have

(zilaj); H¢.=0 (=i + o) i Wk
@i~ TH_o(zi+m)  Swi+w

where the connected coefficients are determined by the limit relation

wr; = lim (:n:.—}-')')('lcx’)J = [T (e = w)

i (x‘I'Y)J'Fl HL:O: Ltk ('YL - 'Yk) .

This leads us to the following determinantal factorization
. [ (zilay); ]
0<iyj<n | (i|)j41

For the matrix [wa]O <k j<n is upper triangular, its determinant is equal to
the product of its dxagonal entries:

[a 7
0<k Yo Hwﬂ = H —h,
IS " ogicjcn VTV

os?ﬁcsn [:c,-+'yk] 0<kj<n[ k).

While the first determinant can be evaluated by Cauchy’s double alternant.
Their product yields the determinant identity stated in Theorem 1. a

Shifting the y-parameters by v — yx—1, we may state the determinant
identity in Theorem 1 in the following more convenient form.
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Proposition 2. Let {zx}r_, be distinct complex numbers. Then there holds
the following determinantal identity:

de [(:c,-la,-)j] _ Hogicjen(®i = zi)(es; — 7i-1)
ogiysn | (i) [Tico(zklMn

When {aij}ieN, and {Yk}ren, are sequences with the common constant
difference between consecutive terms, this proposition reduces to a deter-
minant evaluation appeared in Normand [21, Lemma 3]. Furthermore, we
have the following interesting determinantal identities.

Corollary 3 (7x — oo in Proposition 2: see Chu-Diclaudio [14, Thm 3.3]).

og‘g,ej%n [<x‘|a>j] = H (zj — i)

0<i<j<n

Proof. The limiting process can be carried out as follows. Putting v = v,
n41

then multiplying by 'y( ) across the equation displayed in Proposition 2

and finally letting ¥ — oo, we confirm the identity stated in the corollary.

O

Corollary 4 (a;; — oo in Proposition 2).

det [ 1 ]= Mogicjen(mi = 5)
o<ij<n | (i) [Tiolzkl7)n

This can similarly be done by first putting a;; = a, then dividing by o("7")
across the equation displayed in Proposition 2 and finally letting o — oo.

Corollary 5 (oi; = y;/c and % = v in Proposition 2).

(cxi'l'yj)j] = H (.’I?, zJ)Hk—l(yk

det [ - .
o<ijsn | (zi+7) 0<ici<n k=o(zk + ‘7)"

Corollary 6 (c;; = (i +y;)/c and . = k+ v in Proposition 2).

(C-’L'i+yj)j] - H (x’_xj)nk e+ ye —ck—c)e

ogij<n | (@i +7); oi<i<n k=0(Tk + V)n
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3. BINOMIAL DETERMINANTAL IDENTITIES

Applying exclusively Corollary 6, we show now ten classes of binomial de-
terminantal identities. We should point out that our objective is to focus on
a unified treatment of binomial determinants, instead of finding new results.

§3.1. Expressing the binomial coefficient in terms of shifted factorials

i—3 ; (A BXi—Xi)-
(A)i Bgf,- ) - (A+XBX.- ) +(—X,-),. ;

we find the determinant identity

det ( Xi—3 ) = ﬁ (A+)2Xk) (23,)
0<i,j<n [\ A+ BX; o (—Xk)n
x [I X;-X)1+A-B+Bj+i-j). (2b)
0<i<j<n

In particular for X; = a + bi, we have the binomial determinantal formula:

n a+bk
at+bi—j k' cIdk
oS [( o+ di )] H L Za - bk)n (32)
x ] (b-d+bc—ad+bz+dj—b3). (3b)
0<i<ji<n

§3.2. Rewriting the binomial coefficient in terms of shifted factorials

(A)Z fX‘) = (_l)j(A-'_X?Xi ) 1+A4 g-_g;gf— Xi);

we get the determinant evaluation formula

A+BX;\] _ Mocicyen Xs=Xs X AtBi-#d) 17 A+ BXx
os‘%?jts:z [( Xi—j )]_ 7o (14+A+BXx—Xk)n H( X ) @)

k=0
For X; = ¢+ di, it reads as the following binomial determinantal identity:

a+ bi - (aﬁ:
c . . .
oscggtgn [ ( ct+di—j )] H L (1actok— “")"o<,I<-'!-: <(:d—bc+bz—dz+41). (5)
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§3.3. Reformulating the binomial coefficient in terms of shifted factorials
(A+BXi—j) - (A-I-BX,') (—X:);
Xt‘ - .7 Xi (—A - BX;)J'
we obtain the determinant evaluation formula

, n A+BX,
g [(A—'-BX}_J)] = H —)Sk—"")‘ H (X;—X:)(1+A+Bi-j). (6)
k

0<i,j<n Xi— o (FA=BXing i
Its special case X; = c + di leads to the following binomial determinantal
identity:

a+bk

a +bi-j c+dl= Y
05‘13-"5,.[ c+di—j ] H ( a — bk)n 0<g<n(d+ad—bc+bz—dj). (7)

§3.4. Applying the binomial relation
Xi+j ) _ ( X; ) 1+ X:);

A+ BX; A+ BX; (l—A—BX;'-l-X,')J-
we have the determinant evaluation
X
Xi+7 \] _ T (asBx,)
os‘.!,‘}‘sn[( A+ BX; )] = kl;lo (1—A-BXi + Xi)n (82)
x J] X5-X(-1-A+B+Bi—i+j). (8b)
0<i<jsn

In particular for X; = a+bi, this gives the binomial determinantal identity:

n bk

a+bit+j (i)
os‘:igtgn[( c+di )] H(1+a—c+bk —dk)n (92)
x [] (@-b+ad—bec+di—bi+bj). (9b)

0<i<ji<n

§3.5. Observing the binomial relation
(A-i-BX,-) = (- 1),(A+BX )(—A—BX,- + Xi);

Xi+J 1+ X5);
we recover the determinant identity due to Ostrowski [22] (see [7,10] also)
A"I'BXI:
A + BX %) s
odet | [ X, + 4 ] H e Xk)n o<g<iXs—Xj)(A—BJ—z+j)- (10)
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Its case corresponding to X; = c + di reads as

. a+bk
a+bi c+dk .
9 [( c+di+j )] H (1 +c + dk)n I] ¢e-strairsi—ap. (11)

0<i<j<n

§3.6. By invoking the binomial relation
(A+BX.- +j) _ (A+BX.-) (1+A4+BX,);

Xi+j 1+ X;);
we establish the determinant evaluation formula
. A+BXk
A+ BX; +j - - o
0 [( Xiti ) H L T Yo o<g<ff"x”“+’”"3”' (12)

For X; = ¢+ di, it results in the followmg binomial determinantal identity:

(oo
a+bi+j . :+dk s
os‘%?j%n [( ct+di+j )] H o (1+c+dk), 0<1.11<(:c—ad—d_dt+b7)' (13)

§3.7. By means of the binomial relation

i+27 i (2X:\ (3 + Xa);
(x37) =4 (%) Efix.-);

we get the determinant evaluation

2X; +2j (2K)!(2X)!
og(sig'tsn [( Xi+j )} H k'Xk'(Xk +n)! 0<gsn(xj -Xi). (14)

When X; = a + bi, it reduces to the identity due to Amdeberhan and
Zeilberger (3, Eq 3):

Yy 2a+2bk
2a + 2bi + 23 1) (2K ("2 Tor )
o<(%?jt<n [( a+bi+j )] =b H (1 Fa+bk)n (15)

Similarly, we can show the determinant identity on the generalized Catalan
numbers
1 d+2X; + 25
o<‘§3t<n[1+6+x,-+j( X +j )] (162)
(14 2E)1(6 + 2X;)!
(X — Xi) (16b)
H k'Xk'(l + 0+ X +n)! 0<i1<1j5n




where 8 = 0, 1. Let C,, stand for the usual Catalan numbers C,, = ﬁ(z,:‘)
Then the last formula contains, for § = 0, the following well-known Han-
kel determinants of Catalan numbers (see Aigner [1] and Radoux [23] for
example):

oségtsn[ Ci”] =L (17)
oJet [Cusn| = 1, (18)
et [Cirisa] = n+2 (19)

In fact, it is trivial to see that for d = 0 and X, = k + € withe = 0,1, 2,
the determinant in (16a) reduces to the Hankel determinants respectively
displayed in the last three equations. However, it is not so obvious that
the corresponding product in (16b) becomes the right members of the last
three equations. Here we limit to prove the first one because the others can
be shown analogously. For § = 0 and X; = k, what we need to confirm is
equivalent to the identity

2k)I(1 + 2k)!
H il(]_).{(.nq.kgl 1 (20)

For a real number z, denote by |z| the greatest integer < x. According to
the parity of k, we can manipulate the denominator product as follows

f[ {k!(1+n+k)!} = ﬁ {k!(1+2n— k)!}

k=
13 1251
= H{(2k)|(1+2n 24)1} x 1‘[ {@+26)12n — 2601}
k=0
12] L2 azl) Lz)
{H(Zk)‘ II (2n - 2k)'} { 1’[ (1+2k)!H(1+2n—2k)!}
k=l k=0 k=0
13) 125
={H(2k)' H (2k)l} { IT @ +2k) ]‘[ (1+2k)'}
k=0 k= lztzj k=0 k..l_:l-_J

where we have appealed to the relation |%]| + |2} = n for a natural
number n. The last expression is clearly equal to the numerator product
displayed in (20).
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§3.8. In view of the binomial relation

(X,-+Yj+j) Xi+Y; 7' (+Xi+Y)),;

we find the following determinantal identity

Xi+Y;+j Xi+Y; -1
ogcgfjtgn [ A+BX;+Y; ( A+BX;+Y; ) (212)
_ Tocicj<nXi = X5){1+ A— B+ (1 - B)Y; + (1 - B)i — 5}

[Tico (1 — A = BXi + Xi)p (21b)

§3.9. According to the binomial relation

(A+Bj'(i+Yj)(Xi.;‘j)_l = (_1).7' x (_A(’; f})((:):]/.?).?

we derive the following binomial determinantal identity

0<di,ejt<n [(A+B§{i +Yj)(Xi;~j)-l] (22a)
H (1 +Xk) H (X; — Xi)(-A-Y; 4+ Bj +1i). (22b)
" 0<i<i<n

When X; = y + bi and Y; = cj, it recovers the binomial determinantal
identity due to Amdeberhan and Zeilberger [3, Eq 6]:

l/z+aitc +bi+j\"L
0<i,j<n [z'(m J ])(y J J) ] (232)
H b+ 56)! H {(y+5)a—(z+cj—1i)b}. (23b)
(‘y+bk+n)lo<i<j5n y+J J :

§3.10.  Similarly, the binomial relation

A+BX;-j\/X:i+Y; n(-A-BXi)n (-X:i-Yj);
( n—j )( j J)=(‘1) (n ~ 7)! "(—A—Bx‘)Jj
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leads us to the following determinantal identities

qofA+BX;—j Xi-I—Y}
os‘%ﬁ‘tgn [z! ( n—j )( J ) (242)
= J] X;-X)(+A-BY;+Bi-j), (24b)
0<igj<n
of A+BX; +Y;\ (Xi+]
12 J
L [P (4 ) ()] (259
= JI X;-X){A-Q+n-j)B+Ya;—i}. (25b)
0<i<ign

We remark that the last two determinant identities are equivalent with the
column index being inverted by j —» n—j. When X; =z +ai and Y; = cj,
they reduce, respectively, to the following binomial determinantal identities
due to Amdeberhan and Zeilberger {3, Eqgs 4-5]

S(Tt+ai+ci\ry+bi—3j
o, [2!( j )( n—j )] (262)
= JI {w-i+1a-(z+ci—i}}, (26b)
0<Li<jgn
L (THai+]) (y+bitcl
oS [z( j )( n—j ) (27a)
= I {w+en—i-cila—(@+n-j+1)b};  (27b)
0<i<j<n

where the last equation corrects an error appeared in Amdeberhan and
Zeilberger (3, Eq 5]. In particular fora =1, b=c=—1,z =0 and y = 2n,
the last result reads as

det [(i-q_-j)(zn—i—j)] _ @nt+y” (28)

0<ij<n |\ @ n—i n k!

which is conjectured by Kuperberg and Propp in their work on plane parti-
tion enumeration and verified by Amdeberhan and Ekhad [2] through Dodg-
son’s rule.
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4. DUPLICATE DETERMINANTAL IDENTITIES

Performing the parameter replacements in Proposition 2

zr — (a+zi)(c—zx) — ac,
(ad + )(cd + %)
d2 H
(ab + a,-,-)(bc + a,-_,-) .
b? !

and then applying factorizations
(ad + dz; 4 i )(cd — dz; + ;)

sty — (ab + bz; + aijngc —bz; + ;) ,

Ti—x; — (x,-—:l:j)(c—a—x,-—:v,-),

(dexs; — bye)(desj + by + abd + bed)

Qg — Y — b242

we can reformulate the result as the following determinantal identity.

Proposition 7. Let {z;}}_, be distinct complez numbers. Then there holds

the following determinantal identity:

|'(ab + bx;la,-),- (bc - bx,-la,-)j] _ H05i<j$n(xi - 3’]’)(0 —a—Z;— :tj)

osig<n| (ad + dzily)jed —dzily); | [Tiwolad + dzi|y)n{cd — dzglr)n
X H (da,-,- - b'yj_l)(abd + bed + da.-,- + b'Yj—l)-

0<i<j<n

This identity contains the following three interesting special cases. Among
them, the first two limiting cases can be justified similarly as those for

Corollaries 3 and 4.

Corollary 8 (b= 1 and x — oo in Proposition 7).

det [(a + a:,-laj),- (c— :x,-laj)j] = H (.'z:j —zi)c-a—z; — z;).

0<i, i<
Shisn o<i<j<n

Corollary 9 (d =1 and ¢;; — oo in Proposition 7).

1 ] _ logicjcn(®i —z5)(c— 0 — 2 — z5)

det
0<ij<n [(a +zi|vile —zih);
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Corollary 10 (b=d =1, o;; = y; and v; = z in Proposition 7).
. [(a+z-+w)f(c—z.~+w)" _ f[ (v —2)*(a+ec+ye +2)*
ogijsn| (e +zi+z)(c—zi + z)7 o (@+ T+ 2)"(c —zp + 2)"

X H (x,- —xj)(c— a—T;— :Bj).

0<i<j<n

Alternatively, performing the parameter replacements in Proposition 2

T, — axk+c/zk,

Y . acd
— —_— + _—
e d Yk
oy 2 9be
1 b i )
and then applying factorizations
Zi+ (adz: + i) (cd/zi + )
d'yk !
i+ i (abz; + aij)(be/xi + aij)
T !J baij ’

zi—z; — (xi—zj)(a—c/zizj),
(byk — daij)(abed — aijye) |
bdai,-'yk !

Qij =Y
we can show the following multiplicative determinantal identity.

Proposition 11. Let {zx}}?_, be distinct complez numbers. Then there
holds the following determinantal identity:

et [(abxi]aj),-(bc/xdaj )j] _ Tlocicjen(®i — i) — c/ziz5)
o<ij<a | (adzi|v)j{cd/zi|y); [Tx=ofadze|v)n{cd/zk[¥)n
x I ®w-1 - dai;)(abed — cijvj-1).

0<i<j<n

Corollary 12 (b =1 and y — oo in Proposition 11).
oJet[(asmile)sle/ailas);| = By {aiilas - z:)(a - c/ziz) }.

Corollary 138 (d =1 and a;; — oo in Proposition 11).

n

1 ITo<ici<alzi — T5)(@ — ¢/zix;)
] _ 0<i<js<n H'Yf—l
=1

0% [(azil')’)j(c/xih):i ~ Iecolazkinn(e/zkl7)n
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By means of these determinant identities, we can further evaluate the fol-
lowing five binomial determinants.

§4.1. Expressing the binomial coefficients in terms of shifted factorials

G (cmi—y)i(catm—w);
CRET™ ~ o byCat by

and then applying Proposition 7, we establish the determinant identity
+y; —z;+
(7))

0<i,j<n [ (’-‘;"’) (*=%+)

(zx —a = b)n(—zk — b)n
x JI (@-z)a—2i—2) (29Db)

0<i<j<n

J [tk ratbry -2k o,
k=0

which can be further specialized to the following binomial determinant:

B febis
. (a+jz J)( jt .1) =(_b)(“;1)nogiqsu(1+°+°_i‘2j)(°'°+bi+bj)' (30)
0<i j<n i!2(“';bi)(°;.“) 3o (~a=bk)n(—ct+bk)n

§4.2. Rewriting the binomial coefficients in terms of shifted factorials
+etxi) (xi—b
¢ c,-ﬂ ) :_j _(b=zi)p(l —c+xi —n)j(—zi —a—c);

(**5=1) e " (e=)a(l = b+ i —n)j(—z; —a - b);

we get from Proposition 7 the determinant evaluation formula

(a+c+z.~) Ti—b n
j n—j _ c=b)s(b—zk)n (1 +a+btctn—2k)s (31&)
0<i,j<n (a+l;+z.-) (a:::;) - c—Ti)n(—a—b=2r)n (1-b—n+tzr)n

X H (I,' - x,)(n -—a-1-— T —z,-) (31b)
0<i<jsn

which contains, as special case, the following determinantal identity:

(’:ﬁ;) 5 r@a—ck(l—a—c+n-—2k)
0<i,j<n [J' ()\t’j—a) (/\Ji+c) = ;:!;IO (@ — Mo (=c = F)n k (32a)

n—j
x ACE) T (1 -n+2i+ ). (32b)

0<i<j<n
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§4.3. Reformulating the binomial coefficients in terms of shifted factorials
+yi+i +2c42j
ez diil)) (ar2r1295) (I +zi+y;)i(e —zi +y5)s

. : g - X
o) Gredy) )RR (et m)ilate—m);

we derive from Proposition 7 the determinant evaluation formula

, Tityj+i
Ti—yj—a—j - )1 — 4o
o<(§.ejt<n[ =9 ) (CEter] )]" [I @-=)-atazitz;) (33a)
ISR (i lyi—a 0si<isn

Ti—a—Cc—j
+2c+2k
o (c—yk)k(a +c+ vk + k)i aa+2yck+2k)
x 1
k=0

o (LHe+Ti)n(a+c— k) (Hac) (241 )

(33b)

ZTp—a—C.

which reduces, for z; = bi and y; = 0, to the following determinantal
identity:

1 /bi+ 7\ (bi+c+ 5\
og(}?jtgn [z_l( 2j )( 2j+2c) ] (342)
_ nt1 .1 (2K 4+ 20)!(c)2k(bk — c — n)!
= (=b)( )osgsn(1+bz+bj)’g (2k)!(bk2+c+n)! . (34b)

§4.4. According to Corollary 8, the binomial relation

( zi+y;+J ) (C+$i —yj) - (—l)j(l + i+ ;)i (y; —xi —¢);
ct+zi—y;i—J xi +y; (2y; + 27 — ¢)l(c — 2y;)!

leads to the determinant evaluation formula

det Ti+y;+J c+zi—Y; (35a)
0<ij<n |[\c+Ti—y; —J i + Y5
T (-1)F ( 2k )
=TT = (zi —z;)(1+c+zi+x;). (35b)
,:!-__](:) (2k)! \c— 2y 05:115-1

For z; = a+bi and y; = 0, this determinant identity recovers the result due
to Amdeberhan and Zeilberger (3, Eq 1]:

1fa+bi+7\] _ U3 IR o(a + bk)!
OSig'sn [z—' (c +bi - 3)] - T'[_;;O(c + bl’:)!(za —c+ 2k)! (362)
x JI Q+a+c+bi+bj). (36Db)

0<i<j<n
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Similarly, letting z; = bi and a;; = dj — i, we recover from Corollary 8 the
result due to Amdeberhan and Zeilberger (3, Eq 14]:

det [j! (it (c—b;:+d.‘i)} = (-5)("?) Il @—c+bi+bj). (37)

0<i,j<n
0<i<j<n

§4.5. By means of Corollary 9, the binomial relation
(.’L‘i +a -—J) _ (=1)7(z; + a)!
z;+7j - (zi)a — 25)(z; + 1)j(—=z; —a);
yields the determinant evaluation formula

zit+a—j _ b (xk-l-a—n)!
OS(%,ejtSn [( T; +j )] - k1=10 (xk + 'n)!(a — 2k)! (388.)
x I @i-z)e+1+zi+z;). (38b)
0<igjsn

For z; = ¢ + bi, the last determinant identity reduces to

1(a+bi—j CoR 1 (a+ bk —n)!
og(%gtsn [? (c+bi+j)] - (_b)( ),:c[=10 (c+ bk + n)(a — c — 2k)! (398)

x J] (+a+c+bi+bj) (39b)
0<i<ign

which is equivalent to another result due to Amdeberhan and Zeilberger |3,
Eq2}):

: N\~ . — C —n)!
OSi?an[% (a+ln+]) ]= e )kHO(a e+ 2Rlet bk —n)t 0

c+bi—j (a + bk +n)!
x [ (+a+c+bi+by). (40b)
0<i<j<n
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