The yin—yang structure of the affine plane of order four
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Abstract. In this paper we show the yin-yang structure of the affine plane of
order four by characterizing the unique blocking set as the Mébius—Kantor
configuration 8.
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1. Introduction

Configuration is one of the oldest combinatorial structure, since it appeared
for the first time in 1876 in the second edition of Theodor Reye’s book
Geometrie der Lage [10]. A (v,,by) configuration C=(X,B) is a pair where Xis
set of v points and B is a family of b subsets called /ings, with ¥ points on
each line and s lines through each point. Two different lines intersect each
other at most once and two different points are connected by a line at most
once. By definition it easily follows that the parameters of a configuration
(Vnby) must satisfy vr=bk and v2/(k-1) +1, see [2], [4], [5]. If ¥=b and hence
r=k, then the configuration is symmetric and denoted by V; . Symmetric
configurations I, are regular graphs with equally many vertices and edges
and so V-cycles. Configurations 4 exist if and only if 1>7. The Fano
configuration, i.e. the projective plane of order two, is the unique
configuration 7;. In 1881 S. Kantor, proved the uniqueness of the
configuration 83, see [7] and [11].
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A blocking b-setof Cis a set B of b points such that any line contains a point
of Band a point outside 5.
An affine plane of order q is a ((¢7)g1,(¢7+4),) configuration such that:

1. Any two distinct points belong to exactly one line.

2. If the point P is not on the line / then there is a unique line on P

missing /.

The aim of this paper is to look at the affine plane of order 4 from a new
point of view, see [8]. We shall show that AG(2,4) contains, up to
isomorphism, exactly one blocking set which is the unique M&bius—Kantor
configuration 8;. The blocking set with its complementary set leads to a
yin-yang structure of the affine plane of order four.
Let K denote a #-set in AG(2,q). We recall that the characters of K are the
numbers [=(K) of lines meeting K in exactly / points, 0</<q. The set K is
called of class (m,m,...my) if (0 = ie{m,m,...,my}. We prove the
following

Theorem.- AG(2,4) contains, up to isomorphism, exactly one blocking set
which is the unique Mdbius—Kantor configuration 8.

2. The proof of the Theorem

Let B denote a blocking b-set of AG(2,4). The set B is of class [1,2,3]. By {1]
and [6], &&7.
By counting in double way the number of lines, the number of pairs (P,J,
where PeB and / is a line through P, and the number of pairs ({P,@},),
where {P,@}cB and / is a line through P and @, we get the following
equations on the integers
L+t +56=20
2’2 +6t3 = “b—l)
If b=7, we get
L+t +4 =20
tl +2t2 +3’3 = 35
2[2 + 6’3 = 42
which gives fi=11, £=3, £=6. Consider the configuration formed by the six
3-secant lines.
Two 3-secant lines intersect in a point of 8. Indeed, if two 3-secant lines
meet in a point outside B, say P, each of the other three lines through P must
contain another point of 8, so /29, a contradiction.
Four 3—secant lines cannot contain a same point of B, otherwise /9.
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We call 2-points and 3-points the points of 5 on exactly two and three
3-secant lines, respectively.
Any 3-secant line contains exactly one 2—point and exactly two 3—points.
Let us denote by x and y the number 2-points and 3-points of B,
respectively. Counting in two different ways the number of points of 5, the
number of pairs (7, /), where Pe Band ris a 3—secant line through P, we get
X+ y=17
2x+3y=18’

which gives X=3 and y=4.
Therefore the four 3—points form a quadrangle and the three 2—points are its
diagonal points. The contradiction follows because in even characteristic the
diagonal points of a quadrangle are collinear.
Since a complementary set of a blocking set is a blocking set too, £##7 implies
that £5£9.
Therefore /=8. We get

L+bL+5=20

h+2L+34L =40

25 +61, =56
which gives 4=8, 4=4, £=8. Consider the configuration formed by the eight
3—secant lines.
Two non parallel 3-secant lines intersect in a point of B. Indeed, if two
3-secant lines meet in a point outside 5, say P, each of the other three lines
through P must contain another point of 8, so /29, a contradiction.
Four 3-secant lines cannot contain a same point of B, otherwise (9. A
3-secant line meets exactly other six 3—secant lines and has one 3-secant
parallel line.
Therefore 8 with its eight 3—secant lines is a Mbius-Kantor configuration
8,.
Now consider the complementary set & of 8 with the eight tangent lines of
B. Since F is also a blocking 8-set of AG(2,4), then & is a Mobius—Kantor
configuration 8;.
The following picture shows the affine plane of order 4, equally partitioned
by the two Mobius—-Kantor configurations 8, see [9]. We have used the
cyclic representation of the Mobius~Kantor configuration 8;, in which
X={0,1,2,3,4,5,6,7} and the lines are constructed starting from the line
F{0,1,3}, by adding 1 modulo 8 to each element of / see [3].
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The yin-yang structure of AG(2,4).

3. Conclusion
The concept of yin—yang is used to describe how polar opposites or
seemingly contrary forces are interconnected and interdependent and how
they give rise to each other in turn. In this paper we show the yin-yang
structure of the affine plane of order four by characterizing the unique
blocking set as the Mébius—Kantor configuration 8;.
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