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Abstract

A graph G with an even number of vertices is an almost self-
complementary, if it is isomorphic to one of its almost complements
G° — M, where M denotes a perfect matching in its complement
G*. In this paper, we show that the diameter of connected almost
self-complementary graphs must be 2, 3 or 4. And we construct
connected almost self-complementary graphs with 2n vertices having
diameter 3 and 4 for each n > 3, and diameter 2 for each n > 4
respectively. In addition, we also obtain that for any almost self-
complementary graph G, with 2n vertices, [{/n | < x(G») < n. By
construction, we verify that the upper bound is attainable for each
positive integer n as well as the lower bound when /n is an integer.
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1 Introduction

A graph G is self-complementary, if it is isomorphic to its complement
G*. Similarly, a graph G with an even number of vertices is almost self-
complementary, if it is isomorphic to a graph (called an almost complement
of G) obtained from G°¢ by minus a perfect matching of G°. Let M denote
the perfect matching, then the almost complement of G depending on M
can be written as ACpy(G). Obviously, G is an almost complement of
AC)(G) with the same matching M.
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Alspach [1], who first introduced almost self-complementary graphs,
proposed the determination of all possible orders of almost self- comple-
mentary circulant graphs. Dobson and Sajna. [3] solved this problem for a
particularly “nice” subclass of almost self-complementary circulants. Later
on, Potoénik and Sajna [5] investigated some properties of almost self-
complementary graphs and gave necessary and sufficient conditions on the
order of a regular graph, and constructed several types with special mean-
ings.

In this paper, we mainly investigate the diameter and chromatic number
of almost self-complementary graphs.

In section 2, we show that if G is a connected almost self-complementary
graph with 2n vertices, the diameter of G must satisfy 2 < diam(G) <
4. We also construct three types of connected almost self-complementary
graphs with 2n vertices having diameter 2 for each integer n > 4, as well
as diameter 3 and 4 for each integer n > 3.

In section 3, inspired by the idea in [2], we show that for an almost
self-complementary graph G with x(G) = k, the number of vertices |V (G)|
must be less than or equal to 2k2. Furthermore, we obtain that for any al-
most self-complementary graph G with 2n vertices, the chromatic number
of G must satisfy [y/n | < x(G) < n. In addition, we verify that the upper
bound is attainable for each positive integer n and the lower bound is at-
tainable when /7 is an integer, by constructing almost self-complementary
graphs with [V(G)| = 2n, x(G) = n and |V(G)| = 2n?, x(G) = n respec-
tively.

For any two vertices z,y of a graph G, (z,y) € E(G) denotes that z is
adjacent to y in G.

2 The diameter of almost self-complementary
graphs

Ringel [6] showed that the diameter of any self-complementary graph G
must satisfy 2 < diam(G) < 3. In this section, we investigate the di-
ameter of almost self-complementary graphs. Let G be an almost self-
complementary graph. If G is disconnected, the diameter of G is infinity.
So we suppose G is connected in this section. Let ACp(G) be its al-
most complement depending on the perfect matching M in G¢ such that
G = ACM(G).

Lemma 1. For any two vertices z,y € V(G), dacy(c)(z,v) < 2 ifdc(z,y)
>4.

Proof. Since G is connected, let v vg - - - vy (m > 3) denote the shortest
path between z and y in G. If (z,y) € E(ACM(G)), then dyc, (T, y) =
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1 £ 2. Otherwise, we have (z,y) € M, (z,v2) € E(ACpM(G)) and (y,v2) €
E(ACM(G)), then dacy(c)(z,y) = 2. a

Theorem 1. G is a connected almost self-complementary graph, then 2 <
diam(G) < 4.

Proof. Because G can’t be complete graph, diam(G) > 2. On the other
hand, suppose there exists a connected almost self-complementary graph
with diam(G) 2 5. For any two vertices z,y € V(G):
(1) Ifdg(z,y) > 3, weclaim dacy, (c) (2, ¥) < 3. Because, if dac,, (g)(z,¥) 2
4, we have dg(z,y) < 2 according to the Lemma 1.
(2) If de(z,y) = 2, there exists a vertex z such that (z,z) ¢ E(G) and
(y,2) ¢ E(G) since diam(G) > 5. Then (z,y) € E(ACM(G)), or (z,y) €
M, (z,z) € E(ACM(Q)), (v,2) € E(ACM(G)). Hence dacy(c)(,y) < 2.
3) Ifdg(z,y) = 1. Let 1 = {v: (z,v) ¢ E(G)}, o = {v: (y,v) ¢
E(G)}, then we can easily obtain |I;] > 3 (i = 1,2) and |I; N [3| > 2 since
diam(G) 2 5.

(a) |l nIy] > 3, suppose vy, v2,v3 € [1 NI, In ACpy(G), both z and y
are adjacent to at least two vertices in {v;, v, v3} and dacue)(z,y) = 2.

(b) |1 N I2] = 2. In this situation, z,y,u;,us must be the vertices of
a path Ps : z02129232425, where dg(20,25) = 5 and {z,y} = {21, 22} or
{z,y} = {z2,23}. In ACM(G), 2; is adjacent to at least two vertices in
{z3,24,25}, z2 is adjacent to at least two vertices in {20, 24, 25}, and z3 is
adjacent to at least two vertices in {20, 21,25}. Hence dac,,(g)(21,22) =
2, dacy(6)(22,23) = 2, namely, dacy (c)(T,¥) = 2.

Above all, we have d4c,(¢)(z,y) < 3 for any two vertices z,y of G.
So diam(ACM(G)) < 3, contrary to diam(G) > 5 since G = ACy(G).
Therefore, 2 < diam(G) < 4. a

Potoénik and Sajna [5)] presented all almost self-complementary graphs
of order at most 6. The connected almost self-complementary graphs
among them are listed in Figure 1 (dotted lines are the perfect matching
M, and o is an isomorphism such that ¢(G) = ACy(G)).

From Figure 1, we obtain that the diameter is 3 or 4 for the connected
almost self-complementary graphs of order at most 6. In the following, we
shall construct three types of connected almost self-complementary graphs
G on 2n vertices such that diam(G) = 3,4 for each integer n > 3 and
diam(G) = 2 for n > 4 respectively. Let V(G) = {z;,y;: : i = 1,2,--+ ,n}
and the perfect matching in G® be M = {(z;,%:) : i = 1,2,--- ,n}. We
construct the graphs by defining the edge set E(G) and the almost self-
complementary isomorphism ¢ : G — ACp(G) respectively.
Construction 1. For any positive integer n > 3, we construct a connected
almost self-complementary graph G on 2n vertices with diam(G) = 4 as
following.
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diam =4

5 4 5 4 5 4
= (123456) o = (13)(26) o = (16)(24)
diam =3 diam = 4 diam =4

Figure 1: Connected almost self-complementary graphs with order at most 6

E(G) = {(z1,72),(11,¥2), (¥2,%:), (w2, %) : 3 < i <n}
U{(zi,2;), (z1,95) : 2< i < j < n} '

(z1220192) [ [ (i)

=3

q
]

We can verify G is connected. And for any two vertices z,y € V(G):
(z,¥) € E(G) if and only if (o(z),0(y)) € E(ACMm(G)), namely G ==
ACp(G). Furthermore d(z1,y1) = 4, so diam(G) = 4.

Construction 2. For any positive integer n > 3, we construct a connected
almost self-complementary graph G on 2n vertices with diam(G) = 3 as
following.

E(G)

{(zi,25), (zi,95) 1 1 i < F < n}U{(y1,20)}\ (21,90}
H(xiyi)

We can easily verify o is an isomorphism: G — ACys(G). The vertex zy
is adjacent to all vertices in V(G) except y1,yn and d(z1,yn) = d(z1,11) =
2,d(y1,y;) =3fori=1,--- ,n. Hence diam(G) = 3.

Construction 3. For any positive integer n > 4, we construct a connected
almost self-complementary graph G on 2n vertices with diam(G) = 2 as

o
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following.

EG) = {(z1,4),(y1,w):2<i<n}
U{(xh xj)’ (xiy yJ) 02 .<- i< .7 5 n} U {(yg,xn)}\{($2, yn)}

o = (z1)(w) [[(z:w)

=2

We have G =@ ACp)(G) and o is the isomorphism. The subgraph on
vertex set V(G)\{z1,y1} is a graph in Construction 2. Now d(z1,y,) =
d(yi,y;) =2 for 1 <7 < j < n. Hence diam(G) = 2.

3 The chromatic number of the almost self-
complementary graphs

According to the conclusion in [4], we have \/n < x(G) < 2§ for any
self-complementary graph G with n vertices. In this section, we investigate
the chromatic number of almost self-complementary graphs.

Theorem 2. Let G be an almost self-complementary graph with chromatic
number x(G) = k, then |V(G)| < 2k2.

Proof. Let M be the perfect matching in G° such that G = ACpy(G).
Suppose |V(G)| > 2k%+1. Since there are k colors, there are at least 2k-+1
vertices, which are independent in G, equipped with the same color. The
subgraph in ACps(G) on those 2k + 1 vertices contains a complete graph
of order 2k + 1 minus a maximal matching, and we have x(ACM(G)) >
k+1. Hence x(G) > k + 1 since G & ACpy(G), a contradiction. Therefore
V(G)] < 2k2. O

Theorem 3. For any almost self-complementary graph G with 2n vertices,
we have [/n ] < x(G) < n.

Proof. Let x(G) = k. Suppose k < [/n]-1 < \/n. According to Theorem
2, |V(G)| £ 2k? < 2n contrary to |V(G)| = 2n.

" On the other hand, let M be the perfect matching in G¢, such that
G 2 ACm(G). We equip the two adjacent vertices in M with the same
color and obtain a proper coloring of G. Hence x(G) < n. O

Next, by construction, we show that the upper bound is attainable for
any integer n > 2 as well as the lower bound when /n is an integer.

327



Construction 4. For any integer n > 2, we construct an almost self-
complementary graph G of order 2n such that x(G) = n.

V(G)={ziyi: i=1,---,n} M =£($i,yi) ci=1,---,n}
E(G) = {(zs,25), (xi,y;) : 1Si<j<n} o=]][(zim)
i=1

We can easily verify o is an isomorphism: G — ACu(G) and G is an
almost self-complementary graph. G contains a complete subgraph K, so
x(G) 2 n. On the other hand, we can set z; and y; with the same color i
(1 £ i < n), then we obtain x(G) < n. Hence x(G) = n.

Construction 5. For any integer n > 1, we construct a graph G such that
x(G) =n and |V(G)| = 2n2.

V(G) = {:z:i,j,yi,j : i,j=1,--- ,n} M= {(:c,-'j,y,',j): i,j = 1,'-- ,n}

1. If n is even, we define a mapping ¢ : V(G) — V(G) as follows:

o = JI @ueTeare Terreer Toer1) e Verse Yeareer Gros1)

x I @is % Zirrs 25001)Bi Yig Yirr5 Biivn)
: odd

1€i<n—3
i+255<n

n-3
We can easily verify that o contains 2 x (g + Z(n —i- 1)) = %nz
i=1

cycles, namely 4 x %nz = 2n? elements of V(G). On the other hand,

for any vertex a;; in V(G), a; belongs to a unique cycle of o and a;;
has a unique image and preimage under the action of ¢. Hence ¢ is
a permutation.

Next we define the edge set E(G) based on each cycle in o. De-
note V(X;) = {zij,4i; : j=1,---,n}fori=1,---,n; V(Y;) =
{zijyvij: i=1,---,n}forj=1,--- ,n.

V(G) = V(X1) UV(X2) U UV(Xn) = V(Y1) U V(Ya) U--- U V(Ya)

be two partitions of the vertex set of G into disjoint subsets.

For any pair of vertices a; o, bs,¢ in V(G) such that (a.'J, s,t) € M, let

(0°%(ai3) olai;) o (az,J) a? (i), (o 9 bs,t) o(bs,t) 0 (bs t) as(bs t)
for the two cycles containing a; ;, b, respectively, where ao(a,-lj) =

ai,j, 0°(bs,t) = bsye.
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If there exist p(0 < p < 3) and jo(1 < jo < n) such that o?(a;;) €
V(Y;0),0P(bst) € V(Yj,), let

(07" (ai,3), 07+ (bs,0)) € E(G) and (07*%(as,;),07*3(bs,c)) € E(G)
Otherwise, order
{a"i,ja a(ai.j): 0'2(0,«,"]'), Ua(ai,j)) bs.t; U(bs,t)a Uz(bs,t)a Us(bs,t)}

by the subscripts of the elements lexicographically. Let ¢ be the
smallest element under this ordering, namely there is ¢(0 < ¢ < 3)
such that 0%(a; ;) = c or 09(bs;) = c. We let

(0%(as,3),0%(bst)) € E(G) and (09*%(as,5),07+?(bs,¢)) € E(G)

We claim E(G) is well-defined, since for any two vertices a; j, bs.t,
if j =tand{# s, 0(a;;) and o(bs;) cannot belong to the same
set V(Y;)(1 £ j £ n) under the action of o and the same holds to
03(a;;) and a3(b, ;).

At the same time, for any edge a € E(G), ca € E(ACu(G)). Con-
versely, for each 8 € E(ACy(G)), 018 € E(G). It means ¢(G) =
ACMm(G),0(M) = M, and thus G is an almost self-complementary
graph.

We have x(G) < n since each subgraph Y;(1 < j < n) is an in-
dependent set. On the other hand, each subgraph X;(1 < i < n)
is a complete graph on 2n vertices minus a perfect matching. So
x(G) > n. Consequently, x(G) =n.

2. If n is odd, we define a mapping ¢ : V(G) — V(G) as follows:

p= { H (¢, Te41,t Tetl,t+1 mt,t+1)(yt,z Ye1,t Yed1,t41 yc.t+1)}
t Odd

1€t€n~-1

x{ H (i Tji Tivr,s T4it1)(¥ij Yii Yie1,5 Yii+1)} X (Tnn)(Ynn)
i odd

1<i<n=2
i+2Zj<n

We can verify the conclusion in a similar way.

Corollary 1. For each almost self-complementary graph G such that x(G) =
n and |V(G)| = 2n?, G contains n “cocktail party” subgraphs, Kon — nKj,
on 2n vertices, where those subgraphs are mutually disjoint.
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Proof. There are at 2n? vertices and n colors. So there are at least 2n
vertices equipped with the same color. Similar to the proof of Theorem 2,
if there are 2n + 1 vertices with the same color, we obtain x(G) 2 n+1, a
contradiction.

Hence each color assigns to exact 2n vertices which is an independent
set in G. Because x(ACy(G)) = x(G) = n, the subgraph on the 2n
vertices for each color must be “cocktail party graph”: Kop, — nK,. We
have ACp(G) contains n (K2, — nK3), which are mutually disjoint. The
conclusion follows since G 2 ACp(G). a
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