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Abstract

This paper is devoted to study the form of the solutions and the peri-
odicity of the following rational systems of rational difference equations

Tn41 = Tnct Yn41 = Un—t
I - n =T -
1- Tn-Yn-2 ! +1+ Yn—5Tn-2 !

with initial conditions are real numbers.
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1 Introduction

Recently, there has been great interest in studying difference equation systems.
One of the reasons for this is the necessity for some techniques that can be
used in investigating equations arising in mathematical models describing real
life situations in population biology, economics, probability theory, genetics,
psychology, etc. There are many papers related to the difference equations
systems for example, Cinar [2] studied the solutions of the system of difference

equations
PYn

Tn_1Yn—1
The behavior of positive solutions of the system

m
Tn4l1 = — Yn41 =
Yn

- _ Tn—1 y - Yn-1
nH 1+ zn_1yn 1 Ont 1+yn_1Tn '
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has been studied by Kurbanli et al. {10].
In [14] Yalginkaya investigated the sufficient condition for the global asymp-
totic stability of the following system of difference equations

2 _tazp_1 +a Zptp—1 +a
s tn + 2n-1 P indl = Zn +in—-1 ’

Similar difference equations and nonlinear systems of rational difference equa-
tions were investigated see [1]-[14].
We consider in this paper, the solution of the systems of difference equations

Tn-5 Yn—5

with real numbers initial conditions.

. — _ Tas Yn—5
2 Onthesystem: z,.; = T Yntl = T

In this section, we investigate the solution of the system of two difference equa-

tions Tnos Yns (1)

T—tnotns T T2y otns’

where n € Ng and the initial conditions are arbitrary real numbers with z_sy_o,

ZT_4y-1, T-3Yo # 1 and z_sy_5, T_1y_4, Toy-3 # —1.
The following theorem is devoted to the form of the solution of system (1).
Theorem 1. Suppose that {z,,y,} are solutions of system (1). Then for

n=0,12,.,

Tntl =

S - T =" 3 -2 _
Ten-5 - (1 - pf)n! 6n—-4 = (1 _ eh)"’ 6n—-3 = (l _ dg)ns
Ten-2 = (1+80)", Ten1=b(1+br)", zen=a(l+aq)",

p— —s = .___.T = —-—.—q
Yen—-5 = (1 ¥ SC)"’ Yen—4a (l + bl‘)n’ Yen—-3 (1 + aq)n,

Yon—2 = p(L—pf)", yen-1="h(l-eh)", yen =g(1 —dg)".

Proof: For n = 0 the result holds. Now suppose that n > 1 and that our
assumption holds for n — 1. That is,

f e d

Ten—-11 = W' Ten—-10 = a- eh)“-l’ Ten—9 = (1—_?),;_—1,
Zgn-s = c(1+ SC)"_I, Ten—7 = b(1 + br)"' y Ten—s=oa(l+ aq)""l,
_ S _ T _ q

Yon—11 = m: Y6n-10 = mﬂ?{, Yen—9 = W’

Yons = P(L—pf)", Yen—7=h{(1—eh)""!, yen_e=g(l —dg)""L.
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Now it follows from Eq.(1) that

_f
Tens = Ten—11 - (1 -pf)1
" T 1 — Ygn—8Ten—11 N7 S
(l P -p)* ' _pf)n—l)
_f
Q-pfint __ f
(1-pf) ~ (A-pfH™
s
Yonos = Yen—11 _ (1 + sc)»-1
1 + Zen-8Y6n-11 (1 +¢(1 + sc)n-1 (1_-;‘?(:_”:{)
s
_ (+4sc)mt s
T (I+es) T (14so™
Also, we see from Eq.(1) that
fos Ten—s _ e(1 + sc)r?
1 — Yen—5T6n—8 (1 _ q +ssc)n o1+ Sc)n—l)
_ c(1 + sc)*! (1+sc)\ _ c(l+sc)" n
- ( sc )((1+sc))_1+sc—sc_c(1+sc) ’
1—
(1+sc)
Vonz = Y6n—8 _ p(l —pf)*!
n= 1 + Ten—s5Y6n—8 — nfin-1 _...__f )
_ _p(l-pf)r! (1 —pf) _ pA-pf)*
- (1+- of ) 1-pf)~ (1—pf +pf) =p(-pi)"
(1-pf)

By the same way, we can prove the other relations. The proof is complete.
Lemma 1. Let {zn,y,} be a positive solution of system (1), then {y,} is
bounded and converges to zero.

Proof: It follows from Eq.(1) that

Yn-5

—_— <L _E.
l1+zn_oYn-s ~ Yn-s

Ynt1 =

Then the subsequences {yen-5}520: {Ven-4}320, {Yen—3}nmo, {¥en-2}7Z0,
{¥en—1}0, {¥en} are decreasing and so are bounded from above by M =

max{y-5,y-4, ¥-3,¥-2,¥-1, Yo}
Lemma 2. The solutions of system (1) has unboundedness solutions except in

the following case.
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Theorem 2. System (1) has a periodic solution of period twelve iff pf
eh = dg = 2, br = ag = sc = —2 and it will be taken the form {z,}
{f) e, d) ) b: a, _fs =€, —d, ) _b1 -a, fy €, --'} ’

{yn} = {8,7’, a,p k9, —8,—7,—¢,—p,—h,—g,8,7, } .
Proof: First suppose that there exists a prime period twelve solution

{zﬂ} = {f) e d,c,b,a,—f,—e,—d,—c,—b,~a, f,e, ...},

{yn} = {sm7a,ph,9,—s,-1,—q,—p,—~h,—g,8,7,..},

of system (1), we see from the form of the solution of system (1) that

5 = T S M

¢ = c(l+sc)", £b=bl+br)*, =xa=a(l+ag)",
and

= T TSGR S T

*p = p(l-pf)", th=h(1-eh)*, +g=g(1-dg)".
Then we get

l-pf=1-eh=1-dg=1+sc=1+br=1+aq=-1.
Thus

pf=eh=dg=2, br=ag=sc=-2.

Second assume that pf = eh =dg =2, br = ag = sc = —2. Then we see from
the form of the solution of system (1) that

Ten-5 = (_1)"fv Ten—4 = (_l)ne’ Ten—3 = (_l)nda

Ten—g = (—1)"¢, zgn-1=(-1)"b, zen = (-1)"a,
and

Yen-5 = (—1)78, Yen-a = (-1)"r, Yen-3 =(-1)"g,

Yen-2 = (—1)"13, Yen-1 = (—l)"h, Yon = (—l)ng'

Thus we have a periodic solution of period twelve and the proof is complete.
Example 1. We consider interesting numerical example for the difference sys-
tem (1) with the initial conditions z_5 = .19, z_4 = .3, z_3 = —.2, z_; = .31,
Ty = —41, xg = 21, y_s = —.16, y_4 = 23, y_3 = .12, y_2 = .14,
y—1 = .18, and yp = .3. (See Fig. 1).
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Tn-5

3 Onthesystem: z,,; = T Ynil =

Yn~5
l-z,_2Yn-5

In this section, we obtain the form of the solution of the system of two difference

equations

Ln-5 Yn-5

Tpp) = ————— 1= ——nt
" T —Yn2Tas’ Yni1 =17 Tn-2Yn—5

where n € Ny and the initial conditions are arbitrary real numbers.
Theorem 3. Assume that {z,,yn} are solutions of system (2). Then for

n=0,1,2,..,

Ten—5

ZTen-3

Ten-1

Y6n-5

Yé6n-3

Yen~1

n-1 . n=1l
(1 — (29)pf) _ (1= (2)eh)
f H, @T-@i+Dpf) 4T eH (1-(2i +1)eh)’

d H GG = H e,
T §=opn, oo -] 200
E, (1(i Eﬁz-)i;ic)’ Yon—a =T H (1(i _(-21(,2-:)2;27')
oI e, ves = 11 =2l
W R, e = T 4200
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wherez_5 = f, 24 =€, z_3=d, z2=c¢, 1 =b, To =0, Y5 =8, Y4 =
T Y-3=q Y-2=p, Y-1=h, yo=g.

Proof: For n = 0 the result holds. Now suppose that n > 1 and that our
assumption holds for n — 1. That is,

~ (1 - (2i)pf) T _(1— (2i)eh)
Ten-u = f H(l—(2z+1)pf)' Ton=10= eH(I—(zwl)eh)

n-2
_ (1 - (2¢)dg) _ (1 (2 + 1)sc)
Ton-o = “Ha—(zz+1)dg)’ Ton-s = °H(1—(2z+z>sc)

n=2 n—2
B (1— (2 +1)br) (1—(2i +1)aq)
Ten—-7 = H (1 - (21 + 2)1”-) H (1 - 22 + 2)aq)
n—2 "_2
_ _(1—(2d)sc) _ (1= (26)br)
Yen-11 = H (1= (2 + 1)sc)’ Yon-10 =T ]-_-[ (1— (2% +1)br)’
n-2 1 _ (21.)04) n—2 (1—(2¢+1)pf)
Yen—o = H (1— (2 + Dag)’ Y 2=7 g (1 - (2 +2)pf)’

n—2 n—2 .
(1— (2 +1)eh) (1 — (2 + 1)dg)
vt = b G Grggeny v =9 1l T Gormjagy

1t follows from Eq.(2) that

T e
(T =i L a-a+iem)
(- Bocwinm) (-oetmm)
- et et - Moty
and

w2 (1—(2)sc)
_ Yon—11 _ i=o0 (1 — (2i + 1)sc¢)
Yon=8 = I Zen—sbon—11 (l_c"-2 (I1-(2t+1)sc) n-2 (1-—(26)sc) )

=0 (1— (2i+2)sc)” =0 (1 — (2 + 1)sc)
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n-2 (1 - (26)sc)

3 (1 - (24 1)se) H (1-(2)5¢)  (1-(2n-2)sc)

(1 ———) (1 — (2 + 1)sc) (1=(2n—2)sc=sc)"
(1 - (2n - 2)sc)

Then we see that

=0

n—1
_(1—(26)sc)
Yen—5 = 8 E (1=(2+1)sc)’

Similarly we can prove the other relations. This completes the proof.
Lemma 3. If z_5, z_4, 2_3, 22, -1, Zp, Y-5, Y—4, Y-3, ¥-2, ¥-1 and
yo arbitrary real numbers and let {z,,yn} are solutions of system (4) then the
following statements are true:

(i) Ifz_5 =0, y_2 #0, then we have zg,_5 = 0 and yYgn—2 = y—2.

(ii) f z_4 =0, y_1 # 0, then we have g, 4 =0 and ysn—1 = y-1.

(iii) If z—3 = 0, yo # 0, then we have zg,_3 = 0 and yg. = Yo.

(iv) If z_g = 0, y_5 # 0, then we have zg,_9 = 0 and ygn—s = y—s.

(V) Ifz_y =0, y—4 # 0, then we have zgn—; = 0 and ygn—4 = Y—4.

(vi) If zo = 0, y—3 # 0, then we have zg, = 0 and ygn_3 = y-3.

(vii) If y—5 = 0, £—2 # 0, then we have ygn_5 =0 and Ten—2 = ZT2.

(vill) If y—4 = 0, 3 # 0, then we have ygp,—4 = 0 and zgn-1 = z-1.

(ix) If y_3 = 0, =g # 0, then we have yg,—3 = 0 and zg, = xp.

(x) If y—2 =0, z_5 # 0, then we have ygn—2 = 0 and zgn—5 = T_s.

(xi) If y—; =0, z_4 # 0, then we have ygn—) = 0 and zgn—q = T-4.

(xii) If yo =0, z_3 # 0, then we have yg, = 0 and zen—3 = _3.
Proof: The proof follows from the form of the solutions of system (2).
Example 2. For system (2), assume the initial conditions z_5 = .19, z_4
B x3==2m =812 v==41. 2n=21. % e ==18 u . =.23, y_3

A2, y_0=.1 plot of X{n+1)=X(n-5Y(1-X{n-5)Y(n-2)),Y{n+1)=Y(n-5¥(1-Y(n-5)X(n-2))
2 . . . .
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1 =
£
£
1
osf
\ jv
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n
Figure 2.
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Similarly we can prove the following systems.

. —_— Tn— — —_
4 Onthesystem: Zn41 = 22—, Y41 = ——1+::_:yn_5'

In this section, we get the solution of the system of the difference equations

zn—5 yﬂ—s (3)

Ty = —m 8 ————— 1=
n* 1 —yn_2Tn—s v Yt -1+ zp_oyn—s’

where n € Np and the initial conditions are arbitrary res] numbers such that
T_5Y-2, Toa¥-1, T30 # 1,# 3, and Z_gy_s, T_1Y—4, Toy-3 # 1.
Theorem 4. If {z,,y.} are solutions of difference equation system (3). Then
every solution of system (3) takes the following form for n =0,1,2,...,

_ (-1)"f(=1+2pf)" z _ (=1)"e(—1 + 2eh)”
Ti2n-5 ~ a-pf)en » T12n-4 = 1 —eh)en )
(—-1)*d(—1 + 2dg)™
Zi2n-3 = (1 — dg)2" y T12n-2 = C(l - sc)"’(l + sc)n,
Tign—1 = b(l—br)*(1+br)", z124 = a(1l — aq)*(1 + aq)",
_ -)"f(-1+4+2pf)" _ (-1)"e(-1 + 2eh)”
Z12n4+1 = (1 — pf)2n+1 y T12n42 = (1 — eh)2n+1 y
-1)"d(-1 + 2dg)" n
Ti2n43 = ( ()1 __(dg)2ﬂ+lg) y Ti12n44 = —C(—l + Sc)n+1(_1 - SC) )
Tiongs = —b(=1+br)"*H(=1-br)", 12016 = —a(—1+ag)"* (-1 - aq)™,
and
_ s _ r
Vizn=s = Tl isom(-1-son’ 4= (Cl+om)n(—1-br)n’
Yign-3 = 7 Yi2n-2 = (-1)p( - pf)zn
(-1+ag)"(~1-ag)"’ (-1+2pf)"
_ (=1 h(1 —en)?" _ (=1)"g(1 — dg)*"
Yizn-1 = (—1+2eh) ' Yion = —(_1 r2dgr
3 r
912n+1 - ("l + 3C)"’+1(_1 - sc)n ] y12n+2 - (_1 + b")"+1(—l - b'r)""
y _ q Y e i St 2 ) i
12n+43 (_1 + aq)n+1 (_1 _ aq)"' 12n+44 (_1 + 2pf)"+1 ’
_ (—1)"h(1 _ eh)2n+1 _ (—1)"9(1 - dg)2n+1
Yi2n4s = (—1+ 2eh)n+t Yiznt6 = (—1 + 2dg)+1

wherez_s=f, z_4 =€, z_3=d, z_2=c¢, 21 =b, To=0a, Y-5=85, Y4 =
HY-3=¢ Y2=p y-1=h vo=g

Example 3. Figure (3) shows the behavior of the solution of the difference
system (3) with the initial conditions z_5 = .19, z_4 = .13, z_3= .35, z_5 =
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.21, Tl = —.11, Zg = .21, Yy-s5 = —.16, Y—u = —.33, Y-3 = .12, Y2 = —.44,

y-1 = .58, and y» = R
g7 X =K1 K(r-Y-2) Y 1Y Y-+ Yeo-EK-2)

—x{n)
——yin)
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|
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Figure 3.
. — Tn— — Yn-5
5 Onthe system. Tn+1 = mn—t;:, Yn+1 = :-1_—&'::_—2![;:5

In this section, we study the solution of the following system of the difference

equations

—Fnss = ——InS ()
] =

1—Yn—2Tn-s ' —1-z4 2yn—s ’

where n € Ny and the initial conditions are arbitrary real numbers with z_gsy_g,

T_qy-1, T_ayo # 1,# 3, and z_sy_s5, T_1Y-4, Toy-3 # *1.

Theorem 5. Suppose that {z,,y.} are solutions of system (4). Then the

solution for n =0,1,2, ..., is given by

Tntl =

f e

s = A Her T T—emr( +eh)

_ d _ c(l+sc)?"
Z12n-3 = 1 —dg)"(1 +dg)"" Z12n-2 = m,

b+ br)?n _ a(l +aq)™
Tizn-1 = m, Ti2n = m-;,

- f - e
B R ) e (e E (R

d c(l + sc)2n+l
Tindd = gy Fi(l+dg)r’ 2T (T4 2sg)ntl
b(1 + br)2t1 a(l + ag)?"t!

Tian+s = W, T12n46 = (1—_'_'27(1)7_,_1—,
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and

s(1 4 2sc) (1 + 2br)”
Yizn-5 = —r——3—) Y12n—4 = T——p

LT sqen’ Y14 = gy

1+ 2aq)™
Vizn-3 = q((lﬁ:)q;_)”’ Vizn—2 = p(1 — pf)"(1 +pf)",
Yizn-1 = h(l-eh)*(1+eh)”, y12a = g(1—dg)"(1+dg)",
_ —8(1 4 2sc)” _ —7(142br)"

Viznil = [ ogmr Ve = v

—g(1 + 2ag)™
Yi2n43 = (lqg-aqf);?")l’ Yizn4a = —p(1 +pf)" (1 - pf)"+!,
Yizags = —h(l+eh)*(1—eh)™*, yionss = —g(1 +dg)"(1 - dg)"*!,

wherez_s=f, 24 =€, z_3=d,2_2=c¢, z_1=b, Z0=a, Y5 =35, Y4 =

TY-3=¢ Y-2=p Yy-1=h, yo=g.
Example 4. Figure (3) shows the dynamics of the solution of system (4)

with the initial conditions z_5 = .19, z_4 = .13, z_3 = —-.35, z_, = .21,
o, = =11, g = .09, y_5 = —.16, y_4 = —.33, y—3 = .12, y_o = .04,
Yy =-.I

plot of X(n+1)aX(n-8}(1-X(n-5)Y(n-2)),Y(n+1)sY(n-5}(-1-Y(n-5)X(n-2))
04 ' r v v N r . v r
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Figure 4.
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