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Abstract: A simple graph G = (V,E) admits an H-covering if every edge in E
belongs to a subgraph of G isomorphic to H, we say that G is H-magic if
there is a total labeling f:VUE—{1,2,..IVI+|EI} such that for each
subgraph H'=(V",E") of G isomorphic to H, )" f(v)+ ) f(e) is constant.
= =
When AV)={1,2,...,IV1}, then G is said to be H-supérmagic. In this paper we
show that all prism graphs C, xP,, except for n = 4, the ladder graph P, x P,
and the grid P; x P, are C4-supermagic.
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1. Introduction
The concept of H-magic graphs was introduced in [2]. An edge-

covering of a graph G is a family of different subgraphs H,, H,,..., H, such that
each edge of E belongs to at least one of the subgraphs H,, 1 si < k. Then, it is

said that G admits an (H,,H,,...,H,) - edge covering. If every H, is isomorphic to
a given graph H, then we say that G admits an H-covering.

Suppose that G = (V, E) admits an H-covering. We say that a bijective
function f:VUE — {1,2,...,|V|+|E|} is an H-magic labeling of G if there is a
positive integer m(f), which we call magic sum, such that for each subgraph
H'=(V',E") of G isomorphic to H, we have,
fHY) Zf(v) + Zf(e) =m(f). In this case we say that the graph G is H-

‘al EE.

magic. When AV)={1,2,...,IV1}, we say that G is H-supermagic and we denote its
supermagic-sum by s(f).

ARS COMBINATORIA 111(2013), pp. 129-136



In [2], A. Gutierrez, and A. Llado studied the families of complete and
complete bipartite graphs with respect to the star-magic and star-supermagic
properties and proved the following results.

The star K| ,is K, ,-supermagic forany 1 <h <n.
®  Let G be a d-regular graph. Then G is not X, ,-magic forany 1 <h <d.
= (a) The complete graph K,, is not K, ,-magic forany 1 <h <n-1.
(b) The complete bipartite graph X,, , is not K, ;-magic forany 1 <h <n.
= The complete bipartite graph X, , is K, ,-magic forn = 1.
*  The complete bipartite graph K, , is not K|, ,-supermagic for any integer
n>1.
»  For any pair of integers 1 < r <s, the complete bipartite graph K, s is K, 4
-supermagic if and only if h = s.
The following results regarding path-magic and path-supermagic coverings
are also proved in [2].
s The path P, is Py-supermagic for any integer 2<h <n.
s Let G be a P,-magic graph, 2> 2. Then G is Cy-free.
»  The complete graph X, is not P,-magic forany 2 < h <n.
=  The cycle C, is P,-supermagic for any integer 2 < 4 < n such that
ged(n, h(h-1))=1.

Also in [2], the authors constructed some families of H-magic graphs for a
given graph H by proving the following results.
= Let H be any graph with | V(H) | +| E(H) | even. Then the disjoint union
G = kH of k copies of H is H-magic.
Let G and H be two graphs and e € E(H) a distinguished edge in H.
We denote by G . eH the graph obtained from G by gluing a copy of H to each
edge of G by the distinguished edge e €EE(H).

®  Let H be a 2-connected graph and G an H-free supermagic graph. Let & be
the size of G and
h=|V(H) |+ | EH)|. Assume that h and k are not both even. Then, for

each edgee € E(H) , the graph G « eH is H-magic.
In [3], P. Jeyanthi and P. Selvagopal proved that for any positive integer n,
k - polygonal snake of length n is C,-supermagic.

In this paper we prove the prism graph C, X P, is Cs-supermagic for all
mz=2 and n=3 except for n = 4. And also we prove that the ladder graph
P, x P, and the grid graph P; x P, are Cy-supermagic foralln = 2.

2. Main Results
Theorem 1: The prism graph C, x P, is Cs-supermagic for all m=2 and

n =3 (except n = 4) with supermagic number 10mn-n+4.
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Proof:
Let C, x P,, be a prism graph with vertex set V = {v,-_j dsismlsjs= n}

and edge set En{v,'jv,'m lsismls jsn-l} U {v,-',,v,', :lsism} U
{V,-_jv,-_,_l.j :lsi sm-l,l s j s n}.

Let H‘J be the 4-cycle Vi Vijr1Viel j+1Vie1 for 1<i<m-1and 1< j <n-1and Hi,,,
be the 4-cycle v;,v; Vi1, 1Vis1n- Define a total labeling f:V UE —[1,(3m-1)n]
as follows.

Case 1: nis odd.
For1<i<m,1<j<n

n(z'-1)+’T+l if iisodd, is odd

fv ;)= n(i-l)-&-f—"'J—"'1 if iisodd, jiseven

ni-j+l if iiseven

Forl<i<m
n(2m-i)+j ifiisodd,1sj=n
f; Vi) ={n2m=-i)+ j+1if iiseven, 1= jsn-1
n(2m-i)+1 ifiiseven, j=n
where the second subscript j is taken modulo ». ( That is, v; 1= viy)
For 1<i<m-1,

n(3m—1)--j—;-1-—n(i-l) if jisodd

O Y = ntj-1

n(3m-1) - -n(i~1) if jiseven

For 1<i<m-1 and 15j<n-1,

fHDY = fvi) + fVige)) + RViaged) + RVivrg) + fKvipiger) + fVierVivrjer ) +
SVivier)) + fVijaiVierjar) and fH;,) = fvin) + fVir) + LV, + KViern) + fVinvis)
+ fVistaViers) + fViVisrn) + LVitViers)-

Now, f(v; ;) + f(V; ju1) + f Wiy, jur) + f Vi, ;) = dni +
land1<j<n-1.
T Vi) W Vi) = {

n+3

-~ j+1 for 1<i<m-

dmn-2ni+2j-n+lforlsism-landl< jsn-1
4mn-2ni+1 forlsism-1land j=n
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6mn-2m'-j—nTnl forlsism-landls j<n-1
f(vl.jvhl.j) + f("f.plvm.ju) = n-1
6mn-2m'-—2—- forlsism-land j=n

Then, it can be easily verified that {H;)) = 10mn-n+4for1 <i<m-land 1 <j<
n.

Since each Hj; is isomorphic to Cs, C, x P, is C4-supermagic.
Case2:nisevenand n=4.

(i-Dn+jifiisodd,1s j<n

FOTlSism,lSan f(v“)= . . I .
’ in-j+1 ifiiseven,l=< jsn

For 1<i<m define f (v, ;, ,,) as follows.
n2m-i+1) forj=1
n(2m-i)+1 forj=§+l

Wheniisodd, f(v;;; )=+ n n
n(2m-i)+-2--j+2 for2sjs-2-

n(2m—i+1)+-;-—j+l for§+25 j=n
where the second subscript j is taken modulo .
n(2m-i)+1 for j=1

n2m-i+1) for j=m+1
When iiseven, f(v; ;v; j,1) =5 2 n
n2m-i)+2j-2 for2sjsE

n(2m-i-1)+2j-1for-'2l+2sjsn
where the second subscript j is t;iken modulo n.
nBm-i-1+1 forj=1
and f(; Vi) = n(3m-i-l)+%-j—;2 if jisodd, j =1
n(3m-i)--%+l if jiseven

For 1<i<m-1 and 1<5j<n-1,

fHY) = fvip) + fvigD) + furged) + Rviery) + fipijed) + RViainrjen) +
Lvigviar) + fijerviesjer) and fH; ) = fvin) + LV + Vi) + fisn) + Kvivin)
+ fVis1aVier,1) + fVinViesn) + fViiVieri)-
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Now,j{v,;,-) +ﬂv,-J+,) +ﬂV,'+U+1) +j(v,~+,_i) =4ni+2for1 <i<m-land 1 S] <n-1.

4mn-2m'+j-% forl<ism-land j=1,j=§+1

FO )+ F i Viaga) = "
dmn-2ni+1 forlsism-—landjr-l,jai-!-l

6mn—2ni—j-§+2 forlsism-1andj=1

T Vi) + FOjaVies, ju) =
6mn-2ni-n+1 forlsism-1land j=1

Then, it can be easily verified that f (H;;) = 10mn-n+d4for1 < i<m-land 1 <j<
n.
Since each Hy; is isomorphic to C4, C, X P, is C,-supermagic.

2.2 Remark: The prism graph C, x P, contains n(m-1) 4-cycles C4except for n

=4. When n = 4, C, x P, contains n(m-1) +1 4-cycles and under the labeling

we defined in Theorem 1 every cycle C, except the inner most cycle has the sum
10mn-n+4.

Figure 1: CsxP, is C;-supermagic with supermagic sum s()=199.
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Figure 3: C¢xP; is C;-supermagic with supermagic sum s(f)=181.
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Theorem 2: The ladder graph P, x P, is C4-supermagic for all n.
Proof:
Let V be the vertex set and E be the edge set of the ladder graph P, X P, . Then

V={v,’j,v2_j 1= jsn}
andE = {v,'jv,'m, VoV, juils s n-l}U {v,.jvz‘j = j sn}. Let H; be the
4-cycle H; {vl' V141V, j41V2, j} 1 £ j £ n-l. Define a total labeling
f:VUE —[1,5n-2] as follows.
fv;)=Jjand f(vy;)=2n-j+lfor1<j<n.
fjvp)=2n+ j for1 <j<n-1
fO v ja) =4n—jand f(vy ;v ju)=5n-j-1forl1<j<n-1.
Thenforl <j<n-1,
f(Hj) =f(vl.j)+f(vl,j+|)+f(v2,j+1)+f(vz‘j)+f(vl,jvz_j)+f(V|_j+lv2,j+l)
+ vy, 50) + F (v, V2, ju1)

=17n+2.
Since each H; is isomorphic to Cs, P, x P, is C4-supermagic.

W

1 19 2 18 3 17 4 16

11 12 13 14 15

0 23 9 2 8 21 7 20 6
Figure 4: P,xP;is C;-supermagic with supermagic sum s(f)=87.

Theorem 3: The grid graph P; x P, is Cs-supermagic for all n.
Proof:
Let V be the vertex set and E be the edge set of the grid graph P, x P,. Then

V={v,~'jzlsis3,lsjsn}

andE =, v; ju1,:1sis3,1s jsn-1Ul, v, :1sis2,1s jsnf. Let
H;; be the 4-cycle H, ; ={v,..jv,.‘j,,v,ﬂ_mvm.,} forl<i<2and1<j<n-l.
Define a total labeling f:V UE — [1,8n - 3] as follows.
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Forj=1,2,...,n

i-1 .

L 8n-2j-1, i=1
fv ;)= ( 2 J'HJ ! and f(Vi.jVi+l.j)’{8 21. l.

2+, Q=2 n-2j-2, i=2

Forj=1,2,...,n-1
n+i- -3,
FO Vi) {:n :‘ ‘J _rlu + J' ;3“ ,
Thenforl <i<2and 1<j<n-1,
FH )= fO )+ FO )+ FVuyja) + FOu ) + FVv,5)
+ f Vi juvia, F) VY a) + F Vi jVia,ja)
= 30n-5.
Since each H ; is isomorphic to Cs, P; x P, is Cs-supermagic.

i=13

1 2 3 4 5 6
L 2 $ 30 ’ 314 3 3 ¢
45 43 a1 39 37 35

3e—28 L 2 L 2 | 25 244

14 15 16 7] 18
a4 42 40 38 36 34
L L - — @ L
7 19 g 20 ¢ 21 34 22 g 23

Figure 5: P;xPgis C;-supermagic with supermagic sum s(f)=175.
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