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Abstract. We propose and study game-theoretic versions of independence
in graphs. The games are played by two players - the aggressor and the
defender - taking alternate moves on a graph G with tokens located on
vertices from an independent set of G. A move of the aggressor is to select
a vertex v of G. A move of the defender is to move tokens located on
vertices in Ng(v) each along one incident edge. The goal of the defender is
to maintain the set of occupied vertices independent while the goal of the
aggressor is to make this impossible. We consider the maximum number of
tokens for which the aggressor can not win in a strategic and an adaptive
version of the game.

Keywords. independence; domination; Roman domination; secure domi-
nation

1 Introduction

We consider finite, simple and undirected graphs G = (V, E) and use stan-
dard terminology and notation. A set of vertices I C V' is independent in
G, if no two vertices in I are adjacent. The independence number a(G)
which is the maximum cardinality of an independent set in G is one of the
most fundamental and well-studied graph parameters.

In the present paper we propose a game-theoretic version of indepen-
dence and study two-player games played on a graph G = (V, E). One of
the two players — the defender — maintains a set of tokens each placed on a
different vertex from an independent set of G. A move of the other player
— the aggressor — consists in choosing a vertex a € V' - attacking at a. The
defender has to move the tokens located at neighbours of a along the edges
of the graph to evacuate Ng(a). Note that it is allowed that one of these

tokens moves to a.
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Formally, if I C V is an independent set, then a legal reply defending I
against an attack at a vertex a € V is an injective mapping

fiI-V
such that
e f(I) is independent,
e f(1)NNo(a) =9,
e f(u) = u for every vertex u € I \ Ng(a) and
o f(u) € Ng(u) for every vertex u € I N Ng(a).

The aggressor wins if and only if at some point during the game the defender
has no legal reply to his attack.

We consider a strategic version in which the players take their decisions
in turns and an adaptive version in which the infinite sequence of attacks
is known to the defender in advance.

If 7 denotes the set of all independent sets of G, then a strategy is a

mapping
s:V xZI—Zu{{lost}

such that for every vertex a € V and independent set I C V either s(a,I) =
lost or there is a legal reply f defending I against an attack at a with
f(I) = s(a, I). The strategic independence number 0. (G) is the maximum
cardinality of an independent set Iy C V for which there exists a strategy
s such that for every sequence (a;);en of attacks there exists a sequence
(I;)ien of independent sets such that I; = s(a;, J;—1) for i € N.

The adaptive independence number &y (G) is the maximum integer k
such that for every sequence (a;);en of attacks there is a sequence (I;);c (ojun
of independent sets of cardinality k£ such that for every ¢ € N there exists
a legal reply f defending I;_; against an attack at a; with f(I;_;) = I;.

While the games we consider are reminiscent of cops-and-robber games
on graphs and graph searching as considered in [12, 16, 20] our motivation
were game-theoretic versions of domination in graphs which have recently
attracted much attention. Classically [9], a set of vertices D C V is a
dominating set of a graph G = (V, E}, if every vertex u € V is either in D or
adjacent to a vertex in D and the domination number v(G) is the minimum
cardinality of a dominating set in G. In the corresponding games played by
two players on a graph there are tokens located on some vertices, one player
attacks at a vertex and the other player has to move a token along an edge
to the attacked vertex. The natural question in this context concerns the
minimum number of tokens which are needed to defend against the attacks.
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After two popular articles [19,21], numerous authors have intensely studied
many theoretical aspects of these games [1-7,10,11,13-15] and considered
applications [17,18]. Since in our games we allow the defender only to move
the tokens located on neighbours of the attacked vertex, the concepts we
propose seem more related to the game-theoretic versions of domination
than to the mentioned cops-and-robber or searching games.

In the next section we prove some general bounds on the strategic and
adaptive independence numbers, show that these numbers coincide with
the domination number for trees and consider their values for cycles. There
are natural bounds for ax(G) and @ (G) in terms of the independence
numbers of graphs related to G and our results for trees and cycles lead us
to consider the relation of a(G?*) and v(G¥). Here G* denotes the k-th
power of G in which two vertices are adjacent exactly if their distance in
G is at most k. We prove the curious and apparently previously unknown
fact that a(T2*) = 4(T*) for all trees T and k € N. Since we feel this
observation to be of proper interest unrelated to the games, we prove a
best-possible result for cacti, i.e. graphs in which no two cycles share an
edge. The paper closes with some open problems.

2 Results

We begin with natural bounds in terms of the classical independence num-
ber.

Theorem 1

a(G?) < 0w(G)
< Tw(G)
< min {a (G [V\ U Nc(v)}) | I is independent in Ga}
vel

for every graph G = (V, E).

Proof: The second inequality is immediate from the definitions.

For the first inequality we consider a maximum independent set I2 € V
in the square G? of G. Since the closed neighbourhoods in the graph G of
all vertices in J2 are disjoint, the following strategy allows to defend a set
of tokens initially located at the vertices in I? against arbitrary sequences
of attacks. Throughout the game every token remains in the closed neigh-
bourhood of the same vertex in J2. Assume that there is an attack at a
neighbour of the location of a token. If the attacked vertex is adjacent to
the initial location of the token in I2, then the token moves to the attacked
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vertex. Otherwise it moves to its initial location in I2. Clearly, the set of
vertices occupied by tokens remains independent throughout the execution
of the game.

For the third inequality consider an independent set I® C V of G3.

After consecutive attacks at all the vertices of I3, no token is located
on a neighbour of a vertex in I3. Therefore, the tokens occupy vertices
which form an independent set of G [V\UuE 3 Nc(v)]. This completes
the proof. O

Next we consider trees.
Theorem 2 @ (T) = aoo(T) = ¥(T) for every tree T'.

The proof of Theorem 2 follows immediately from Theorem 1 and from the
following two results.

Proposition 8 o(T?*) = v(T*) for every tree T and k € N.

Proof: Since a(G?*) < v(G¥) for every graph G, we only prove the converse
inequality for trees T by induction over the order. Clearly, the statement
is true for all trees of diameter at most 2k, because a(T?*) = v(T*) =1 in

this case.
Therefore, let T' be a tree with diameter larger than 2k and let

UQUL U2, Uk Uk-+1 -+ Ui

with I > 2k + 1 be a longest path in T. Root T at ugk1 and let U denote
the set of all vertices within distance at most k from ug. Let C C U be a
minimal set of vertices such that

T =T[V\(U\C)]

is connected. Note that U \ C contains all descendants of u.

Since for every dominating set D' of (T")* the set D’ U {ux} is a domi-
nating set of T*, we have y(T%) < v((T")*) + 1.

Let I be a maximum independent set of (TV)?* chosen such that |[INC|
is as small as possible. If v € I N C, then v is a descendant of, or equal to,
u; for some k+1 < j < 2k. By the choice of I and C, this implies that no
descendant of v is in I and that there is some descendant v’ of v which does
not belong to U. Now I’ = (I\ {v})U{v'} is a maximum independent set of
(T")* with I’ N C| < |INC|, which is a contradiction. Hence |INC| =0,
IU {ug} is an independent set of T2* and hence a(T%*) > o((T")%*) + 1.

Altogether, we obtain by induction a(T2*) — y(T*) > (a((T")%*) +1) -
(v((T")*) + 1) > 0 and the proof is complete. O
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Lemma 4 @ (T) < v(T) for every tree T

Proof: Let D = {v1,v2, ...,vq} be a minimum dominating set of T = (V, E).
We root T at vy and assume that vy, v2, ..., ¥4 are ordered according to non-
increasing depth. Since D is dominating, there is a partition V; UVoU...UVy
of V such that V; induces a star with center v; for all 1 <: < d.

For an arbitrary independent set Iy C V we consider the sequence
V1, Vg, ...,vg Of attacks. We may assume that there are independent sets
I, I,..., I such that there are legal replies f; defending I;_; against an
attack at v; with f(L;_1) = I for 1 < i < d. Clearly, ; NV; C {v;} for
1 < i <d. In view of the order of the attack sequence, it follows that
[IanV;] <1forl<i<d Therefore, [I3] < ¥(T) which completes the
proof. O

We proceed to cycles.

n <
Theorem 5 ay(Cp )—{ F'%] 11 fz:iSZ.s "

Proof: For 3 < n < 7 with n # 6, we have 0 (Cr) = a(C,) because — up
to isomorphism — there is a unique maximum independent set in these cases
which can be defended against an arbitrary attack. For n = 6 Theorem
1 implies o0 (Cs) > a(C?) = 2. Since the unique maximum independent
set I of Cg cannot be defended against an attack outside of I, we have
@00{Cs) < 3 and hence a(Cs) = 2.

Now let n > 8.

Claim 1 aeo(Cn) < [252].

Proof of Claim 1: For contradiction, we assume that there exists an inde-
pendent set I of cardinality [25] + 1 which can be defended against an
arbitrary sequence of attacks. Let C, = v1vsv3...v,v;. We identify indices
modulo n.

The essential observation is that we can shift a distance of cyclically
consecutive elements of I which equals 2 over consecutive distances equal
to 3. More precisely, if there is a set of cyclically consecutive vertices
U = {vi, Vi1, .., Vit2+31+k} such that the cyclically consecutive elements
of I in U have distances 2,3,3,...,3,k with k > 3, i.e.

INU = {'Uiavi+27 Vi+2+3, Vi+2+6, Vi+249, ~-svi+2+3l:'ui+2+3l+k}
for some [, k € N with k > 3, then consecutive attacks at

Vi+3, Vit6, Vit+9y -y Vi4+3(141)
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result in an independent set I’ such that the cyclically consecutive elements
of I' in U have distances 3,3, ...,3,k — 1, i.e.

7
I'NU = {v;,vi43, Vi46, Vit9, s Vig3(141)» Vit 24314k }-

In view of the cardinality of I and the fact that no two vertices in I have
distance less than 2, this implies that we may assume that the distances
of the cyclically consecutive elements of I are all either 2 or 3 and that all
consecutive pairs of distance 2 are consecutive.

If there are three consecutive distances equal to 2, i.e. v;,Vit2,Vita,
viy+6 € I for some 7, then an attack at v;,3 cannot be defended. Therefore,
we may assume that the consecutive distances are 2,2,3,3,...,3, i.e. n =
1(mod 3) and

I= {91,03;'0571’54-3,”5-{-6:---av5+3.as_7}-

An attack at v7 either creates three consecutive distances equal to 2 or the
consecutive distances 2,2,4,2,3,3,...,3. We have already noted that the
defender loses in the first case. In the second case, we can apply the above
observation and shift the distance 2 over the consecutive distances equal to
3 which also results in three consecutive distances equal to 2 and the defeat
of the defender. This contradiction completes the proof of the claim. O

Claim 2 as(Cn) 2 [251].

Proof of Claim 2: For n # 2(mod 3), Theorem 1 implies that ax(Cp) >
o(C2) = [27}]. Hence we may assume that n = 3k + 2 for some k € N
with & > 2. Let C, = v1v9vs...usp42v1 Where we again identify indices
modulo n = 3k + 2. We will argue that the defender can win by initially
placing his k+ 1 tokens at the vertices in Ip = {v1,vs, vg, v9, ..., Vak—3, v3k }.

If I € V is an independent set of C,, then an interval of consecutive
vertices U = {vi, Vi41, ..., v;} is called an overfull interval of I, if [UNI| =
l+4and |U| = j—i+1 < 31+7 for some ! > 0. If I has no overfull interval,
I is called sparse. Note that Ip is sparse and that there is always a legal
reply to a single attack, if the k + 1 tokens are located on the elements of a
sparse independent set. Hence it suffices to describe a strategy using only
sparse independent sets.

Let the k+1 tokens be located on the elements of a sparse independent
set I C V and consider an attack at a vertex v; € V \ I. We consider
different cases. In each case we describe a sparse independent set I’ such
that there is a legal reply f defending I against an attack at v; with f(I) =
I, If v;—1,vip1 € Vi, then we can choose I' = I. Hence, we may assume
that v;..; € I.
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Case 1 v;_3,v;_; € I.

If vip1 € I, then let I' = (I\ {‘Ui._1}) U {‘U,'} and if v;4; € I, then let
I' = (I'\ {vi=1,vi41}) U {vi,viz2}. If I’ has an overfull interval, then
it has an overfull interval U’ which begins at v; and the interval U =
U’ U {vi-3,vi—2,vi—1} would be overfull in I, which is a contradiction.
Hence I’ is sparse.

Case 2 v;—1 € I and v;_3,v:i+1 € 1.

Let I} = (I \ {vi=1}) U {w} and I3 = (I'\ {vi=1}) U {vi2}. If {1}, 13}
contains a sparse interval I’, we are done. Hence we may assume that I}
has an overfull interval U] which begins at v; and that I3 has an overfull
interval Uj which ends at v;_p. Now U3 U {v;—1} UU] is an overfull interval
of I, which is a contradiction.

Case 3 v;_1,vi41 € I and v;_3,v;43 ¢ I

Let I' = (I'\ {vi—1,vi41}) U {vi—2, viy2}. If I’ contains an overfull interval
U’, then it either ends at v;_o or begins at v;,.5. In both cases U = U’ U
{vi=1,vs,vi+1} would be an overfull interval of I, which is a contradiction.

Clearly, the considered three cases exhaust all possibilities up to isomor-
phism, which completes the proof. O

Proposition 6 G (Cr) < [§] forn 2 3.

Proof: Let Cp = v1v3vs...05v;1 and let k = [§]. After consecutive attacks
at the vertices vy, v4, v7, ..., Vax—5 no more than k — 1 tokens can be located
on vertices in M := Uf;ll N, [vai—2]: Immediately after the attack at
vs;_2, the set N¢, [vs;—2] contains at most one token. If it does contain a
token, no further token can enter N¢, [vsi—2] in response to a subsequent
attack. If no token is located on a vertex of N, [vsi-2], only one token
may enter N¢, [v3i—2], namely in response to the attack at vsi41.

If at this point V \ M contains at most one token, the result fol-
lows. Hence we may assume that V \ M contains two tokens, which im-
plies that n = O(mod 3) and that two tokens are located at vax—g and
vag~1. Now after further consecutive attacks at vs,vs, ..., ¥3x_4, the set
N:= Uf;ll Nc, [vsi—1] holds at most & — 1 tokens by the same argument
as above. As the token on vs;_; has not moved, there are no more than &
tokens on the whole graph. This completes the proof. O

Note that Proposition 6 gives the exact value for @, (Cp) unless n =
1(mod 3). Using a computer we checked that @(C,) = [§] for n €
{10,13,16}. For the sake of completeness we give a proof for n = 10.
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Proposition 7 @.,(Cio) = 4.

Proof: It remains to prove that the defender can adaptively defend four
tokens against arbitrary attack sequences. Let C1g = vyv3...v19v;. We con-
sider the three independent sets I; = {vs,v4,v6,v10}, J2 = {v2,v4,v7,v5}
and I3 = {vs,vs, vs,vlo}-

If the four tokens are located at the vertices of I; for some 1 € i < 3
and the next attack is at vertex v; for some 1 < j < 10, then the defender
will shift some tokens to locations isomorphic to Iy; ;) with

(k(1,1),k(1,2), ... k(1,10)) = (2,1,%1,2,1,3,1,3,1),
(k(2, 1), k(2,2), ..., k(2, 10)) (3,2,1,2,3,3,2,1,2,3), and
(k(3,1),k(3,2),...k(3,10)) = (2,1,3,1,2,3,3,3,3,3).

Note that only attacking v; for tokens located at I; creates a problem.
Since during every move of the defender which creates a token placement
isomorphic to I, the defender actually has two choices which differ by an
isomorphism not fixing v3, he can always ensure to have a legal reply for
any attack sequence. O

We have seen that for trees and cycles the values of ay, @y and v are
closely related. The following two examples show that there is no such
relation in general.

The graph H; = (V;, E;) with V; = {u,v} U {u;,v; | 1 <4 < {} and
Ey = {vu;, wivi, viv | 1 < i <1} satisfies v(H;) = 2, aeo(H)) = @oo(H}) = L.

The graph H) = (V/,E}) with V/ = {v; | 1 <4<} U{u; |1 <i<
7 < l} and E{ = {viui,j,vju,-,j [1€i<j< l} U Ui,y 50 | 1<i<j<
LI<# < <1,(5,5) # (,5)) satisfies y(Hi) = [1] and aoo(Hi) < 2.

In view of the last example, Proposition 3 and the fact that (G?) <
~(G) for every graph G, it is an interesting problem which restrictions on
the cycle structure of graphs G in some class of graphs imply the existence
of a non-trivial lower bound for a(G?) in terms of y(G). Our last result
establishes such a result for cacti.

Theorem 8 20(G?) > v(G) for every cactus G = (V, E).

Proof: We assume that G is a counterexample for which |V| + |E| is mini-
mum. Since the result clearly holds for K5 and cycles, G has at least two
blocks. Furthermore, it is easy to see that the result holds for graphs which
arise by attaching arbitrarily many endvertices to the vertices of a cycle
and hence G does not have this structure.

We consider a longest path P in the block-cutvertex incidence tree of
G [8]. Let P = Byv, By.... Note that B; is an endblock and that v; is the
cutvertex common to the blocks By and B;. If P has length at least 3,
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then let P = Bjv; Bowy... and Vp = {vo}, otherwise let Vo = @. This implies
that all blocks By, Bs, ..., B, which intersect the block By in cutvertices in
By \ Vp are endblocks. Let B; N By = {v;} for 1 <i <.

We prove a sequence of claims which will imply the desired result. Sev-
eral times we will consider subgraphs G’ of G and use the following abbre-
viations & = a(G?), v = v(G), o = a((G")?) and v = v(G").

Claim 1 All blocks in {B, By, ..., Bi} are either K3, or Cj or Cs.

Proof of the claim: For contradiction, we assume that B; & Cj, for some
k € {3,6,7,8,..}. If k = 3, then let G’ arise from G by deleting the edge
of B; not incident with v,. Clearly, @ = o', ¥ = 4’ and we obtain the
contradiction 2a — vy = 2a’ — 4’ > 0. If k£ > 6, then let G’ arise from G by
contracting three consecutive edges of By. It is easy to see that a = o/ + 1
and v = 7' + 1, which implies a similar contradiction as above. O

Claim 2 If v; = v; for some 1 <i < j <, then B;, B; = K.

Proof of the claim: For contradiction, we assume that B; is either Cy4 or
Cs. If G’ = G — (B; \ {vi}), then v < 4/ + 2. Since (G')? has a maximum
independent set which does not contain v;, we obtain o > o’ +1 and hence
20—y 220’ +1)-(v"+2)20. 0

ClaimSB,EK2f0r1$z<Jsl

Proof of the claim: For contradiction, we assume that B; is either C4 or
Cs for some 1 < i < l. By Claim 2, v; belongs exactly to the two blocks
By and B;. If G’ = G — B;, then 7 £ 4"+ 2 and a > o’ + 1, which implies
a contradiction. O

Claim 4 If By is a cycle and 1 < i <[, then v; has no neighbour of degree
2in Bo \ Vo.

Proof of the claim: For contradiction, we assume that v is such a neighbour.
If G’ = G — v}, then v =+ and a > o, which implies a contradiction. O

Claim 5 Bo = K2.

Proof of the claim: For contradiction, we assume that By & C), for some
k > 3. By Claims 3 and 4, all vertices in By \ Vp are cutvertices and the
intersecting blocks are all K5’s. If k = 3, then let G’ = G—(B;UBU...UB;).
Clearly, v < 4 + 2. If I' is a maximum independent set of (G’)2, then
I'\ {vo} together with two endvertices adjacent to the two cutvertices in
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By \ Vs is an independent set in G2. Hence a > o’ + 1, which implies a
contradiction. If k > 4, then let G’ = G — B; for some 1 < i <! such that
v; has distance at least 2 from Vj. Since (G’)? has a maximum independent
set not containing the two neighbours of v in By, we obtain v < 4/ +1
and a > o + 1, which implies a contradiction. O

Claim 6 V; # 0.

Proof of the claim: If V; is empty, then G is a star and the result clearly
holds. O

Claim 7 vp is contained in more than two blocks.

Proof of the claim: If vy is contained in exactly two blocks, then G’ =
G - (BoU B, U...U By) satisfies y <4’ + 1 and & > o + 1, which implies
a contradiction. O

Let G' = G — ((BoU By U...U B;)\ Vp). By the choice of P is follows that
(G')? has a maximum independent set which does not contain vy. Hence
v<v'+1and a > o+ 1, which implies a final contradiction. O

We close with some open problems: What is the ezact value of Gy for
cycles? What are the values of oy, and G, for powers of trees and for
cacti? Is it true that %7(G) < aw(G) < 2v(G) if G is a cactus (note
that the first inequality would be best-possible in view of the graph that
arises by identifying one vertez from each of two cycles Cy and that the
second inequality would be best-possible in view of the graph that arises by
identifying one vertex from each of several cycles Cg)? Is @0 (G) < v(G)
for powers of trees or even for chordal graphs?
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