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Abstract: For given a graph H, a graphic sequence 7 = (d1,da,...,dx)
is said to be potentially H-graphic if there is a realization of m containing
H as a subgraph. In this paper, we characterize potentially K¢ — E(K3)-
graphic sequences without zero terms, where Kg — E(K3) is the graph
obtained from a complete graph on 6 vertices by deleting three edges
which form a triangle. This characterization implies the values of o( K¢ —
E(Ks3),n).
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1. Introduction

The set of all sequences # = (dy,ds,...,d,) of non-negative, non-
increasing integers with d; < n—1 is denoted by NS,,. A sequencew € NS,
is said to be graphic if it is the degree sequence of a simple graph G on
n vertices, and such a graph G is called a realization of . The set of all
graphic sequences in NS, is denoted by GS,. If each term of a graphic
sequence 7 is nonzero, then 7 is said to be positive graphic. For a sequence
7 = (d,ds,...,d,) € NS,, denote o(7) =d; +dy + -+ + dn. For given a
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graph H, a sequence 7 € GS, is said to be potentially H-graphic, if there
is a realization of 7 containing H as a subgraph. Eschen and Niu [2] char-
acterized potentially K; — e-graphic sequences. Yin and Li [11] gave two
sufficient conditions for # € GS,, to be potentially K, — e-graphic. In the
following, the symbol z¥ in a sequence stands for y consecutive terms, each
equal to z.

Theorem 1.1 [2] Let n > 4 and 7 = (dy,d2,...,dn) € GS, be a
positive sequence. Then 7 is potentially K4 — e-graphic if and only if the
following conditions hold:

(1) d2 >d2 > 3,dg > 2.

(2) = # (39), (3%,29), (37, 29).

Theorem 1.2 [11] Let n 27+ 1 and 7 = (dy,ds,...,d,) € GS, with
deg1 27—=1. Ifd; > 2r —ifor i =1,2,...,7 — 1, then 7 is potentially
K41 — e-graphic.

Theorem 1.3 [11] Let n > 2r+2 and 7 = (d;,dy,...,d,) € GS, with
dr_y > r. If dory2 > 7 — 1, then 7 is potentially K, — e-graphic.

Recently, Hu and Lai [4] characterized potentially K5 — E(Cy)-graphic
sequences, where Cj is a cycle on four vertices. In [5], they characterized
potentially K5 — E(H)-graphic sequences, where H is a path on five vertices
or a tree on five vertices and three leaves. Besides, they characterized
potentially K5 — E(K3)-graphic sequences and potentially 3-regular graph
graphic sequences in [6] and [7], where 3-regular graph is K¢ — E(Cg) or a
complete bipartite graph K3 3. In {6], they gave the following

Theorem 1.4 [6] Let m = (d;,dz,...,dn) be a graphic sequence with
n 2 5. Then 7 is potentially K5 — E(K3)-graphic if and only if the following
conditions hold:

(1) d224andd522.

(2) ™ # (42,2%), (42,25), (43,28) and (4°).

In [3], Gould et al. posed an extremal problem on potentially H-graphic
sequences as follows: determine the smallest even integer o(H, n) such that
every positive sequence 7 € GS, with o(w) > o(H,n) is potentially H-
graphic.

In this paper, we first characterize potentially K¢ — E(Kj3)-positive
graphic sequences. That is the following

Theorem 1.5 Let n > 6 and 7 = (d;,ds,...,d,) € GS, be a positive
sequence. Then 7 is potentially K¢ — E(K3)-graphic if and only if 7 satisfies
the following conditions:

(1) d3 > 5 and ds > 3;

(2) 7 is not one of the following sequences:

(n-1,5%341"""(n>7), (n-1,5%351"5)(n>38),
(n—-1,5%,33,1"")(n>7), (n-1,551""")(n2>7),
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n=7:(554), (5% 4%), (5%, 3%,2),(5%,322), (5% 4,3%),(5%4,32),
n=8:(5%,4%), (53,42, 3%), (64%,3%), (57, 3), (5%, 3%,22), (5%, 4, 33, 2),

(53) 34) 1)9 (54, 33, 1)1 (57, 1)’ (54’ 33! 1)) (58): (6’ 527 45)| (53) 35)1 (531 44, 3))
(62,5, 3%), (6,52, 4,3%), (54, 3%), (6, 52, 34,2),

n=29:(58,4), (5% 4,3%),(6,5%), (5%,35,2), (5% 34 2,1), (534,34 1),
(5%,4%,1),(6,52,35,1), (6, 52, 4°), (54, 4°), (6, 52, 3°), (58,45, 3),

n=10: (5% 3%,1), (5%, 35,12), (5%, 1), (5%, 48, 1), (5%°).

As an application of this characterization, it is straightforward to find
the values of o(Kg — E(K3),n).

2. Proof of Theorem 1.5

In order to prove Theorem 1.5, we also need the following known results.
Let 7 = (dy,ds,...,dn) € NS, and 1 <k < n. Let

(dl - 1’”' 7dk—1 - 1)dk+l - 1,...,ddk+1 - l)ddk+21' --1dn)1
!l = ifdk?_k:
k (dl -1,... lddk - 17ddk+11' X sdk—lydk+1a"-7dn)a

Let 7}, = (d},d5,...,d,_,), where d] > --- > d,_, is the rearrangement
in non-increasing order of the n — 1 terms of 7.  is called the residual
sequence obtained by laying off di from .

Theorem 2.1 [8] Let # = (dy,ds,...,dn) € NS, and 1 < k < n.
Then 7 € GS, if and only if 7}, € GSn-1.

Theorem 2.2 [1] Let 7 = (d,d,...,dn) be a non-increasing sequence
of nonnegative integer with even o (7). Then 7 € GS,, if and only if for any
t,1<t<n-—1,

t n
N odi <t(t-1)+ Y min{t,di}
i=1 i=t
Theorem 2.3 [10] Let 7 = (dy,ds,...,dn) € NSy, dy = m and o(7)
be even. If there exists an integer n;,n; < n such that d,, > h > 1 and
m 2} || then 7 € GS,.

Theorem 2.4 [9] Let 7 = (dy,ds,...,dn) € NS, and o(7) be even. If
dy —d, <landd; <n-—1,then 7 € GS,.

Theorem 2.5 (3] If # = (dy,da,...,dn) € GS, has a realization
G containing H as a subgraph, then there exists a realization G’ of 7
containing H as a subgraph so that the vertices of H have the largest
degrees of 7.

In order to prove our main result, we need the following definition.
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Letn>r+1and 7 = (dy,dy,...,dn) € NS, with d,4; > r. We define
sequences g, ..., Tr4 as follows. Let mop = 7. Let

mo=(da—1,...,drg1 — 1,d%,,...,dD),

where df.f,_)z > .- > d is the rearrangement in non-increasing order of
deyo —1,...,dg, 41 — l,ddl.,.z,_...,dn. Fpr 2<i<Lr+1,given mi_; =
di—i+1,...,drg1 —i+1,d50,. .., d5D), let

= (dﬂ-l —i,...,d,._H _i’dfflz,”.’dg)),

where dﬂz > ... > d¥ is the rearrangement in non-increasing order of

N R O R )

The following lemma is obvious from the definition of ;.

Lemma 2.1 Letn > 6 and w = (d;,ds,...,dn) € GS, with d3 >
5,ds > 3 and d,, > 1. If w3 is graphic, then 7 is potentially K¢ — E(K3)-
graphic.

Lemma 2.2 Let w = (3%,2%,1%), where z+ y+ 2 =n 2 1 and o(m)
is even. Then m € GS,, if and only if = ¢ S, where

5 =1{(2),(2%,(3,1),(3%),(3,2,1),(3%,2),(3% 1), (3%, 1°)}.

Proof. For n =1, since o(7) is even, 7 must be (2), which belongs to
S. For n > 2, we consider the following cases.
Case 1. n = 2. Then 7 is one of the following sequences:

(3,1),(2%),(3%),(1%).

It is easy to check that only one sequence (12) is graphic.
Case 2. n = 3. Since o(w) is even, 7 must be one of the following

sequences:
(3,2,1),(3%,2),(2%),(2,1%).

We can see that the sequences (22) and (2, 12) are graphic.
Case 3. n = 4. Then 7 is one of the following sequences:

(3%1),(3,1%),(3%), (2, (8,2% 1), (2%,1%), (3%, 2%), (1%), (3%, 1%).

Theses sequences are all graphic except (32,12) and (33, 1).
Case 4. n = 5. We know that = must be one of the following sequences:

(2,1%),(3,2,1%),(3%,2,1%),(3%,2,1), (3,2%,1), (25), (3%, 2%), (2%, 1), (34, 2).

These sequences are all graphic.
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Case 5. n>6.Ifx>0and 2 >0, then 6 = l_.@il“ilﬁj < n. Hence,
is graphic from Theorem 2.3. Otherwise, 7 is graphic by Theorem 2.4. O

Lemma 2.3 Let 7 = (4%,3%,2%,1™) with even o(7), s +y+2+m=
n>5and z > 1. Then » € GS, if and only if 1 ¢ A, where A =
{(4,3%,12),(4,3,13), (42,2,1%), (42,3,2,1), (43,12), (4, 2?),

(43,3,1), (44,2), (4%, 3,13), (42,1%), (4%, 2,12), (44,12), (43,1%)}.

Proof. It is easy to see that the sequences of the set A are not graphic.
Now we verify the sufficient condition. We need consider the following five
cases.

Case 1. n = 5. Since o(m) is even, 7 must be one of the following
sequences:

(4,1%), (4,22,12), (4,32,12%), (4, 3,13), (4, 3,22, 1), (4, 33,1), (4,24), (4, 3%,2?),
(4,34, (42,2,12), (42,3,2, 1), (4, 2), (42, 32, 2), (43, 1%), (4%, 22), (4%, 3%),
(43,3,1), (4%,2), (4%). Except (4,3%1%), (4,3,13),(4%,2,12),(4%,3,2,1),
(43,12), (43,22), (43,3,1) and (44,2), the others are all graphic.

Case 2. n = 6. Since o(r) is even and = > 1, m # 5.

Ifm=0,thenn=26> maa:{%[(“i“)aj,%[(4*"‘:"1)2]}. By Theorem
2.3, 7 is graphic.

If m =1, then 7 must be one of the following sequences:

(44,3,1), (4%,3%,1), (4,3,2%,1), (4%, 3,2%,1), (4%,3,2,1), (4,3%,2,1).

It is easy to check that these sequences are all graphic.
If m = 2, then 7 must be one of the following sequences:

(4,3%,2,1%), (4%,22,1%), (4%, 3%,1%), (4,23,1%), (43,2, 1%), (4%, 1%).

Except for (43,2,1%) and (4%, 12), the others are graphic.

If m =3, then = is (4,3,2,13) or (4%,3,13). The sequence (4,3,2,13) is
graphic and the sequence (42, 3,13) belongs to A.

If m = 4, then 7 is (4, 2,1%) or (4, 1*). The sequence (4,2, 1*) is graphic
and the sequence (42,1%) belongs to A.

Case 3. n=1. . .

If m =0, then n = 7 > maz{}| &3t | 1) @424+ |} By Theorem
2.3, w is graphic.

If 1 < m < 3, then m must be one of the following graphic sequences:
(4,3,2%,1),(42,3,2%,1), (43,3,22,1), (44, 3,2,1),(45,3,1), (4,3%,2%,1),
(42,3%,2,1),(4%,33,1),(4,35,1), (4,24, 1%), (42,23,12), (43, 22,12,
(44,2,12), (4°,1?), (4,3%,22,12), (4%, 3%,2,12), (48, 32, 1%), (4, 3,1%),
(4%,3,13), (4, 3,22,1%), (4%, 3,2,1%), (4,3%,13).

If m = 4, then 7 is (43,1%),(4%,2,1%),(4,22,1%) or (4,32,1%). The se-
quence (43,14) € A and the others are graphic.

If mis 5 or 6, 7 is (4,3,1%) or (4,1°). They are both graphic.
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Case 4. n = 8. Since z > 1 and o(7) is even, m # 7.

If m < 2, then 7 is graphic by Theorem 2.3 and 2.4.

If m > 3, then 7 is one of the following graphic sequences:

(4’ 3’ 23) 13)’ (42’ 3’ 22’ 13)’ (43’ 3, 27 13)’ (44’ 3’ 13)’ (47 33’ 2’ 13)’ (42’ 33’ 13)7
(4,23,1%), (4%,2%,1%), (43,2, 1%), (44,1%), (4,3%,2,1%), (4%, 3%, 1),
(4,3,2,1%), (4%,3,15), (4,2,18), (42,1°). .

Case 5. n > 9. Forn > 9 > mam{%[(‘“ﬁ“)zj, [@“4“) |}, 7 is
graphic by Theorem 2.3 and 2.4. O

The proof of Theorem 1.5 Assume that 7 is potentially Ks— E(K3)-
graphic. (1) is obvious. It is easy to compute the corresponding m3(zero
omitted) of the excepted sequences is one of the following sequences:
(2),(2%), (4,2%), (4,2,12),(3,1),(8,2,1), (4%,2,1%), (3%,12), (5, 3, 23), (5, 2%,1),
(5%,2%), (4,3,1%),(32), (32,2), (5%,4,2%), (3%,1), (4%,1%), (43, 2,1%), (4%, 3,13),
(5%,2%,1), (43, 1), none of which is graphic.

To prove the sufficiency, we use induction on n. From Lemma 2.1,
it is enough to show that w3 is graphic. Assume that n = 6 and 7 =
(d1,da2,...,d,) € GS, satisfies (1) and (2). Then 7 is one of the following
sequences:

(5% 3%), (5% 4%,3), (5%, 4%), (5°).

It is easy to see that these sequences are all potentially Kg— E(K3)-graphic.
Now suppose that the sufficiency holds for n — 1(n > 7), and let = =
(d1,dg,...,ds) € GS, satisfies (1) and (2). In the following, we will use
Theorem 2.5, repeatedly. We now prove that 7 is potentially K¢ — E(K3)-
graphic in terms of the following cases

Case 1. d, > 5. Then =, = (dy,d5,...,d],_,) satisfies (1) since
m # (6,5%),(58). If 7/, also satisfies (2), then by the induction hypothe-
sis, 7, is potentially K¢ — E(K3)-graphic, and hence so is 7. If 7/, does not
satisfy (2), i.e. @}, is one of the following since 7 # (5!°), (6, 5%)

(6,5°%), (5%,4), (54,4%), (58, ), (6, 5%), (5°).
Hence 7 is one of the following
(6%,5%), (7,6%,5%), (6%,54), (64, 5°%), (7,64, 5%), (6%,5%), (6%, 5%), (62, 55).

It is easy to compute the corresponding w3 is one of the following graphic
sequences

(4,3%),(34,2), (4,3%,2%), (5,43, 3,2%), (44, 3%,2), (5, 4%, 3%), (43, 3%,2), (4%, 2%).

So w is potentially K¢ — F(K3)-graphic.

Case 2. d,, = 4. Consider 7}, = (dy,d3,...,d,_;) where d},_, > 3 and
dy,_, > 4. If m;, satisfies (1) and (2), then by the induction hypothesis, =/,
is potentially K¢ — E(K3)-graphic, and hence so is 7.
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Assume that 7/, does not satisfy (1), i.e. d5 = 4. Then ds = 5. Thus,
the general form for m must be one of t he following four types

(dl) d2y 51 41\—3), (dlv d2, 52) 411—4)’ (dl ) d21 53; 4n—5)’ (dll d2, 54, 411-6).

Ifnr= (dl,d2,5, 4"_3) and d; +ds < n+4, then

3 = (4‘n+4-d1—d2 , 3d1+dz—10, 13)

and |m3] > 4, where |7| means the number of the positive term of 7. If
73 = 4, then n = 7 and 7 is (6, 52,4%), which is potentially K¢ — F(K3)-
graphic since 7} is potentially Kz — E(K3)-graphic by Theorem 1.4. If
73 > 5 and 73 # (4, 3,13), (42, 3,13), then =3 is graphic by Lemma 2.2 and
Lemma 2.3. If 3 is (4,3, 13) or (42, 3,12), then = is (6,52,4%) or (6,52,4%),
which is a contradiction. If dy + d2 > n + 5, then 73 = (3%,2¥,1%)(y > 1),
which is graphic by Lemma 2.2.
If 7 = (dy,d2,5%,4™ %) and d; + dz < n +4, then

T3 = (4n+4—d| —dz’ 3d1 +dz—10, 2’ 12)

and |3| > 4. If 73 = 4, then n = 7 and 7 is (62,52,43) since 7 # (54,43).
The sequence 73 is graphic sequence (22, 12), so 7 is potentially K¢—E(K3)-
graphic. If 73 > 5 and 73 # (42,2,12), (43,2,12%), then 73 is graphic by
Lemma 2.2 and Lemma 2.3. If 73 is (42,2, 12) or (43,2, 12), then 7 is (5%, 4%)
or (54,4%), a contradiction. If dj +dp > n+5, then w3 = (3%,2¥,1%)(y > 2),
which is graphic by Lemma 2.2.

Ifr= (dl,d2,53,4"-5) and d; +ds € n+ 4, then

T3 = (4n+4—d1 —-da , 3d1 +d3—10, 22’ 1)

and |m3| > 4. If m3 = 4, then m3 = (3,22,1) since o(m3) is even. So 7 is
potentially K — E(K3)-graphic by Lemma 2.1. If 73 > 5, then 3 is graphic
by Lemma 2.2 and Lemma 2.3. Thereby, 7 is potentially K¢ — E(K3)-
graphic by Lemma 2.1. If d; + dy > n + 5, then m3 = (3%,2%,1)(y = 3),
which is graphic by Lemma 2.2.

Ifnr= (dl,d2,54,4"_6) and d; +dz < n+4, then

g = (4n+4—d1 —-dz, 3d1+dz—10, 23)

and |m3| > 4. If m3 = 4, then m3 = (4, 22) since o(73) is even. So = is (5%, 4),
which is a contradiction. If m3 > 5, then w3 is graphic by Lemma 2.2 and
Lemma 2.3. Thereby, 7 is potentially K¢ — F(K3)-graphic by Lemma 2.1.
If dy +ds > n+5, then 73 = (3%,2¥)(y = 4), which is graphic by Lemma
2.2.
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Assume that 7], does not satisfy (2), i.e. 7/, is one of the following
(8,5°%), (5% 4), (5, 4%), (5%,4"), (5%, 9), (6,5%), (5°), (6, 5%, 4°), (8, 5%, 4%),

(54,4%), (63,44, 3), (5%, 45,3), (519).

Since 7 # (58,4), 7 is one of the following

(7,6%,5%,4), (6%,5% 4), (6%,5%,42), (64,4%), (63, 5%,4%), (6%, 5%, 4?),

(65,52, 4), (63,4°%), (6%, 5%,4), (6, 5%, 4%), (62, 5%, 4%), (63,52, 4%),

(64, 45), (63,55, 4), (6%, 5%, 42), (7, 63, 55, 4), (63, 47), (6, 58, 4),

(65,54, 4), (64,54, 4), (7,62, 5, 45), (7, 6,5, 4%), (7, 55, 4%), (7,55, 4%),
(7,6,5%,45), (64,4%), (7, 62,5, 4%), (63, 52, 4%), (62,54, 4%), (6, 5%, 43), (58, 42).
It is easy to compute the corresponding 73 is one of the following graphic
sequences

(34,2), (32, 2%), (32,2, 12), (33, 22, 1), (42, 2°), (4, 32, 23),

(34,12), (44, 2%), (43, 32, 22), (44, 32, 2), (42, 32, 22), (32, 22, 12),

(347 2) 12)1 (44| 23)9 (4: 33, 221 1)’ (42’ 32’ 23), (41 341 12)1 (527 42) 23)s
(3,23,1),(33,13), (4,3%,13), (5,44, 3,2%).

So  is potentially K¢ — E(Kj3)-graphic by Lemma 2.1.

Case 3. d, = 3. If 7}, = (d},d3,...,d;,_,) satisfies (1) and (2), then by
the induction hypothesis, 7}, is potentially K¢ — E(K3)-graphic, and hence
so is .

Assume that 7}, does not satisfy (1), i.e. d3 = 4. Then d3 = 5 and
3<dg <4.

If dg = d4 = 3, then m = (d;,d3,5,3"73). If d; = 5, then 7 = (53,3"~3)
and n is even. Hence 713 = (3"%). If n > 10, then 73 is graphic by Theorem
2.4. Thus 7 is potentially K¢ — E(K3)-graphic by Lemma 2.1. If n = 8,
then = = (5%,3%), a contradiction. If 6 < d; < n -2 and d; = 5, then
mg = (3n~1-% 241-5) If w3 £ (32,2), then 73 is graphic by Lemma 2.2.
If 73 = (32,2), then m = (6,5%,3%), a contradiction. If d; = n—1 and
dy = 5, then m3 = (2"~%). If 3 # (22), (2), then 3 is graphic by Lemma
2.2. If 73 is (22) or (2), then = is (6,52,3%) or (7,52,3%), a contradiction.
If d2 > 6 and d; +dz < n+ 3, then 73 = (3n+4-d1—d3 9d1+d2—10) which s
graphic by Lemma 2.2. If d; > 6 and dy + d2 = n + 4, then 3 = (2"~9)
and n > 8. If m3 # (22), then w3 is graphic by Lemma 2.2. If w3 is (22),
then = is (62,5,3%), a contradiction. If d; > 6 and d; + d; > n + 5, then
w3 = (2%,1¥)(y > 1), which is graphic by Lemma 2.2.

Ifds =ds = 3 and dy = 4, then 7 = (dl,d2,5,4, 3"_4). If dy = 5, then
7 = (5%,4,3"*) and n is odd. Hence 73 = (3"~5,1). If w3 # (3,1),(3%,1),
then 73 is graphic by Lemma 2.2. If 73 is (3, 1) or (33,1), then 7 is (53, 4, 3%)
or (5%,4,3%), a contradiction. If d; > 6 and d; + d2 < n + 3, then 73 =
(3nté—di—dz 9di+da—10 1) If 7y o (3,2,1), then 73 is graphic by Lemma
22. If m3 = (3,2,1), then 7 = (6,52%,4,3%), a contradiction. Since o(m3)
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is even, then d; +d; # n+4. Ifdy 2 6 and d; +d; > n + 5, then
m3 = (2%,1¥)(y > 1), which is graphic by Lemma 2.2.

If dg = ds = 3 and dg = 5, then 7 = (d;,5%,3"*) since d} = 4. It is
easy to compute the sequence 73 is (3"~1~%, 24-4) If |r3] > 4, that is
n > 9, then |m3| is graphic by Lemma 2.2. If n = 7, then 7 is (6, 5%,3%),
a contradiction. If n = 8, then 7 = (7,5%,3%) since 7 # (54,3). The
sequence 73 is graphic sequence (22).

Ifds = 3 and dy = ds = 4, then 7 = (dl,d2,5,42,3n_5). Ifd, =5,
then m = (5%,4%,3"%) and n is even. Hence m3 = (3"7%,12). If m3 #
(32,12), then 73 is graphic by Lemma 2.2. If w3 is (3%,1%), then = is
(53,42,3%), a contradiction. If d; > 6 and d; +dy < n+ 3, then m3 =
(3nt+4-di—da 9d1+d2~10 12y According to Lemma 2.2, w3 is graphic. If
dy > 6 and d; + d3 > n + 4, then =3 is graphic sequence (2%, 1¥)(y > 2).

Ifdg = 3 and dy = ds = 5, then 7 = (5%,3"5) since d} = 4. It is easy to
compute the sequence 73 is (3"~8,22). Since o(m3) is even, 73 is graphic by
Lemma 2.2. According to Lemma 2.1, 7 is potentially K¢ — F(K3)-graphic.

If ds = 3,ds = 5 and ds = 4, then m = (d;,53,4,3"5) since dj = 4.
If d; = 5, then 7 = (54,4,3"~5) and n is odd. Hence w3 = (377,2,1). If
73 # (3,2,1), then 73 is graphm by Lemma 2.2. If 3 is (3,2,1), then 7 is
(54,4, 32), a contradiction. If dy > 6, then 73 = (3n~1~% 2“1"4 1), which
is graphic by Lemma 2.2.

I dg = dg — 4, then 7 = (d1,da, 5,43, 4%,3"02)(n =6 — z > 1). If
dy = 5, then m = (5%,43,4%,37~6-%) and the parities of n differs from .
Hence 73 = (4%,3775-%,13). If m3 # (4, 3,13), (42, 3,13), then m; is graphic
by Lemma 2.2 and Lemma 2.3. If 73 is (4,3,13) or (42,3,13), then 7 is
(53,44, 3) or (5%,45,3), a contradiction. If d; > 6 and d; +dz < £+9, then

= (47+10-d1—dz gn—16-z+di+dz 13) which is graphic by Lemma 2.3. If
dl > 6 and d; +dp = 2+10, then 73 is graphic sequence (3"'6 1%). Ifd; > 6
and d; +dp > z + 11, then 3 is graphic sequence (3%',2¥, 13)(y' > 1).

Ifdg = ds = 4 and d4 = 5, then 7 = (d, 53, 42,47, 3"‘5""')(17, 6—z>
1). If dy < z + 4, then 73 is graphic sequence (4”“‘1‘"5 gn-li-z+di 9 12).
If dy >z 45, then 73 = (3%,2¥,12)(z’ > 1,4’ > 1), which is graphxc by
Lemma 2.2.

If dg = 4 and d4 = dg = 5, then 7 = (5°,4,4%,3"6-*)(n-6-2 > 1)
since dj = 4. It is easy to compute the sequence =3 is (4%,3"~¢-%,221),
which is graphic by Lemma 2.2 and Lemma 2.3.

Assume that 7/, does not satisfy (2). Then «/, is one of the following

sequences:
(6,52, 34), (7,52, 35), (6,53, 3%), (6, 5°), (5°, 4), (5%, 4%), (5, 4%),
(58,4), (53,42, 3%), (64, 3%), (57, 3), (53, 4, 3°), (6, 58), (5°),
(6,52,4%), (6,5%,4%), (54, 4%), (51°), (5%, 3°), (6, 52, 3%), (62, 5, 3%),
(53,4, 33), (6,52, 4, 3%), (54, 34), (54, 4, 3%), (5%, 44, 3), (5%, 45, 3).

Since 7 # (6,3%), (57,3),  is one of the following sequences:
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(7,62,3%), (8, 62,3%),(7,62,5,3%), (64,53, 3), (7, 62,54, 3), (6%, 5,4, 3),
(62,5°,3), (63,5,43,3), (6,55, 4, 3), (6%, 52,42, 3),(57,4,3),(6%,5,44, 3),
(6,55,42,3), (62,53, 4%, 3), (63, 5%, 4, 3), (62,57, 3), (63, 42, 3%), (62, 52, 4, 3%),
(6,5¢,34), (63,4, 3%), (62, 52, 38), (73, 6, 3%), (7, 54, 44, 3), (63, 54, 32),

(64,58, 3), (7, 62,55, 3), (63,55, 3), (7, 62, 4, 3), (7, 62, 45, 3), (6%, 5,45, 3),
(62,5%,44,3), (6, 5%, 43, 3), (57, 42, 3), (63,57, 3), (7, 6,52, 44, 3), (7,54, 4%, 3),
(7,62,37), (6%,3%), (72, 6, 35), (63, 4, 3%), (62, 52, 3%), (7, 62, 4, 35),

(7y 6a 521 35): (63, 51 35)) (631 51 4’ 33)’ (62’ 53) 33)1 (63, 44: 32)’ (56’ 4: 32),
(62,52,4%,3?), (6, 5%, 42, 3?), (6%, 4°, 3%), (5%, 4%, 3%), (62, 5%, 4%, 3%),
(6,54,43,32),(7,6,52,45,3).

It is easy to compute the corresponding m3(zero omitted) is one of the
following graphic sequences:

(12),(2,12), (2%), (32,23), (23,12), (3,23, 1), (5, 4, 3, 23), (3%, 22,12),
(4,32,23), (33,22, 1), (42, 32, 23), (5, 42, 3,23), (3, 13), (82, 2%), (43, 32, 22),
(3,22,13),(3%,2,1%), (34,2,12), (4, 3%,22,1), (5,43, 3,2%), (2%), (2%), (2%, 12).

Case 4. d, =2.If 7, = (d},ds,...,d}_,) satisfies (1) and (2), then by
the induction hypothesis, 7}, is potentially K — E(K3)-graphic, and hence
so is .

Assume that 7], does not satisfy (1), i.e. d3 =4. Thendy; =d3 =5 and
ds < 4.

If ds = dy = 3, then 7 = (dy, 52, 33, 3%, 27~6-%)(n—6—z > 1). If d, = 5,
then w3 = (3%,2"6-%). If w3 # (32,2), then =3 is graphic by Lemma 2.2.
If m3 = (32,2), then 7 is (53,35,2), a contradiction. If 6 < d; < z + 4,
then 3 is graphic sequence (3*+5-% 2n—6-2+di-5) If 4, — £ 4 5, then my
is (2"~9). If w3 is not (2) or (22), then =3 is graphic. If w3 is (2) or (22),
then 7 is (52,33,2) or (53,3%,22) or (6,52,34,2), which is contradict. If
di > z + 6, then 3 is graphic sequence (27,1 )(y' > 1).

If ds = 3 and dy = 4, then 7 = (d,5%,4,32%,3%,2" 6~ *)(n—6—z > 1).
If dy = 5, then w3 = (3%,2"~6-=1). If n3 # (3,2,1), then w3 is graphic
by Lemma 2.2. If w3 = (3,2,1), then 7 is (53,4, 33,2), a contradiction.
If 6 < dy < z+ 4, then =3 is graphic sequence (3%+5-d: 2n—6-z+di1-5 1)
Since o(m3) is even, dy # z + 5. If d; > = + 6, then 73 is graphic sequence
(27,19)(y' > 2).

If ds = 3 and d4 = 5, then 7 = (5%,32,3%,2" 5" %)(n — 6 — = > 1) since

4 = 4. It is easy to compute 73 = (3%,2"~5-%). Since o(m3) is even, z is
even. If w3 # (22), then =3 is graphic by Lemma 2.2. If 73 = (22), then 7
is (54,32,2), a contradiction.

Ifds = dy = 4 and dg = 3, then 7 = (d;,5%,4%,3,3%,2" % *)(n—6—z >
1). If d; = 5, then it is easy to compute m3 = (3%,2"~-%,12), which is
graphic. If 6 < dy < z + 4, then 73 is graphic sequence

(3z+5—dl , 2ﬂ—6—:+d1—5’ 12)_

If dy > z + 5, then =3 is graphic sequence (2% ,1¥')(y’ > 2).

202



If ds = dy = dg = 4, then © = (dy,5%,43,4%,3%,2"6-="¥)(n — 6 —
z—y > 1). If dy = 5, then m3 = (4%,3¥,2"~6-=-¥ 13), According to
Lemma 2.2 and Lemma 2.3, w3 is graphic. If 6 < d; < = + 4, then 73 =
(47— +5 gy+d1—5 gn—-6-z-y 13} which is graphic by Lemma 2.3. If d; >
z + 5, then w3 = (3%',2¥',1¢')(2' > 3), which is graphic by Lemma 2.2.

Ifds = 4,ds = 5 and dg = 3, then 7 = (54,4, 3, 3%,2" ¢ %)(n—6—2 > 1)
since dj = 4. It is easy to compute 73 = (3%,2"5-=,1). According to
Lemma 2.2, w3 is graphic.

If ds = dg = 4 and dg = 5, then 7 = (5%,42,4%,3¥,27~%-%V)(n — 6 —
z —y > 1) since dj = 4. It is easy to compute 73 = (4%, 3¥,2"5-2-¥,12),
which is graphic by Lemma 2.2 and Lemma 2.3.

Assume that #/, does not satisfy (2), i.e. =}, is one of the following
sequences:

(6,52,34%),(7,52,3%), (6,5°%,33), (6,5%), (58, 4), (54, 4%), (54,4%),

(58, 4), (53,42, 3%), (64,3%), (57, 3), (5%, 4, 3°%), (6, 58), (58, 33, 2),
(58,3%,22), (5°,35,2), (5%, 4,3%,2), (5%, 32,2), (5%), (6, 52, 4°), (6, 52, 4°),
(54,45), (6,52, 34,2), (5%, 3%), (6, 5%, 3°), (62,5, 35), (5%, 4,3%),
(6,52,4,3%), (5% 34), (54,4, 3%), (5%,44, 3), (5%, 45, 3), (5%°).

Hence 7 is one of the following sequences:

(7,6,5,34%,2), (6%,34,2), (8,6,5,3%2),(7,6,5%,3%,2), (63,5,3%,2),(7,6,5%,2),
(62,54, 4,2), (6%,54,2), (6,5%,2), (62,5,43,2), (6,54, 4%, 2), (55,4, 2),
(62,52,44,2), (5%,42,2), (6, 58, 2), (6, 5%, 4%, 2), (62,5, 4, 2), (62, 5,4%,33,2),
(5%,3%,2), (76,57, 2), (6%, 55,2), (62, 5,4, 35,2), (6,53, 3, 2), (72, 62,34, 2),
(62,5°%,3,2), (6 5,3%,22), (62,5, 33, 2%), (62, 5,3°,2%), (62, 5,4, 3%, 2%),
(6,53,33,22), (62,52, 32, 22), (62, 5%, 2),(7,6,5,4%,2), (6, 45,2), (7,5 44,2),
(7v 6,5, 461 2)1 (7s 531 45’ 2)! (63, 46’ 2)7 (62) 52v 451 2)’ (56, 43, 2)1 (67 543 44, 2);
(7,6,5,34,22), (63, 34,22), (6,58, 2), (62,5, 3%,2),(7,6,5,3%,2), (63,35, 2),
(72,5,38,2), (7,62, 35,2), (6, 5%, 3%,2), (62,5,4, 33,2),(7,6,5,4,3%,2),

(6’ 53’ 41 33, 2)» (63, 41 341 2)) (7, 53, 34’ 2)1 (62, 52: 34, 2)s (621 52, 4) 32’ 2)a
(6,5%,32,2), (62,5,44,3,2), (55,42,3,2), (6,5%,4%,3,2),(62,5,4°,3,2),

- (55,48,3,2),(6,5%,44,3,2).

It is easy to compute the corresponding 73(zero omitted) is one of the fol-
lowing graphic sequences:

(12), (2,12), (25), (32,2%), (23,12), (3,23, 1), (52,4, 2%), (3%, 22,19),

(42,24), (3%,2,1%), (4, 3,2, 1), (43, 2%), (3, 2%, 13), (3, 13), (32, 24), (2%),
(3,22,13), (52, 42,24), (4,24), (4, 32,2%,12),(42,3,2%,1), (2%), (2%,12).

Case 5. d, = 1. Consider =/, = (d},d5,...,d},_,) where d} > 5,d; >
4,d; >3 and dl,_; > 1. If =/, satisfies (1) and (2), then by the induction
hypothesis, 7/, is potentially K — E(K3)-graphic, and hence so is .

Assume that 7/, does not satisfy (1), i.e. d3 =4. Thend; =d; =d3 =5
and d4 < 4.

If dg = 3, then 7 = (5°,33,3%,2¥,1*)(2 > 1,z +y+2=n—6) and 73
is (3%,2¥,1%). If m3 # (3,1),(3,2,1),(3%,1), (32 12), then =3 is graphic by
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Lemma 2.2. If 73 is one of the following sequences:
(3,1),(3,2,1),(3%,1),(3%,12),
then 7 is one of the following:
(5%,3%,1),(5%,34%,2,1), (5%, 3%,1), (5%, 3%,1%),

which is contradict.

If dy = 4 and ds = 3, then 7 = (5%,4,32%,3%,2%,1*)(z > 1,z +y + 2z =
n—6) and m3 = (3%,2v,1*+}). If w3 # (3%,12), then =3 is graphic by
Lemma 2.2. If w3 = (32,12), then = = (53,4, 3%, 1), a contradiction.

If dy = ds = 4 and dg = 3, then 7 = (59,42, 3,3%,2%,1%)(z > 1,z + y +
z=n—6) and m3 = (3%,2¥,17*2). According to Lemma 2.2, 73 is graphic.

Ifdy =ds =dg = 4, then 7 = (53, 43, 4%1, 3% 9%s 1%4)(z4 > 1,21 +
z2 + T3+ 24 = n—6) and 73 = (4%1,3%3,2% 154+3)_ If 73 is not (42,1%) or
(43,1%), then m3 is graphic by Lemma 2.2 and Lemma 2.3. If 3 is (42,14)
or (43,1%), then = is (5%,4%,1) or (53,48, 1), which is contradict.

Assume 7, does not satisfy (2). Since 7 is not one of the following
sequences

(6,5%,3%,1), (n — 1,52,34,1"7), (n — 1,52,35,178),
(n—1,5%,3%,1""7), (n — 1,58,1"~7),

;. is one of the following sequences:
(56’ 4)’ (541 43)’ (547 44)’ (58! 4)7 (537 421 33)1 (64) 34)’
(57,3), (5% 4,3%),(6,5%), (5%, 33,2), (5%, 3%, 22), (5%, 3%, 2),
(5%,4,33,2), (54, 3%,2), (5%, 35,1), (5%, 3%,12), (5%,34%,1), (5%,34,2,1),
(5%4,3%,1), (5% 33,1), (57, 1), (5°, 1), (5%, 4%, 1), (5%, 45, 1),
(6,52, 4°),(6,5%,4°), (5%, 4%), (54, 3%,1), (6, 5%, 3%), (6%, 5, 3%),
(5%,4,3%),(6,5%,4,3%), (5%,3%), (5%, 4,3%), (5,44, 3), (5°,45, 3),
(5%), (6,5%,35,1), (519), (6, 52, 3%, 2), (6, 52, 3%), (6, 5%, 3), (6, 59).

Since 7 # (57,1), (5%, 1), (5%,3%,1), 7 is one of the following sequences:
(6,5%4,1),(6,5% 4%,1), (5%42,1), (6,5%,4%,1), (5°,43,1), (6,57, 4, 1),
(6) 527 42’ 331 1)1 (62? 55’ 1)’ (54, 4’ 337 1)! (67 52! 41 357 1)7 (54) 35! 1)’
(7,63,3%,1),(6,5%,3,1),(7,58,1), (62,57,1), (6,52,33,2,1),
(6) 527 33! 22, 1)’ (61 52! 357 21 1)1 (67 52) 47 33’ 2’ 1)’ (54’ 33) 2) 1)’ (67 531 321 27 1))
(6,5%,3%,1%), (6,57, 1), (6,52, 3%, 13), (6, 5%,3%,12), (6,52, 34, 2,12),
(6’ 52! 4’ 34? 12)7 (54) 34) 12)1 (61 537 331 12)) (61 56’ 12)! (67 58’ 12))
(7,5%,45,1), (6%,5,4%,1), (7,52, 48,1), (62,5,48,1), (6,5°,45,1),
(5%,4%,1),(6,5°1), (6,5%,3%,12),(7,5%, 4,34, 1), (62,5,4,3%,1),
(7,5%,3%,1),(62,5,3%,1),(7,6,5,3% 1), (6%35,1),(6,52,4,3%1),
(6,5%,34%,1),(6,53%4,3%,1), (5%,32,1),(6,52,44, 3,1), (54, 4%, 3,1),
(6%,5,34,1), (6,5%,4%,3,1), (5%, 4%, 3,1), (6, 52, 48,12), (54, 45, 12),
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(6,5%,4%,1%), (5% 4%, 1%), (7,52, 35,12), (62, 5,35,1%),(7,5%,34,2,1),

(62’ 59 34’ 2’ 1)’ (62’ 52? 331 1)'

It is easy to compute the corresponding m3(zero omitted) is one of the
following graphic sequences:

(3,23,1),(5,4,2%,1),(3,2,1%), (4,22,12), (4,3,2,13), (42, 22,12),
(5,42,23,1),(32,2,12),(3%,2,1), (3,1%), (4, 3,2%,1), (12),(2,1%),
(3,2,1),(2%,1%),(4,23,12), (5%,4,2%,1%), (3%,1%), (4,3%,1%),(42,3,2,13),
(43,22,12), (5%,4,2%,1), (4%,3,15), (43,2, 1), (4,3,1%),(4%,2,1%). O

We now give an application of Theorem 1.5.

Corollary o(K¢ — E(K3),6) = 28, o(Ke — E(K3),7) = 38, a(Ke —
E(K3),8) = 42, o(Ke — E(K3),9) = 48, o(Ks — E(K3),10) = 52 and
o(Ks — E(K3),n) = 6n — 8 for n > 11.

Proof. For 6 < n < 10, the following sequences

(6%,4%),(6,58), (5°), (6,5°), (5%°),

none of which is potentially K¢—E(K3)-graphic, thereby, o(K¢—E(K3),6) >
5x2+4x4+2=28,0(Ks— E(K3),7) >6+5x6+2=38,0(Ks —
E(K3),8)25%x8+2= 42,0(Ksg -E(K3),9)>26+5x8+2= 48,0(Kg —
E(K3),10) > 5 x 10 + 2 = 52,

According to Theorem 1.5, 0(K¢ — E(K3),6) = 28,0(Kes — E(K3),7) =
38,0(Ks—E(K3),8) = 42,0(Ke— E(K3),9) = 48,0(Ke— E(K3),10) = 52.

For n > 11, take 7 = ((n—1)2,4™2). It is easy to see that 7 is graphic.
If = is potentially Ks — E(Kj3)-graphic, then there are at least three terms
in m which are greater or equal to five, a contradiction. Hence, 7 is not
potentially K¢ — E(K3)-graphic. In other other words, 0(Kg — E(K3),n) >
2(n—1)+4(n—-2)+2==6n-8.

Let n > 11 and 7 = (d;,d3,...,dn) € GS,, be a positive sequence with
o(m) = 6n — 8. We show that = is potentially K¢ — E(K3)-graphic.

(1) By n > 11 and o(w) > 6n — 8, it is easy to check that 7 is not one
of the following sequences:

(n-1,5%,341""")(n>7), (n—1,5%3%1"8)(n>38),
(n-1,53,33,1""Nn>7), (n-1,551"")(n>7),

(2) We claim that d3 > 5. By way of contradiction, we assume that
d3 <4. Theno(r)=dy+do+ - +dn <2(n—-1)+4(n—-2)=6n-10<
6n — 8, a contradiction.

(3) We claim that dg > 3. By way of contradiction, we assume that
dg < 2. Then o(7) = 5, di + S0 gdi <5(5 —1) 4+ X g min{5,d;} +
S hedi=20+2)" odi <4n < 6n — 10, a contradiction.

Thus, = is potentially K¢ — E(K3)-graphic by Theorem 1.5. O
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