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Abstract

Let G and F be graphs. If every edge of G belongs to a subgraph of G
isomorphic to F', and there exists a bijection X : V(G)|J E(G) = {1,2,...,
[V(G)| +|E(G)|} such that the set { 3 v (piy Mv) + Xeep(ry Me) : F' &
F,F' C G} jorm an arithmetic progression starting from a and having
common difference d, then we say that G is (a,d)-F-antimagic. If, in
addition, A(V(G)) ={1,2,...,|V(G)|}, then G is super (a,d)-F -antimagic.
In this paper, we prove that the grid (i.e. the Cartesian product of two
nontrivial paths) is super (a,1)-Cy-antimagic.

1 Introduction

We consider finite simple graphs. Let G be a graph. An edge labeling
of G is a bijection from E(G) to {1,2,...,]E(G)|}. A vertex labeling of
G is a bijection from V(G) to {1,2,...,|V(G)|}. A total labeling of G is
a bijection from V(G)|J E(G) to {1,2,...,|V(G)| + |E(G)|}. Suppose X
is a total labeling of G, and H is a subgraph of G, we let > A\(H) =
Yvev ) M) + Ceepm Me)-
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Let G and F be graphs. If every edge of G belongs to a subgraph of G
isomorphic to F' and there exists a total labeling A of G such that for ev-
ery subgraph F' of G which is isomorphic to F', the set {3 A(F') : F' &
F,F' C G} form an arithmetic progression starting from a and having
common difference d, then we say that G is (a,d)-F-antimagic. Further-
more if A(V(G)) = {1,2,...,|V(G)|}, then we say that G is super (a,d)-F-
antimagic, and ) is a super (a,d)-F-antimagic labeling of G. Gutiérrez
and Lladé [2] introduced the concept of F-magic labeling (that is, (e,0)-
F-antimagic labeling). Then in [3], the authors introduced the notion of
(a, d)-F-antimagic labeling and studied some basic properties.

Let C,, denote a cycle on n vertices. The Cartesian product of graphs G;
and G, denoted by G10Gs3, is the graph with vertex set V(G,) x V(G2)
such that a vertex (u,v) is adjacent to a vertex (u’,v’) if and only if either
u = u' and vv' € E(Gy) or v = v/ and wu’ € E(G;). We call P,,0F,
(m,n > 2) a grid. In [7], A.A.G. Ngurah et al. proved that P,O0OPF, is
super (a,0)-Cy-antimagic for m > 2, n = 2,3,4,5. Furthermore, in (8],
the authors proved that every grid P,0P, (m,n > 2) is super (a,0)-Cy4-
antimagic. The purpose of this paper is to show that every grid P, 0P,
(m,n > 2) is super (a,1)-C4-antimagic.

2 Main Result

Suppose that m,n > 2 are integers. Let P, be a path uiejuseaus... tm—1
Em~1Um Where Uy, U2, U3, ..., um € V(Pp), and &; = ujuiy) € E(Pp) fori =
1,2,...,m~—1, and P, be a path v,e;vse2v3...vp 1651V, Where v}, v, v3, ...,
vp € V(P,), and e; = vjvjq1 € E(P,) for j = 1,2,...,n — 1. Then in
the grid P,0OP, the following notations are used. The vertex (u;,v;) is
denoted by w; ;. The edge joining w; ; and w;, ; is denoted by ¢; ;. Thus
€i,; is the edge corresponding to the edge ; in P, and the vertex v; in
P,,. The edge joining w; ;j and w; ;4 is denoted by e; ;. Thus e;, is the
edge corresponding to the vertex u; in P, and the edge ¢; in P,. For
i=1,2,...,m—-137=1,2,..,n—1, the cycle W5, j Wit 1,y Wit 1,5 +1Wi 5 +1Wi, 5
is denoted by C; j. Thus C;; is the cycle consisting of the edges ; ;, €; j+1,
e ; and e, 41 ;.

We begin with some definitions, remarks and lemmas. Suppose that g
is an edge labeling of a graph G, and H is a subgraph of G. We let
2 9(H) = Y e gy 9(€)- The following remark is trivial.

Remark 2.1 Let g be an edge labeling of P,,0P, (m,n > 2). Then

(1) T 9(Ci)— X 9(Cis1,3) = (9(&i,5)—9(Ei+1,5))H(9(8s,54+1)—9(Eit1,541))+
(gles;) — gleiva,;), for1<i<m—-2,1<j<n—1, and



(2) 2 9(Ci3) — X 9(Cii1) = (9(€i5) = 9(€i,542)) + (g(es ;) — 9(eij41)) +
(9(€it1,5) — 9(eit1,541)), for1<i<m—-1,1<j<n-2

Lemma 2.2 There erists an edge labeling g of P,,0P, (m,n > 2) such
that

(1) X 9(Cij) =3 9(Cig1)—1for1<i<m-—-2,1<j<n-1, and
(2) X 9(Cij) =X 9(Cijj41) +1-m for1<i<m-—-1,1<j<n-2.

Proof. We distinguish three cases according to the parity of m and n.
Case 1. m and n are odd.
A required edge labeling of Ps0PF; is given in Fig. 1.

1 18 6 23 11 28
48 44 47 43 46 42 45

16 4 21 9 26 14
41 51 40, 50 39 49 38

2 19 7 24 12 29
59 317 541 36 53 35 52

17 5 22 10 27 15
34 58 33 57 32 56] 31

3 20 8 25 13 30
Fig. 1. An edge labeling of Ps0OP;

In general, we consider the edge labeling of P,,00P, defined as follows:
For1<i<m,1<j<n-1,let
N[ Srm+ L if i+ j =0(mod 2);
9leis) = { 252 44, ifi+j=1(mod 2).
For1<i<m-1,1<j<m,let
o(es) = { (n—1)m + mt=ly 22 if i+ j = O(mod 2);
Tl (n—Dm+2En—520 ifi4j = 1(mod 2).
We first show that )~ g(C; ;) = Y g(Cig1,j) —1for1<i<m—-2,1<5 <
n — 1. It is not difficult to see that g(e;,;) — g(eit+2,;) = —1 and
9(gi5) — 9(€i1,5) = (-1)*Hin.
Then

> 9(Cis) =Y 9(Cinr,g)
= (9(e1,5) — 9(a41,5)) + (9(Ei+1) — 9(€it1,541)) + (g(es ;) — gleirz,5))
(=1)"Hin + (—1)++n 4 (-1)
-1.



Thus, condition (1) holds for the edge labeling g.

Next, we show that }_ ¢(C;;) =Y 9(Cijt1)+1—mforl1 <i<m-—1,

1< j <n—2 It is not difficult to see that g(e;,;) — g(€;,j+2) = 1 and
9(eij) = 9leijr1) = (-1)*+ = 1)m/2 + (—-1)*7* ! (mn - 1)/2.

Then

}: 9(Ci;j) — Z 9(Cij+1)
(9(es,5) — g(&i,542)) + (9(es,5) — 9(ei,j41)) + (9(eiv1,5) — g(€it1,541))
14 ((-1)' — 1)m/2 + (-1)"*7+ (mn — 1)/2
+((=1)"+ — 1)ym/2 + (1) 42 (mn — 1) /2
= 1-m

Thus, condition (2) also holds for the edge labeling g.

Case 2. m is odd, n is even or m is even, n is odd.
Without loss of generality, assume that n is even. A required edge labeling
of P;0OF; is given in Fig. 2.

1 16 6 21 11
40 37 39 36 38 35

14 4 19 9 24
43 34 42 33 41 32

2 17 7 22 12
46 31 45 30 44 29

15 5 20 10 25
49 2§ 48 27 47 26

3 18 8 23 13
Fig. 2. An edge labeling of PsOP;
In general, we consider the edge labeling of P, 0P, defined as follows:
For1<i<m,1<j<n—-1,let
_f EAm+HE, ifi+4j=0(mod 2);
9(eig) = { ?" m+—*— if i + j = 1(mod 2).
Forl1<i<m-1, 1<J<n,let
(e1) = { (n=1)m+ ("‘“)n—l— 2-1 i j is even;
W (n—1)m+ (25=L)n + —1 if j is odd.
First, we show that Y g(C: ;) Eg(C,H',) —1lforl1 <i<m-—2
1< j < n-—1. It is not difficult to see that g(ei ;) — g(ei+2,;) = —1 and
9(e:,3) — g(€irr,5) = (—1Yn/2.



Then
> 9(Cis) = > 9(Cisry)

= (9(&i,5) — 9(gi41,5)) + (9(&i,5+1) — 9(€ix1,541)) + (gles,;) — g(eiv2,5))
= (=1Yn/2+ (-1)*n/2+ (-1)
= -1

Thus, condition (1) holds for the edge labeling g.

Next, we show that }~ 9(C; ;) = 2. 9(Cij41)+1—mfor 1 <i<m—1,

1<j £n—2. It is not difficult to see that g(e; ;) — g(&;,j+2) =1 and
9(ei) — 9(esgar) = (=1)* — 1)m/2 + (—1)*3+imnya,

Then

> 9(Ci) = 9(Cijan)
= (9(€i5) — 9(€i,542)) + (9(es,;) — 9(ei,i41)) + (9(€it1,5) — g(€it1,54+1))
= 14 ((-1)"* —1)m/2+ (1) 1mn/2
+((-1)"H* — 1)m/2 + (1) +2mn /2
= 1l-m.
Thus, condition (2) also holds for the edge labeling g.

Case 3. m and n are even.
A required edge labeling of P,0P; is given in Fig. 3.

1 3 5 l 7 9
32 29] 31 28 30 27

11 13 15 17 19
35 26 34 25 33 24

2 4 6 8 10
38 23 37 22 36 21

12 14 16 18 20
Fig. 3. An edge labeling of P;0P;

In general, we consider the edge labeling of P,,0P, defined as follows:
For1<i<m,1<j<n-1,let
oleis) = { '_'—“"-.f;-"'—zm+ £, ifiis even;
BT Grm4HL, ifiis odd.
For1<i<m—-1,1<j<n,let
oens) = { (n—1m+ ("‘T“:)n-l- 2—;1, ~ if j is even;
"I (n—)m+ (2E=L)n + 152, if j is odd.



First, we show that > g(C;,) = > 9(Cis15) —1for 1 < i < m-—2,
1 <j <n-1 It is not difficult to see that g(e;;) — g(ei42,;) = —1 and
9(¢i5) — 9(8it1,5) = (—1)n/2.
Then
> 9(Ci5) =D 9(Civry)
= (9(6i,5) — 9(€i+1,3)) + (g(Eij+1) — 9(Es41541)) + (9(eis) — 9(es+25))
(=1)n/2 + (1) 'n/2 + (-1)
-1.

Thus, condition (1) holds for the edge labeling g.
Next, we show that > ¢(Ci;) = Y 9(Cijq1)+1—-—mifor1 <i<m-—-1,
1 < j < n—2. It is not difficult to see that g(e; ;) — g(eij+1) = —m/2 and
9(e5) — 9(€i542) = 1.
Then
> 9(Cig) = 9(Ciye1)

= (g(e1;) — 9(€i542)) + (9(es5) — 9(ei5+1)) + (9(eivns) — 9(eit141))
1-m/2-m/2
= 1-m.

Thus, condition (2) also holds for the edge labeling g. This completes the
proof. O

Suppose that f is a vertex labeling of a graph G, and H is a subgraph of
G. Welet 3 f(H) = 3, cv(ary f(v)- The following remark is trivial.

Remark 2.3 Let f be a vertex labeling of P,,OP, (m,n > 2). Then

(1) TF(Ci )= F(Citr5) = (F(wi,y)—Fwisa,))+(F(wij41)—F (Wir2,541))
for1<i<m-2,1<j<n-1, and

@) T F(Ciy)—3 F(Cia1) = (F(wi5)—F(wi5+2))H(F(Witr,5)—F (Wir,542))
for1<i<m-1,1<j<n-2

Lemma 2.4 There ezists a vertex labeling f of Pn,OP, (m,n > 2) such
that

M) T f(Cij) =2 f(Ciy1,j) +2 for1 <i<m—2,1<j<n-1, and
(2) X f(Cij) =2 f(Cijy1) for1<i<m—-1,1<j<n-2.

Proof. We distinguish two cases according to the parity of m and n.

Case 1. m and n are even.
A required vertex labeling of P40P; is given in Fig. 4.



4 22 0 18 16 14

2 4 6 8 10 12

23 21 19 17 15 13

1 3 5 7 9 11

Fig. 4. A vertex labeling of P;0P;
In general, we consider the vertex labeling of P,,0P, defined as follows:
For1<i<m, 1<j<m,let

Iim4 2 if i is even;
=< 2 4 ; !
f(wi ;) { mn+ (5)m+ 58, if iisodd.

First we show that Ef(c,;,j) = Ef(C,—.,.l,j) +2forl1 <i<m-2,

1< j <n—1. Notice that f(w; ;) — f(wiss,;) = 1.
Then

D f(Cig) = > F(Citrg)
= (f(wi;) = f(wisa,3)) + (f(wij1) = F(wirz,j41))
=2
Thus, condition (1) holds for the vertex labeling f.
Next, we show that } f(C; ;) =X f(Cij41) for1<i<m—-1,1<5<
n — 2. Notice that f(‘w,',j) — f(w;,,-+2) = (—1)"+1m.
Then

D f(Cig) =D F(Cijn1)
= (f(wij) = F(wij42)) + (f(Wis1,5) — F(Wig1,542))
= (=1)*lm + (=1)"*2m
= 0.
Thus, condition (2) also holds for the vertex labeling f.

Case 2. m or n is odd.
Without loss of generality, assume that m is odd. A required vertex labeling
of Ps0OP; is given in Fig. 5.



3 3 .8 28 13 23 18

35 5 30 10 25 15 20

2 32 7 27 112 22 17

34 4 29 9 24 14 19

31 6 6 1 1 16

Fig. 5. A vertex labeling of P;0P;

In general, we consider the vertex labeling of P, OP, defined as follows:
For1<i<m,1<j<nlet
Flwss) = m + 25’ if 1+ j = 0(mod 2);
i) =\ mn +(5)m+ %, ifi+j=1(mod 2).
First we show that 3} f(Ci;) = Y f(Ciy1) +2for 1 < i < m-2,
1< j <n—1. Notice that f(w,-,j) - f(wi.,.g,,-) =1.
Then

Y £(Cig) =D F(Citry)
= (flwi;) — flwira;)) + (Fwij1) — F(wivz,j+1))
= 2,
Thus, condition (1) holds for the vertex labeling f.

Next, we ShOW tha.t Ef(c¢,j) = Zf(C‘.J'f'l) for 1 S i S m — 1’ 1 S j S
n — 2. Notice that f(w; ;) — f(wijt2) = (1) m.
Then

S (Cig) =Y £(Ciin1)
= (f(wi ;) — flwij42)) + (F(witr,5) — F(Witr,+2)

= (_1)£+j+1m+(_1)i+j+2m

= 0.
Thus, condition (2) also holds for the vertex labeling f. This completes
the proof. O

The main result of this section follows from Lemma 2.2 and Lemma 2.4.

Theorem 2.5 The grid P,,0P, (m,n > 2) is super (a,1)-Cy4-antimagic.
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Proof. By Lemma 2.2, there exists an edge labeling g of P,,,0P, such
that

3 9(Cis) = Y 9(Cisrg)—1 for1<i<m—2,1<j<n—1,and
> 9(Cis) = 9(Cije1)+1-m for1<i<m-1,1<j<n-2.
By Lemma 2.4, there exists a vertex labeling f of P,,0P, such that
D f(Cis) = f(Cis1;)+2 for1<i<m-—21<j<n—1,and
D f(Cij)=) f(Cijy) forl1<i<m-1,1<j<n-2.
We consider the total labeling of P,,0F, defined by

Az) = f(=z), ifx € V(P,o0OP,);
mn+g(z), ifze E(P,0PR,).
Notice that 2 A(Ci,j) = Zf(ci.j) + 4mn + Zg(C;,j).
Thus, by the first part of Lemmas 2.2 and 2.4, we get
L ACiz) = X f(Citr,5) +4mn + 37 9(Ciyr;) + 1, that is

MCij) = X MCigr5) + 1. (1)
Similarly, using the second part of Lemmas 2.2 and 2.4, we get
2AMCij) =2 MCijs1) +1—m. (@)

Thus, combining equalities (1) and (2), it follows that,

PRE®)
Z MCaj) +1

E)\(C,,)+z—

= ZA(Cm_ g)+m—2
= D_ACm-1541) +1-m]+m—2
= > MCm-1441)—1 for1<j<n-2

Hence the set {Z'\(Cu) 1€i<m-1,1<j<n-1}= {Z/\(C -1,1);
2 AMCm-21), **, 2 MC1,1)s ZMCm-1,2)s 2 MCim=2,2),"-+, 2 MCh,2),
2 AMCrm-1,3)y ZMCrm—23), -+, L AC1,3), reovveeeeees 5> )\(Cm—l,n—l),
Y AMCm-2,n-1)s **+y 2 A(C1,n—1)} constitutes an anthmetlc progression
of difference 1. Therefore, the graph P,0PF, (m,n > 2) is super (a,1)-Cy-
antimagic. O
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