UMBRAL CALCULUS AND EULER POLYNOMIALS
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ABSTRACT. In this paper, we study some properties of Euler polyno-
mials arising from umbral calculus. Finally, we give some interesting
identities of Euler polynomials using our results. Recently, D. S. Kim
and T. Kim have studied some identities of Frobenius-Euler polyno-
mials arising from umbral calculus (see6]).

1. Introduction

We recall that the Euler polynomials are defined by the generating func-
tion to be

t_ E@t _ i
et = eE@ =ZOE,.(:L')E, (see[2,3,9 — 18]).
n=

1) et+1

with the usual convention about replacing £"(z) by E,(z).
In the special case, z = 0, E,(0) = E, are called the n~th Euler numbers.
From (1), we have

n

(2) Ea(@)=). (’l‘)x‘E,._, =(E+z)", (see[4,5,7,8,19)).

=0
Thus, by (1) and (2), we get
3) Eo=1, (E+1)"+E,=En(1)+E, =200,

where 8 n is the Kronecker’s symbol (see[2,3,8]). Note that E,(z) is a
monic polynomials of degree n and E/,(z) = %";(‘—’l =nk,_1(x).
Let C be the complex number field and let F be the set of all formal power
series in the variable ¢ over C with

o0
(4 F={fe)=) %t laxeC}.

n=0
Let P = CJ[t] and let P* be the vector space of all linear functionals on [P.
Now we use the notation < L | p(z) > to denote the action of a linear
functional L on a polynomial p(z) (see[6,13]). We remind that the vector
space operations on [P* are defined by < L+ M | p(z) >=< L | p(z) > + <
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M | p(z) >, < cL | p(z) >=c < L | p(z) >, (see[5,6,13]), where ¢ is any
constant in C. The formal power series

(5) f(t) = klt"e}' (see(6,13)),
k=0

defines a linear functional on P by setting

(6) <f@t)|z" >=an, for all n>0.
Thus, by (5) and (6), we have

) <tk |z® >=nldpx, (see[6,13)).

Let fr(t) = Yoo &Li?-t" Then, from (5) and (7), we note that

< fu(t) | ™ >=< L | ™ > and so as linear functionals L = f1(t) (see[13]).
It is known in [6,13] that the map L — fL(t) is a vector space isomorphism
from P* onto F. Henceforth, F will denote both the algebra of formal
power series in t and the vector space of all linear functionals on P and
so an element f(t) of F will be thought of as both a formal power series
and a linear functional. We shall call F the umbral algebra (see[6,13]).
The umbral calculus is the study of umbral algebra and modern classical
umbral calculus can be described as a systematic study of the class of Sheffer
sequences. By (6), we see that

<e |zt >=y" and so <e¥|p(z)>=py) (see[5,6,13]).
Note that for all f(t) in F

(8) =3 fit)k!l__?tk,
k=0
and for all polynomials p(z)
0 k T
9 p) =) -<—§—ll-:;(—)>-xk, (see(6,13]).
k=0

For fi(t), f2(t),...fm(t) € F, we have
(10) < f1(t) x fa(t) X ... X fm(t) | 2™ >

B Z (n,zg, ; ) < f1®) | 2 > .. < fm(t) | 2 >

where the sum is over all non-negative integers i3, 3, ...iy, such that ¢, +

<« +im = n (see[6,13]). The order O(f(t)) of the power series f(t) # 0 is
the smallest integer &k for which a; does not vanish.

Now we set O(f(t)) = oo if f(t) = 0. From the definition of order,we note
that O(f(t)g(t)) = O(f(¢)+0(g(t)) and O(f(2)+4(t)) 2 min{O(f(t), O(g(t))}.
The series f(t) has a multiplicative inverse, denoted by f(t)~! or ﬂlﬁ, if
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and only if O(f(t)) = 0. Such a series is called an invertible series. A
series f(t) for which O(f(t)) = 1 is called a delta series (see[6,13]). let
f(t),g(t) € F. Then, we easily that

< f()g(t) | p(z) >=< f(t) | 9(t)p(z) >=< g(t) | f(t)p(z) > .
By (9), we set

) s =T -5 <

| p(z) > I = 1)...(1 — b+ 1)z'*

M y,Ms

1

] < t¥ | p(z) > =**.

l
Thus, from (11), we have

(12)  p®O) =<t |p()> and <1|p®(z) >=p®(0).
By (12), we get

il
>

k
(13) #p(z) = pO() = LEE (seefs 1))
Thus, by (13) and Taylor expansion, we get
(19) e¥*p(z) = p(z +y) (seel6,13]).

Let Sp(z) be polynomials with deg S,(z) = n and let f(t) be a delta se-
ries and g(t) be an invertible series. Then there exists a unique sequence
S,.(z) of polynomials with < g(t)f(t)* | Sn(z) >= nlépr, (n,k > 0). The
sequence S,(z) is called the Sheffer sequence for (g(t), f(¢)), which is de-
noted by Sa(z) ~ (g(t), £(2)) (seel13]). If Sa(x) ~ (1, £()), then Sa(z) is
called the associated sequence for f(t), or S,(x) is associated to f(t). If
Sn(z) ~ (g(t),t), then Sp(x) is called the Appell sequence for g(t) or Sp(z)
is Applell for g(t) (see[13]). For p(z) € P, it is known in [13] that

T 5@ >= [ plwldu,

(16) < f(®) | zp(z) >=< 8:f(t) | p(z) >=< f'(t) | p(z) >,
and
(17)
< f(¢) | plaz) >=< f(at) | p(z) >, < €** — 1| p(z) >= p(y) — p(0),
where a is a complex constant (see[6, 13]).

Suppose that S,(x) is the Sheffer sequence for (g(t), f(t)). Then we have
the following equations:

(15) <

(18) hey = 3 SPOLS@ > ) e hgye 7,

= k!
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19 o)=Y IO 1D > g 0y e,

k!
k=0
(20) F(£)Sn(z) = nSn_1(z),
and
1 w7 _ v Sk(v)
(21) g(?(t))eyft ;;o o ek, for all yeC,

where f(t) is the compositional inverse of f(t), (see[13]).

Recently, D. S. Kim and T. Kim have studied some identities of Frobenius-
Euler polynomials arising from umbral calculus (see[6]). In this paper, we
study properties of Euler polynomials arising from umbral calculus. From
our investigation, we derive some interesting identities of Euler polynomials.

2. Umbral calculus and Euler polynomials

Let Sn(z) be an Appell sequence for g(t). From (21), we note that
1
9(t)
Let us take g(t) = -‘%ﬂ € F. Then, we note that g(t) is an invertible series.

By (1), we get

(22) " = Sp(z) © 2" = g(t)Sn(z), (n=>0).

= P tt 1,
23 — = ——e%,
and, from (23), we have
1

5 = Ba(e). (0 20),  tBn(z) = nﬁxn-l =nE,_1(z).

Thus, by (21) and (24), we see that E,(z) is the Appell sequence for
(£5,t). Indeed,

(24)

6 +1tk

(28) < | En(z) >= —* (n) <e' +1|Epi(z)>

k (n) (En—k(l) + En—k), (n1 k Z 0)-

By (3) and (25), we get
1+e
2

(26) < t*¥ | En(z) >=nnk, (n,k>0).
Therefore, by (24) and (26), we obtain the following lemma.

Lemma 1 . For n > 0, E,(z) is the Appell sequence for (L"éi,t).
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Remark . By (1), we get

n

| ™ >—Zl' <t|z">= —l;;'—n'é,.;.

=0

(27) <

et + 1
Thus, by (27), we have

2 "
<e‘+1|x >=E, (n=>0).
From Lemma 1, we note that
Ey(z) e — 1 oz
28 —e™,
(28) f{« R

where g(t) = -—'"— € F.
Let us take the ﬁrst derivative with respect to ¢ on both sides in (28). Then
we have
00
Ei(z), k1 _ 2g(t)e™ — g'(t)e™
(29) E Rt = ( oL

5 g't) 1 -~
kZO{ 0% - e
Thus, by (28) and (29), we get
Exn(z) = ( J ((t))) Eu(@), (k>0).
From (2) and (24), we get

x+y
(30) L En(u)du =
1 n+1

> ("7)
= — Ent1-k(z)y"
n+1 = k

el k

= Z(n)k—lEn-i-l-k(m)%

"=(Z =tk — 1) E,(z) =

Therefore, by (30), we obtain the following lemma.

ill_ 1 {En+1(z + y) - En+l(x)}

o=

lEn(:c).

Lemma 2 . For n > 0, we have

z+y yt
/ En(wydu= 21, (z).
T

297



By (24), we get

1
(31) Bn(%) = t— Ensa(2).
Thus, by (31), we get
evt —1 et -1 1
(32) <— | En(z) >=< n | tmEn+l(x) >
Epnx
=<e¥ —1| n‘:(l) >= n+1{En+l(y) En11(0)}
v
= / En(u)du
0

Therefore, by (30) and (32), we obtain the following proposition.

Proposition 3 . For n > 0, we have

Y eyt —
/ E,(uv)du =<
0

LB >.

Let
(33) Pn = {p(z) € Q[z] | degp(z) < n}.

Then P, is a (n+1)-dimensional vector space over Q and { Ey(z), E1(z),. ..

E,(z)} is a basis for P,. For p(z) € P,, we write it as

(34) @) = bkEx(z).

k=0
By Lemma 1, we get

et + 1 k
(35) <= t* | Ep(z) >=nlonk, (n,k20).
From (34) and (35), we have
(36) <& +1t"|p(:z:)> Zb,<e k) B >
= Zb,ua,,k = klby.

=0
Thus, by (36), we get
(37) b,,=%<e+1 | p(z) > 1|<(e‘+1)t'°|p(a:)>

(k) — (k) (k)
2k'<e+1|p (z) >= k!{p (1) + 27 (0)}.

Therefore, by (37), we obtain the following theorem.
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Theorem 4 . For p(z) € P,, , let

p(e) = 3 buBx(a).

k=0
Then, we have

1
b = gy < (¢"+ 1)¢* | p(z) >

2
In other words,

b = 52 (p (1) + P (O)}.

Let us take p(z) = Bp(z) € Pn. Then By(z) can be written as a linear
combination of Eo(z), E1(z), ..En(z) as follows:

(38) Bn(z) =) _beEk(z), (n20).
By Theorem 4, we get
b= 537 < (¢! +1)¢* | Ba(a) >

L et t1|n(n—1)(n—k+1)Buy(z) >

=2k
1

From (17) and (38), we have

(39) be L( )k {Bas(1) + Baes}.

As is well known, the recurrence of Bernoulli numbers is given by

(40) Bo=1,B,(1) —Bp, =6&1,n, (see[l,8]).

By (38),(39) and (40), we get
n—2

(41) Bo(z) = bpEn(2) + ba-1En_1(z) + Y _ b Ex(z)
k=0

n—2 n
=En(z)+ ), ( k) B, _1Ex(z).

k=0

Therefore, we obtain the following corollary.
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Corollary 5 . For n > 0, we have

Ba(@) = E (x)+z( )BacikBia).

k=0

For r € Zy = NU {0}, the Euler polynomials E{” (z) of order r are
defined by the generating function to be

(42) 2 V(=2 ) xox (=2 e‘“—iE(")(m)ﬂ
\et+1 et+1) " " \et+1) " T o

n=0

~
r—times

In the special case, z = 0, ES(0) = EX” are called the n-th Euler numbers
of order r (see[9,10]). Let us take

(43) g"(t) =_2_1;.Set+1) X . X (€t+ll= (et;.I)r.

v

r—times

Then, we note that g"(t) is an invertible series.
From (42) and (43), we note that

E® 2§ 1 at?
“ B = 5 = L
By (44), we get
@)  EPE) = o B = o =B ).

From (21) and (45), we note that E (z) is the Appell sequence for ("—‘3‘—1-) "
By Appell identity, we also get

(46) B+ =3 (F)Euon*
k=0
It is easy to show that
2 2 . 2 \' | n me
(47) <\et+lx...xet—-*_1;|$ >_<(et+1) |:c >_En .

v

r—times

By (47), we get

@ <(75) @1 >=2 (el =E00, (20,

=0
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and

2 T 2 "
(49) < (e‘ +1) e¥t | 2" >=< ( t+1) el®rt |zt >
- > (. )EGEd,
iy teotip=n V1Y

From (48) and (49), we have
() Z)= iy i
@ Ee= (" )EOE

Therefore, we obtain the following theorem.

Theorem 6. For n > 0, E{”(z) is the Appell sequence for (iz'l'—l-)r
In addition,

o= Y (", )BEE)

i1+ +ir=n

From (46) and (50), we note that ED (z) is a monic polynomials of de-
gree n.
Let p(z) = E®) (z) € P,. Then ES (x) can be written as a linear combi-
nation of Eg(z), ..., En(z) as follows:

(51) p(x) = @) =Y beBala), (n20).

k=0
By Theorem 4, bk is given by

(52)  bp == < (¢! + 1)t* | p(z) >= == < (e* + 1)t* | EV)(z) >

2k‘ 2k'
( ) cet 41 B @) >= & B + B,
From (52), we have

(3 S(EPG+D)+ B @) (ﬁl—)r(e‘+1)e‘”

9 r—1
= (=1 ()
2(et+1) ZZE (m) :

n=0

n=0

By comparing coefficients of both sides of (52), we get
(54) EQ(z+1) + E{(2) =2E{V(z), (n20).
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Thus, from (51)and (54), we have

(55) be = () B

Thus, by (51) and (55), we obtain the following corollary.

Corollary 7. For n > 0, we have

EP@ =3 () B Bute)

k=0

It is not difficult to show that {E$"(z), B (z),-- - , B (z)} is a basis
for P,. Let p(z) € P,. Then p(z) can be written as a linear combination

of E{” (:c),E§'") (z),--- , E$)(z) as follows:
n

(56) p(z) =D bLED (z).
—0

By Theorem 6, we see that

et+1 « xe +1
5

(57) < 5

tk | E(')(:z:) >=nldp i, (n,k2>0).

~

-
r—times

From (56) and (57), we have

(58) <(e_+_1) t* | p(z) > = Zb, (e “) t* | BN (z) >

= bjld,k = kIb.
i=0
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By (58), we get

1 _e'+1 et +1
59 == < ———— X .. k
(59) b k!<& 5 XX =5 —t" | p(z) >
r—t;"les

< (et + 1)tk | p(z) >

1
- 2rk|

=5 k' ( ) < el | thp(z) >

l-'O

i, (k)
<et | p®(z) >

1 (’”) *)
= a7 p (l)’
ork! e l

where p(")(l) = %%&ﬂh:;. Therefore, by (56) and (59), we obtain the
following theorem.

Theorem 8. For p(z) € Py, let

p(@) =Y WE ().
k=0

Then, we have
1

g < (& + 17 | pla) >

b =

In other words,
b = 2"" Lio (T)p(k) (1), where p®)(1) = _d’:;;“f”z_z

Let us take p(z) = En(z) € Pn, (n20).
From Theorem 8, we have

(60) En(z) = Y bLE (),
k=0

where

(61) =5 < (ef + 1)7t* | Ba(z) >

=%<(et+1)r|3_k(x)>

= (_2":;). Z (;)En_,,(z).

1=0
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By (60) and (61), we get

En(2) = 5 g (Z) (; G) E,,_k(z)) ED ().

Let a# 0) € C. Then we have

)
Eﬂ(ax)_a g( ) ﬂ( )a

where g(t) = 3(e’ + 1). Let us consider the Bernoulli polynomials of order
s with

p(z) = B,(;’)(:v) eP,, (n20).
By Theorem 8, we get

n
(62) BO(z) = Y B ED (),
=0
where
(63) b = — < (¢ + 1)t | B (z) >

27Kl
(k) <(et+1)" | B, (2) >

(n) Z( ) <ét| BY (z) >
- (22:) ig( ) B9, ().

Therefore, by (62) and (63), we get

BY (@) = Z( ) () B

1=0
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