On the signed edge domination numbers of
Km,n *

Xiaoming Pi'*> Huanping Liu®
1.Department of Mathematics, Beijing Institute of Technology
Beijing 100081, China
2.Department of Mathematics, Harbin Normal University
Harbin 150025, China
3.Department of Information Science, Harbin Normal University
Harbin 150025, China

Abstract

Let G = (V,E) be a simple undirected graph. For an edge e
of G, the closed edge-neighborhood of e is the set Nje] = {e' €
Ele’ is adjacent to e} U {e}. A function f: E — {1,-1} is called @
signed edge domination function (SEDF) of G if ), Nie] fleh) >1
for every edge e of G. The signed edge domination number of G
is defined as v5(G) = min {3 . f(e)|f is an SEDF of G}. In
this paper, we determine the signed edge domination numbers of all
complete bipartite graph Ky,n, and therefore determine the signed
domination numbers of Ky X Kn.
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1 Introduction

Let G = (V, E) be a simple undirected graph with vertex set V' and edge
set E. For a vertex u of G, let Ng(u) denote the open neighborhood of
% in G and the closed neighborhood of u is the set Ng[u] = Ng(u) U {u}.
The degree of u is denoted by dg(u). For a subset S of V(or E), let G[S]
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be the subgraph of G induced by S and G — S be the subgraph induced
by V — S(or E ~ S). For an edge e of G, the open edge-neighborhood
of e is the set Ng(e) = {¢’ € E(G)|¢’ is adjacent to e} and the closed
edge-neighborhood of e is the set Ngle] = Ng(e) U {e}. Let |z] be the
integer part of a non-negative real number z. Other terminologies used in
this paper will follow [1].

A signed domination function of G is defined in [2] as a function f : V —
{+1, -1} such that f(Ng[v]) > 1 for every v € V. The signed domination
number for a graph G is 7:(G) = min{}_, ¢y () f(v)|f is a signed domina-
tion function of G}. A function f : E(G) — {+1,—1} is called a signed edge
domination function (SEDF) of G if } .. Nele) F(€') 2 1 for every edge e
of G. The signed edge domination number of G is defined as /(G) = min
{2 cce(c) f(e)|f is an SEDF of G}. Denote f(G) = 3_,¢ e f(e)-

The cartesian product G x H of graphs G and H is a graph such that
the vertex set of G x H is the cartesian product V(G) x V(H) and any two
vertices (u,u’) and (v,v’) are adjacent in G x H if and only if either u = v
and « is adjacent to v/ in H, or v’ = v/ and u is adjacent to v in G.

The line graph L(G) of graph G is a graph such that each vertex of L(G)
represents an edge of G and two vertices of L(G) are adjacent if and only
if their corresponding edges share a common endpoint (“are adjacent”) in
G. Clearly an SEDF of a graph G is a signed domination function of L(G).

Xu[4] showed that

Proposition 1.1 ({{]). Let Ky, , be a complete bipartite graph. Then

=2mn_ o+ is odd
Ys(Kmn) 2 { —ZI"Z‘:i m -:- n is even

For other results on the signed edge domination number, the readers
may refer to the survey papers of Xu(3,4].

In this paper, we determine the signed edge domination numbers of all
complete bipartite graph Ky, », and therefore determine the signed domi-
nation numbers of K,, x K.

2 Main results

In this paper, for a complete bipartite graph K, », we always assume
that m < n and V} = {v1,va, -+, vm} and Vo = {uy,us,+-,u,} are the
partition sets of Ky, . It is well known that K, ,, has m pairwise edge-
disjoint perfect matchings.

For convenience, write £, = {e € E|f(e) = 1}, E; = {e € E|f(e) =
—1}, and for a vertex u, denote dj(u) = dg,(u) — dg,(u), where G; =
GlEi),i=1,2.
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Ifg=|2Z), welet G} = Kmn[V1,V3 ], then G} =~ Kpnm, where V; ; =
{v14jm, Y24jm,s+* s Umjm} ond j € {0,1,---, (¢ = 1)}.

Theorem 1 Let K, be a complete bipartite graph. Then

[ n, m=1 (mod2),n=1 (mod?2),
n<2m-1;
2m—-1, m=1 (mod2),n=1 (mod 2),
n22m+1;
n, m=0 (mod2),n=0 (mod2),
n<2m-1;
2m, m=0 (mod2),n=0 (mod2),
n>2m;
2m, m=1 (mod2),n=0 (mod?2),
’ n < 2m;
Vs (Km,n) = { n, m=1 (mod2),n=0 (mod2),

2m+2<n<Im-1;

3m—1, m=1 (mod2),n=0 (mod2),
n23m+1;

2m, m=0 (mod2),n=1 (mod?2),
n < 2m;

n+l, m=0 (mod2),n=1 (mod?2),
2m+1<n<3m-—-1;

3m, m=0 (mod2),n=1 (mod2),

L n23m+1.

Proof. We only prove items 1,2,3 and 4, as the proofs of items 5-10 are
similar. For items 1 and 2, define a function f : E(Kp ) — {+1,—1} as
follows:

Let the value of e in the 1"—27—1- pairwise edge-disjoint perfect matchings
of Gy be —1, and the value of e in the others be 1.

If n € 2m — 1, then the value of other edge in Ky, » is

1 i4+j=0 (mod?2),i=1,2,---,m—1;
j=1,2,-~,n—m

fwitmej) =< -1 i4+j=1 (mod2),i=1,2,..-,m—1;
i=12,-,n—-m
1 i=m;5=12,---,n—m

If n > 2m + 1, then for every vertex v; € W}, f(viu,) = 1 and the value
of other edge in Ky, 5, is
1 i4+j=1 (mod?2),i=12,---,m;
) N i=4L2,---;n—m-1
Fvitma;) = -1 i+j=0 (mod?2),i=1,2,---,m;
i=43,2,--;n—m-1
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Clearly, f is an SEDF of K, », and

_ | n, n<2m-1
f(K""")—{ 2m -1, n>2m+1

Thus 0 )
’ n n<2m-—
s (Km,n) < { 2m -1, n>2m+1

Now let f’ be an SEDF of K, and f'(Kmn) = v.(Km,n). Observe
that d},(v) is odd for all v of Ky n. Assume that there exists a vertex u of
Ko » such that d},(u) < -3, then every vertex v of Ng,, , (u) satisfies

dy(v) 23 or dp(v) 2 5.

Hence f'(Km,n) = 3m, a contradiction. So d}(u) 2 —1 for every vertex u
of Ky .

Now we consider two cases.

Case 1. n < 2m — 1. If there exists a vertex u of V2 such that d}, (u) =
—1, then every vertex v of V; satisfies

}l(’U) 2 1 or d;,('v) 2 3,

and the numbers of vertices in V] satisfying the former and the latter of
the above inequalities are equal to %"—1 and "'T'l, respectively.

When n = 2m — 1, we have

1 -
FKma) 2 T2 14 B2 3= o1,

By 7;(Km,n) < n, we obtain v,(Kmn) =n.

When n < 2m — 3, we have
mtl Pl s amo15n,

2 2

which is a contradiction. Hence for every vertex u of V2, we have d}, (u) > 1.
Therefore f'(Km,n) 2 n. Also by 7}(Kmn) < n, we obtain v} (Kmn) = n.

Case 2. n > 2m + 1. If for every vertex u of V3, d},(u) > 1, then

f'(Kmn) 2

f,(Km’n) =n> 2m — 1,

which is a contradiction. Therefore there exists a vertex u of V5 such that
d},(u) = —1, then every vertex v of V; satisfies

dy(v) 21 or d}.(v) 23,
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and the numbers of vertices in V) satisfying the former and the latter of
the above inequalities are equal to 2! and 271, respectively. Therefore

F(Kmm) > m;'I .1+"’2'1 3=9m-1.
It follows that v} (Km,n) = 2m — 1.
Now we prove items 3 and 4. We consider two cases.
Case 1. n < 2m — 2. Define a function f : E(Ky ,) — {+1,-1} as
follows:
For each e = v;u; of E(Gp),

-1 ¢=1,2,- 2m,j =1,2,- 2m,

1 =12, 1 ,j—-m+1,2m+2 ,m,
floiuj) =q 1 z——m+1,2m+2 . ,m,j—12 ,2m,
1 i=j=4im+]l, Im+2,...,m,

-1 otherwxse,

where for e = vjum4; of E(Kmn) — E(Gp),

-1 i=1,2,-++,3m; jis odd,

v )= 1 ——m+1 sm+2,--+,m;jis odd,
Vittm+5) =3 z—l 2, m+1,Jlseven,
-1 i=%m+2,§m+3,---,m;jiseven.

Clearly, f is an SEDF of Kp, » such that f(Kp ») =n. Thus, v,(Kn,a) <
n.

Now let f’ be an SEDF of K, » such that f/(Kpm ) = v.(Km,). Sup-
pose that there exists a vertex v of V] such that d%,(v) < —2, then for every

vertex u of Vs,
dp(u) 22 or dp(u) 24

Therefore
[ (Kmun) 2 2n,

which is a contradiction. Thus, for every vertex v of V4, d},(v) > 0. Suppose
that d%,(v) > 2 for every vertex v of V3. Then

f'(Kmz) 2 2m > n,

which is also a contradiction. Hence there exists a vertex v of V} such that
d}/(v) = 0. Then for every vertex u of V2,

dj(u) 20 or dp(u)>2,
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and the number of vertices in V, satisfying each of the above inequalities is
equal to §. Therefore

f’(Km,n)2§-0+§-2=n.

It follows that ) (Km,n) =n when n < 2m - 2.

Case 2. n > 2m. Define a function f : E(Kmn) — {+1,-1} as
follows:

Assign f(e) = —1 for each edge e of the 1‘5—'3 pairwise edge-disjoint
perfect matchings of Gj, and assign f(e) = —1 for the rest of edge in Gj.
The value of other edge in Ko, is

1 i4+35=0 (mod?2),i=1,2,:--,m;
. N i=4L2,---;n—m
Fowume) =4 1 j4j=1 (mod2),i=1,2,--,m;
j=1127"'7n—m

Clearly, f is an SEDF of K, 5, such that f(Km ) = 2m. Thus, v.(Km») <
2m.

Now let f’ be an SEDF of Ky, », such that f/(Kms) = v.(Km,z). Sup-
pose that there exists a vertex u of V2 such that d},(u) = —2. Then for
every vertex v of V;,

dy(v) 22 or d}(v) 24,

and the numbers of vertices in V] satisfying the former and the latter of
the above inequalities are equal to %"—2— and ﬂ,‘,‘—z, respectively. Therefore,
m >4 and
-2
M2 0 ™2 f—3m—-2>2m,
2 2
which is a contradiction. Suppose that there exists a vertex u of V; such
that d%,(u) £ —4. Then we can get a similar contradiction. Hence, for
every vertex u of V2, d},(u) 2 0. Suppose that for every vertex u of V5,
#/(¢) 2 2. Then we have

[ (Kmn) >

fI(Km,n) 2 2n,

which is a contradiction. So there exists a vertex u of V2 such that d%, (u) =
0.

Let k be the number of vertices u of V; satisfying d},(u) = 0. Suppose
that £ < n — m. Then

[ (Kmun) > 2(n—(n—m)) =2m,
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which is a contradiction. Hence, k > n —m.
If k=n —m, then

f'(Kmun) 2 2(n— (n—m)) =2m.

It follows that v} (Km ) = 2m.

If kK > n — m, then for every vertex v of V], there exists a vertex u of
Va satisfying d%,(u) = 0 and f/(vu) = 1. Since f’ is an SEDF of K, n, We
have

#(v) +dp (u) — flvu) 2 1.
So
d}l ('U) > 2.
Hence
f,(Kml“) 2 2m'

It follows that 4. (K, ) = 2m, completing the proof. 0
Since the line graph of Ky, , corresponds to K, x Ky, we can get the
following corollary.

Corollary 1 Let K,, x K,, be the cartesian product of K., and Ky, where
m <n. Then

( n, m=1 (mod2),n=1 (mod2),
n<2m-1;
2m—-1, m=1 (mod2),n=1 (mod 2),
n>2m+1;
n, m=0 (mod2),n=0 (mod?2),
n<2m-—1;
2m, m=0 (mod2),n=0 (mod?2),
n > 2m;
2m, m=1 (mod?2),n=0 (mod?2),
n < 2m;

Yo(Km x Kn) = 4 n, m=1 (mod2),n=0 (mod2),

2m+2<n<3m-1;

3m—1, m=1 (mod2),n=0 (mod?2),
n>23m+1;

2m, m=0 (mod2),n=1 (mod?2),
n < 2m;

n+l1l, m=0 (mod2),n=1 (mod?2),
2m+1<n<3m-1;

3m, m=0 (mod2),n=1 (mod2),
n>3m+1.
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