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Abstract. The corona of two graphs G and H, written as GO H, is defined as the graph
obtained by taking one copy of G and |V(G)| copies of H, and joining by an edge the ith
vertex of G to every vertex in the ith copy of H. In this paper, we present the explicit
formulae of the (modified) Schultz and Zagreb indices in the corona of two graphs.
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1 Introduction

Throughout this paper we consider only finite undirected connected
graphs without loops and multiples edges. Let G be a graph with vertex
set V(G) and edge set E(G). We denote by degz(z) and G the degree
of z, and the complement of graph G, respectively. As usual, the distance
between the vertices z and y of V(G) is denoted by dg(z,y) and it is defined
as gle number of edges in a shortest path connecting the vertices z and y
in G,

A topological index is a real number related to a graph; it does not
depend on the labeling or the pictorial representation of a graph. There are
several topological indices: the Wiener index, the Randié index, the Hosoya
index, the Merrifield-Simmons index, the Szeged index and the vertex and
edge Padmakar-Ivan indices PI, and PI.. These topological indices have
found applications as means for modeling chemical, pharmaceutical and
other properties of molecules. For more results on topological indices of
graphs see, for example, [6, 8, 10, 11, 12, 16] and the references therein.

The Wiener index is the first and one of the most studied topological
indices, both from theoretical point of view and applications. It is equal to
the sum of distances between all ordered pairs of vertices of the respective
graph, see for details [29].

The Wiener index of a graph G is defined by:

W(G) = Z de(u,v).

{v}EV(G)
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Another structure-descriptor introduced long time ago is the Zagreb
index M, [13], or more precisely, the “first Zagreb index” , because there
exists also the “second Zagreb index” M, [28]. The indices M, and M, are
defined as follows.

M(G) = 3 degd(w), My(C)= Y dega(u)dega(v).
wev(G) wweE(G)

For more results on M; and M3, one can reference on (3, 14, 22, 32, 33, 34]

and the references therein.
We now define the index S introduced by Schultz [27) and its modifica-

tion S* introduced by Klavzar and Gutman [19)].
The standard and modified Schultz indices for a connected graph G are

5@ = Y. (degc(u) + dega(v))da(u,v);
{u,v}CV(G)

S* (@)= . (dego(u)- dege(v))da(u,v).
{u,0}CV(G)

Corona graphs were introduced by Roberto Frucht and Frank Harary
in 1970 [9]. The corona of two graphs G and H (where G has n vertices
), written as G © H, is defined as the graph obtained by taking one copy
of G and n copies of H, and then joining by an edge the ith vertex of G
to every vertex in the ith copy of H. In 2002, Barrientos [4] first studied
the graceful labelings of the corona graphs; soon after, some results on the
corona graphs are obtained in succession. Lai et al. [20] gave the exact
values of the profiles of coronas G ® H; Kwong and Lee [18] investigated
the integer-magic spectra of the coronas of some specific graphs including
paths, cycles, complete graphs and stars; the basis number of the corona
of graphs is determined by Shakhatreh et al. [26]; Barik et al. [1] and
Kojima [17] investigated the spectrum and the bandwidth of the corona
of two graphs respectively. In 2011, Yero and Rodriguez-Veldzquez [31]
considered the Randié index of corona product graphs. In 2012, Hong Bian
et al. [2] gave the Wiener-type indices of the corona of two graphs.

In this paper, we present the explicit formulae of the (modified) Schultz
and Zagreb indices in corona of two graphs.

2 Main results

2.1 The Schultz index of the corona of graphs

The following properties of the corona of graphs follow immediately
from the definition.

Lemma 2.1 Let G and H be two graphs. Then we have:

(a) V(G o H)|=|V(G)| - |[V(H)|+|V(G)| and
|E(G © H)|={B(G)|+ V(G)| - [EWH)| + [V(C)| - IV (HD);

(b) G ® H is connected if and only if G is connected;

(c)For any graph K, the associative law of the corona of graphs never holds:
GoO(HOK) and (GO H)® K are always different graphs.
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Now we can compute the Schultz index of G © H in terms of Schultz
and Wiener indices of G and Zagreb index of H.

Figure 1: Corona of two graphs G and H, where H; is the copy of H, for
i€{1,2,---,n}.

Theorem 2.1 Let G and H be two graphs with |V(G)| = n,|V(H)| =
n1,|E(G)| = m and |E(H)| = m;. Then S(GOH)= (ny+1)S(G)+ (4n?+
4n) + 4myng + 4m))W(G) — nM;(H) + n2(3n? + ny + 2my + dmany)

+ n(6n1m —-6my —4dming — 2‘)’11).

Proof. Set V(G)={v1,va,++- ,v} and V(H;)= {ui1,uiz,"** ,%in, }» ¢ €
{1,2,---,n} (see Figure 1). We partition the set V(GO H) x V(GO H) -
into four subsets: Vi, Vi, Va3, and V,, where Vi={{u,v} C V(G 0 H)|
u,v € V(Hi)) i€ {1a2a"' sn}}’ V2={{ua'v} - V(GGH)l vE V(G):u €
V(H)),i € {1,2,---,n}}, Va={{y,v} C V(G © H)| u,v € V(G)}, and
‘/4={{u’v} C V(GQH)I u€ V(Hi)1v € V(HJ)a ,,J € {112"" rn} and
i # j}. By definition, we have

4

S(G)=)_ Y (degcon(u)+ degcon(v))deomn(u,v)-
i=1 {u,v}€V,

In the following we work out each of the four terms in the above sum-
mation.

Case 1. {u,v} € V;. Suppose that uix,uy € V(H;), fori € {1,2,---,n},
and k,l € {1,2,--- ,n,}, we show that the summation of some expression
relating degrees and distance for vertices of V; is

A:=n Y (degoon(ui) + degoon(uir))doom (ui, ui)
‘uskyutlev(-”l)
=n Y degy,(u)(degn,(u)+1)
ueV(H;)
+n Y 2(ny —1—degn,(u))(degn, (u) +1)
ueV(H;)
=4nnim, + 2nn§ — 6nmy — 2nny — aM, (H)
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Case 2. {u,v} € V,. Suppose that v; € V(G),uj € V(H;), fori,j €
{1,2,---,n},k € {1,2,--- ,n1}, then the summation of some expression
relating degrees and distance for vertices of V is

B:= > (degeon(v:) + degeon (ujk))deon (vi, ujk)
v,'EV(G),u,kEV(Hj)
= >, (dege(vi) + n1 + deg; (ujk) + 1) (da(vi, ;) +1)

v €V(G),u;x €V (Hj)

= E degc(vi)de(vi, ;) + Z dega (v:)

v, €V(G),u;x€V(H,) v EV(G)u,k €V (Hj)

+ 3 degpr, (ujk)da (vi, v;) + > degn,(u)
1, €V(G),ujx€V(H,) v EV(G),u,€V(H,)
+(n1+1) > de(vi,v;) + (1 +1) > 1
v, EV(G),u;x €V (H;) v E€V(G),ux€V(H,)
=1 8(G)+ (2n? + 4my + 2n)W(G)+ n’ny(n1 + 1) + 2mnny + 2n’m;.
Case3: {u,v} € V3. Suppose that v;,v; € V(G), for4,j € {1,2,--- ,n},

then the summation of some expression relating degrees and distance for
vertices of V3 is

C:= ). (degcon(v)+degcon(vs))dcon(vi,v;)
{v,v,}CV(G)
= z (dega(vi) + ny + dega(v;) + ny)de(vi, vj)
{v,v,}CV(C)
= Y [(dege(vi) + dege(vs))de (i, v;) + 2m1da(vi, v;)]
{Ug,v,‘}CV(G)
= S(G) + 2n, W (G).
Case 4. {u,v} € V4. Suppose that uy € V(H;),uj € V(Hj), for

i, € {1,2,---,n}(¢ # 7).k 1 € {1,2,--- ,m}, then the summation of
some expression relating degrees and distance for vertices of Vj is

D:= Y. (deggon(uir) + degoon (uit))deom (uik, uit)
u EV(H.),un €V (Hj)(i#3)
= > (degu,(uix) + 1+ degn, (uzn) + 1)(da(vi,v;) + 2)
v €V (H,),us1 €V (H;)(i#7)

= z degH‘ (uik)dG ('Ui, v,-) +2 Z degy, (uik)

u €V (H,),uj €V (Hj)(i#5) ui EV(H,)un €V (H,)(i#5)
+ Y degu(up)da(vi,vs) +2 ) degn,(uq)
u €V (H. ) u €V (H;) (i#3) uk €V(Hyi),ujt€V (H;)(i#37)
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+2 > de(vi,v;) +4 > 1
wk €V (H),u €V (H, ) (i) wik €V (H.)u,1 €V (H,) (i)
= (2n} + 4nym1)W(G) + (202 + 4nymy ) (n? — n).

Hence,

SCOH)=A+B+C+D
= (n1 + I)S(G) + (411,% +4ny +4dmin; + 4m1)W(G’) - MI(H)TL
+n2(3nf + ny + 2my + dmim H n(6nym— 6my— 4myny - 2n,).

2.2 The modified Schultz index of the corona of graphs

Theorem 2.2 Let G and H be two graphs with |V(G)| = n,|V(H)| =
ny, |E(G)| = m and |E(H)| = my. Then S*(G ® H)= (n1 + 1)S(G) +
(4n? +4ny +4myng + 4m )W (G) — My (H)n+n? (3n% +ny +2my +4myn,)
+ n(6n1m - 6m1 —4dmny - 2n1).

Proof. Similar to the proof of Theorem 2.1, set V(G)={v1,vs,"-*,vn}
and V(H;)= {ui,%i2, -+ ,%in, }, ¢ € {1,2,--- ,n}. We partition the set
V(G ® H) x V(G @ H) into four subsets: Vi, V;, V3, and V,, where
Vi={{y,v} C V(GO H)| u,v € V(H;), i € {1,2,--- ,n}}, Vo={{u,v} C
V(GO H)|veV(G),ue V(H),ie{l,2, - ,n}}, Va={{uy,v} C V(GO
H)| u,v € V(G)}, and Vi={{u,v} C V(GO H)| u € V(H;),v € V(Hj),
,7 €{1,2,---,n} and i # j}. By definition, we have

4

S =) Y (degeon(u)- degoon(v))deomn (u,v).
i=1 {u,v}eV,
In the following we work out each of the four terms in the above sum-

mation.

Casel. {u,v} € V;. Suppose that u;,ua € V(H;), fori € {1,2,---,n},
and k,l € {1,2,.-- ,n;}, we show that the summation of some expression
relating degrees and distance for vertices of V] is

ai=n Y (degoon(ui)- degcon(ua))deom (wik, uit)
uik,ug €V(H,)

=n Y (degx,(ua) + 1)(degn, (uix) + 1)dgon (wir, uir)
Uk ug €V (H,)
=n Y (degn,(uix)degn, (ua) + degg, (uik) + degp, (ua) +1)
ueug €EE(H,)
+n Y 2(degy, (uix)degs, (ua) + degy, (uix) + degp, (ua) +1)
unug €E(Hy)
= nMa(H;) — nM,(H;) - n(n1 — )My (H;) + nMa(H;) + nny(ng — 1)2
—2nmy(ny — 1)% + (4my + ny)n(ng — 1) — nm;.
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Case 2. {u,v} € Vo. Suppose that v; € V(G),ujx € V(H;), fori,j €
{1,2,--- ,n},k € {1,2,--+ ,n}, then the summation of some expression
relating degrees and distance for vertices of V; is

B= > (degeon (vi) - degeon (ujk))deoH (vi, ujk)
1. EV(G),u;x€V (H;)

= > (degg(vi) + n1)(degn, (ujx) + 1)(de(vi, v;) + 1)
1. €V(Q),u €V (H;)

= Z degc(vi)degn; (ujk)da(vi, v;) + Z degc(vi)degm, (ujk)

viEV(G)qu’kEV(Hj) viGV(G).uijV(H,)
+ Z degG(vi)dG('Ui, 'UJ) + E degG(eU‘.)
U EV(G)'“jkGV(HJ) ”!GV(G),‘“JJ;GV(H:’)
+m Z degn, (ujk)de(vi, vj) + M Z degr, (ujk)
DEV(G) sk EVIH;) nEV(G)ukeV(H,)
+n Z de(vi,v;) +m Z 1
v eV(G),ux €V (H,) v, EV(G),u,xEV(H,)

=(2m+ n1)S(G)Hdmyny+ 202 )W (GHn2ny (n1+ 2my H2mn(ny+ 2my).

Case 3. {u,v} € V3. Suppose that v;,v; € V(G), for i,j € {1,2,--- ,n},
then the summation of some expression relating degrees and distance for
vertices of V3 is

yi= Y (degoon(v) - degcon(v;))doon (v, v;)
{vi, v, }CV(G)

= Z (dege(vi) + ma )(dege(v;) + ny)da (v, v5)
{v.,v;}CV(G)
= S*(G) + nS(G) + an(G).
Case 4. {u,v} € V4. Suppose that uy € V(H;),u; € V(Hj), for

i,j€{1,2,---,n}(i#j), and k,l € {1,2,-- ,m1}, then the summation of
some expression relating degrees and distance for vertices of Vj is

6:= > (degeon (uik) - degcor(uji))daoH Uik, Ujt)
u.kEV(H,),u €V (H;)(i#35)

= > (degn, (uik) + 1)(degn; (uji) +1)(de(vi vj) +2)
U €V (H;)ui €V (H;)(i#7)

= > degn, (wir)degn, (ujt)de (vi, v5)

u €V (H,)u €V (H;) (i#5)

+2 Z degn, (wix)degn, (uji) + E degy, (wik)de (i, vj)
u €V (H.) u €V (H,)(i#7) €V (Hi)un €V (H, )(i#7)



+2 D dega, (i) + D" degy,(uj)da(vi,v;)

usk €V (H;)u 1 €V (Hj)(i#7) u €V (H;)wj €V (H, ) (i#7)
+2 Z degy, (ujt) + Z da(vi, ;)
uk €V (H:)un €V (H;)(i#5) un €V (H,),u;1 €V (H;)(i#7)

+2 > 1
wk EV(H, ), un €V (H, ) (i#5)
= (4m? + n? + dnym )W(G) + (n? + dnymy + 4m?2)(n2 - n).
Hence,
S*(GoH)=a+B+7+6
=5*(G) + (2m1 + 2n1)S(G) + (2n, + 2m.1)2W(G)
+ n(Mz(H)— My(H)+M2(H)—(ny — )M, (H))+nny(ng — 1)3
- 2nmy(ng — 1)% + 2n2(n? + 2n,m; + 2m?2 + nlm,)
+ n(dmmy + 2mn; — 4mf - b5my —n1).

2.3 The Zagreb indices of the corona of graphs

In this subsection, some exact formulae for the first and second Zagreb
indices of G © H are presented. We begin with the following result related
to the first Zagreb index.

Theorem 2.3 Let G and H be two graphs with |V(G)| = n,|V(H)| =
n1,|E(G)| = m and |E(H)| = my. Then Then My(G © H)= My(G) +
nMy(H) + dnym + nin + dnm; + nn;.

Proof. By the definition of the first Zagreb index, we have
M\(GoH)= ) |degcon@)®= Y [degc(u)+m]®

uEV(GOH) : ueV(G)
+ Y [degm, @)+ 1P+ 4 Y [degn,(u) +1]?
u€V(H,) ueV(H,)
= Z deg’(u) + 2my Z degc(u) + n? Z 1
ueV(G) ueV(G) ueV(G)
n
+Z Z [deg?;, (v) + 2degy, (u) + 1]
i=1 ueV(H)

= M;1(G) + nM;(H) + dnym + n2n + 4nm, + nn,.

The line graph of a graph G, denoted by L(G), has E(G) as its vertex
set, where two vertices in L(G) are adjacent if and only if the corresponding
edges in G have at least one vertex in common. Similarly, we can obtain
the second Zagreb index of the corona of graphs G and H in terms of the
line graph of G and H.
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Theorem 2.4 Let G and H be two graphs with |V(G)| = n,|V(H)| =
n1,|E(G)| = m and |E(H)| = my. Then My(GOH) = My(G)+nMa(H) +
21, E(L(G)) +4nym+nim+2nE(L(H)) +3nm; +dmym +2nmyny +nin.

Proof. By the definition of the second Zagreb index, we have

MyGoH)= )  degcon(u)degoon(v)
wEeE(GOH)

= > [dego(u) +mni]ldege(v) + ]
wveE(G)

+n Y (degm,(u)+ 1][deg, (v) +1]
wve B(H;)

+ Z [dege(vi) + na[degn, (u) + 1]
v, EV(G),ueV (H;)

—My(G) +nMa(H)+ny Y [dega(u) + dega(v)] +nim

uvE€E(G)
+1), [degr(u) + deg(v)] +nm1 + ) dege(v)dega(u)
uveE(H) vEV(G),uEV (H)
uwwE€E(CGOH)
+ Z [degg(v) 4 nidegy(u)] + nin.

vEV(G),ueV (H),uve E(GOH)
The proof of the theorem is also based on the following observation:
degp(c)(e) + 2 = degc(u) + degg(v). Hence
Y. [dego(w) +dega@) = ) [degrio)(e) +2) = 2B(L(G)) + 2m.
wwEE(G) e€V(L(G)
Similarly, we have

Y [(degu(u) +degu(®)] = Y ldegrimy(e) +2) = 2B(L(H)) + 2m;
weE(H) e€V(L(H))

" dega(v)degir(u) = dega(on) Y- degr(u) + dega () Y degir ()

vEV(C) vEV(H) i=1 i=]
uwvEE(GO H)

ng n
+ -+ +degg(vn) Zdegy(u.-) =2m Z degg(v,-)] = dmym;

i=1 i=1

> [dego(v) + mdegu(u) =n1)_dego(vi)+n1 Y degu(v)

veEV(G),ueV(H) i=1 veEV(G),ueV(H)
uwvEE(GOH) wwEE(GOH)

= 2mn; + 2nmn,.
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Now by easy calculation we obtain Ma(G © H) = My(G) + nM(H) +
2n1 E(L(G)) + 4nym+nim+2nE(L(H)) + 3nmy +4m;m+2nm; ng +n3n,
and this completes the proof.
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