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Abstract

A Roman domination function on a graph G = (V, E) is a function
f: V(G) = {0, 1,2} satisfying the condition that every vertex « with
f(u) = 0 is adjacent to at least one vertex v with f(v) = 2. The
weight of a Roman domination function f is the value f(V(G)) =
Yuev(c) f(v). The minimum weight of a Roman dominating func-
tion on a graph G is called the Roman domination number of G,
denoted by yr(G). In this paper, we study the Roman domina-
tion number of generalized Petersen graphs P(n,2) and prove that
Tr(P(n,2)) = [F](n 2 5).
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1 Introduction

Let G = (V,E) be a simple graph, i.e., loopless and without multiple
edges, with vertex set V(G) and edge set £(G). The open neighborhood,
N(v), and the closed neighborhood, N[v], of a vertex v € V are denoted
by N(v) = {u € V(GQ) : vu € E(G)} and N[v] = N(v) U {v}, respectively.
For a vertex set S C V(G), N(S) = ngN (v) and N[S] = 1Jl.erN [v). The
maximum degree of any vertex in V(G) is denoted by A(G).

A set § C V(G) is a dominating set if for each v € V(G) either v € §
or v is adjacent to some w € S. That is, S is a dominating set if and only
if N[S] = V(G). The domination number y(G) is the minimum cardinality
of a dominating set of G, and a dominating set S of minimum cardinality

is called a vy-set of G.

For a graph G, let f: V — {0,1,2}, and let (Vp; V;;V2) be the order
partition of V' induced by f, where V; = {v € V(G@)|f(v) = i} and |V;| = n;,
for i = 0,1,2. Note that there exists a 1-1 correspondence between the
functions f : V(G) — {0,1,2} and the ordered partitions (Vo;Vi;V2) of
V(G). So we denote f = (Vo; V1; V5).

A function f : V(G) - {0,1,2} is a Roman domination function
(RDF) if V; dominates Vp, i.e. Vo C N[V2]. The weight of f is f(V(G)) =
Y vev(a) f(¥) = 2n2 + n;. The minimum weight of an RDF of G is called
the Roman domination number of G, denoted by yr(G). We say that
a function f = (Vo; V1; Vo) is a yr-function if it is an RDF and f(V) =
Yr(G).
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In 2004, Cockayne et al[? ] studied the graph theoretic properties of

this variant of the domination number of a graph and proved
Proposition 1.1. For any graph G of order n, -ﬂ% < vr(G).
Proposition 1.2. For any graph G of order n, ¥(G) < 1r(G) £ 27(G).

For more references and other Roman dominating problems, we can

The generalized Petersen graph P(n, k) is defined to be a graph on 2n
vertices with V(P(n,k)) = {vi,u; : 0 < i < n — 1} and E(P(n,k)) =

{vivig1, Vi, Uitk : 0 < i <n -1, subscripts taken modulo n}.

In 2007, Yang Yuansheng et al [? ? ] studied the domination number
of generalized Petersen graphs P(n,2) and P(n,3). They proved

Theorem 1.3. (P(n,2)) =n— |2] — |22}
Theorem 1.4. (P(n,3)) =n—2|%](n #11).

In this paper, we study the Roman domination in the generalized Pe-

tersen graphs P(n,2) and prove yr(P(n,2)) = [%2](n > 5).

2 Roman domination number of P(n,2)

Let m = | 2], t = n(mod 7), then n=7Tm +1.
Lemma 2.1. 7r(P(n,2)) < [8](n = 5).

Proof. In order to prove that for n > 5, yr(P(n,2)) < [82], it suffices to
give an RDF f of P(n,2) with f(V(P(n,2))) = [8]. For n =5, let

1/2 = {'001'”'2, U3}, Vl = 0: VO = N(VZ)'
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For n =6, let

V2 = {v01 us, u4}a Vl = {'02}) VE) = N(%)'

Forn>7, let

[ {oni, uriea,uriea : 0< i <m—1},
{vri, urits, uriza 1 0L i< m—1},
{vri, uri43,uri4a : 0<Ei<m—1}U {vim},
Va =< {vni,uries,uriza : 0<i<m—1}U {vim},
{vri, uriss, urits : 0L i € m—1} U {vrm-1,%7m+1,Urm4+2},
{vri, uri4s, uriqa : 0 < i < m—1}U {vrm, Urm+2, Urm+3},

| {vr,uriss, uri4a : 0S i< m},

( {vrig2,v7i45 : 0<i<m—1}, ift=0;
{vriz2,vri4s : 0 € E<m—1}U {vrm-1,urm}, ift=1;
{vrig2,v7i45 : 0<i<m—1}U{urms1}, ift=2;

Vi=1< {vn42,vri45 ¢ 0 << m =1} U {trm1, urme2}, ift=3;
{vris2,vries 1 0< i< m—1}\ {vrm-2}, ift=4;
{vri+2,vri45 : 0<i<m—1}, ift=>5;

| {vri42,vni48 1 0<iSm— 1} U {vrm+2}, if t = 6.

Vo = N(Va).

ift=0;
ift=1;
ift=2;
ift=3;
ift =4;
if t =5;
ift=8.

Note that Vo, Vi and V5 are pairwise disjoint, and V(P(n,2)) = Vi U
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VaUVp = V3 U N[V3). Hence f = (Vp; V1; V2) is an RDF of P(n,2) with

[ 2x 3m + 2m = 8m = [&2], if ¢t = 0;
2x3m+2m+2=8m+2=[%], ift=1;
2x 3m+1)+2m+1=8m+3=[2], ift=2
fV(Pm,2))= { 2x(@Bm+1)+2m+2=8n+4=[82], ift=3;
2x (3m+3)+2m—-1=8m+5=[8], ift=4
2x (3m+3)+2m=8m+6=[8], if t=5;
[ 2Xx@Bm+3)+2m+1=8m+7=[8], ift=6.

r(G) =13 r(G) =14 Yr(G) =15

Figure 2.1: The RDFs of P(n,2) for 7<n <13

In Figure 2.1, we give the RDFs of P(n,2) for 7 < n < 13, where the
vertices of Vz are in dark, the vertices of V] are in grey, and the vertices of

Vo are in white.

Let f = (Vo; Vi;V2) be an arbitrary ygr-function of P(n,2). Then we

have

Lemma 2.2. For any vertex w; € Va, if wa € N(wy), then wy € V).
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Proof. Suppose to the contrary that ws € V;. Let f'(wz2) =0 and f(w) =
f(w) for every vertex w € V(P(n,2)) \ we. Then f' is an RDF of P(n,2)
with £ (V(P(n,2))) = vr(P(n,2)) — 1, a contradiction. a

Let fm = (Vo; V1; V2) be an arbitrary yg-function of P(n,2) with mini-
mum cardinality of V3, i.e. [Va| < |V;| for any yg-function [ =y Vy)
of P(n,2). Then we have

Lemma 2.3. For any vertex w; € Vs, if wa € N(w;), then ws ¢ V5.

Proof. Suppose to the contrary that wp € V(P(n,2)) such that w;, w2 € V5.
Let N(w;) = {ws, w3, ws} where fr(w3) 2 fm(ws). There are two cases

depending on wg4:

Case 1. wy € ViUV,. Let f'(w;) = 0 and f (w) = fm(w) for every vertex
w € V(P(n,2))\{w1}. Then f is an RDF of P(n,2) with f (V(P(n,2))) =
vr(P(n,2)) — 2, a contradiction.

Case 2. wy € Vo. Forws € Vi UVa, let f'(w) =0, f(ws) =1 and
[ (w) = fm(w) for every vertex w € V(P(n,2))\ {w),ws}. We have that f
is an RDF of P(n,2) with f'(V(P(n,2))) = 7r(P(n,2))-1, a contradiction.
For ws € Vo, let £ (wy) =0, f'(ws) = f (ws) =1 and f' (w) = frm(w) for
every vertex w € V(P(n,2)) \ {w1, ws, ws}. We have that f' = (Vo; Vi; Va)
is a ygp-function of P(n,2) with |V3| > |V2], a contradiction. a
For an arbitrary yg-function f = (Vo; V1;V2) of P(n,2), we define a
function g; as follows. Let
0.5, if we Va;
gr(w) = 1, ifwe Wy
0.5|N(w)nVy|, ifweW.
Then gs(w) > 0.5 for every vertex w € V(P(n,2)).

Lemma 2.4. g7(V(P(n,2))) = ZueV(P(n,2)) 95 (v) = yr(P(n,2)).



Proof By Lemmas 2.2-2.3, we have that N(w) C V, for any vertex
w € Va. It follows that yr(P(n,2)) = [Vi| + 2|V2| = [W4| + 0.5|V;| +
0.5 yev, IN@) N Vol = g5 (Vi) +97 (V2)+H0.5 ey, IN(w) N V2| = 97 (V1)
+95(V2) + 95(Vo) = g7 (V(P(n, 2)))- o

For every vertex w € V(P(n,2)), let ry(w) = gs(w) — 0.5. For every
subset $ C V(P(n,2)), let 74(S) = 3 ,es(rs(w)). Let V'(G,t) = {vj,u5 :
i <j <i+t—1}. Then we have

Lemma 2.5. If r4(V'(3,7)) < 0.5, then viy3 & V2.

Proof. Suppose to the contrary that vi13 € V2. Then viy2,vi44,uits € Vo.-
If {vigs,uigs} N (Vi U V2) # 0, then rf(V'(3,7)) = 0.5. It follows that
Vip1, i1 € Vo, vi € Va, ui, uiz2 € Vo and ;44 € V2, which implies that
rs(V'(3,7)) = 1(see Figure 2.2(1) for vi45 € V1), a contradiction. Hence,
Vips, Ui € Vp. It follows that vi4g € V2. There are three cases depending
on U4t

Case 1. uiy4 € Vo. Then r4(V'(4,7)) > 1(see Figure 2.2(2)), a contradic-

tion.

Case 2. uir4 € Vi. Then r4(V'(5,7)) = 0.5. It follows usy2 € Vo, u; € Vo
and at least one vertex of {vi41,ui+1} belongs to V3 U V3, which implies

that r ;(V' (3,7)) = 1(see Figure 2.2(3)), a contradiction.

Case 3. u,44 € V. Then u;42 € V2 and rf(V'(i, 7)) > 0.5. Since at least
one vertex of {vs, vi+1,%i4+1} belongs to ViUV;, we have 7 (V' (,7)) = 1(see

Figure 2.2(4)), a contradiction.
From the above discussion, the lemma follows. a
Lemma 2.6. If r4(V'(i,7)) < 0.5, then viy3,vi14 € V2.

Proof. By symmetry, it suffices to prove that viy4 & V2. Suppose to the
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0—O O—0
Vipd V45 Upqg Yip? =l U Vil Uid2 Vidd Uigd VigS Virq VidT Vigs
9 i

Uitd Vips Ve Uig7 Vegs Uit7 Yiis

Vo2 Vol U Vihl Y2 U
!

Figure 2.2: Some cases for vi43 € V2

contrary that v;44 € V2. Then v;43,vi45,ui+4 € Vo. If {tiys, Vi, tirs} N
(ViUVa) # 0, then rf(V'(3,7)) = 0.5. It follows that v; 32, uiy2 € Vo, vig1 €
V2, uiy2 € Vo and u; € Vo, which implies that rf(V'(i, 7)) = 1(see Figure
2.3(1) for u;4+5 € V1), a contradiction. Hence, u;ts5, ¥it6, ui+6 € Vo. Then

Vit7 € Vo, u;43 € Vo and Tf(V' (i,7)) > 0.5. It forces Uit1y Vi1, Vig2 € Vo,

v; € V2 and Nfuit2] € Vo(see Figure 2.3(2)), a contradiction. (]

Ueag Yy gy g2 Wop3 Uaya B, U7 Ui

".-z v.-u Yo Vgl Uig2 :n;: Vatd .+s U.+q v.+7 Vis Vie2 Ueel] U Vgl Vg2 Vi3 Vigd Uigs Vg Veb? Vips
i 1 i 2

Figure 2.3: Some cases for v;44 € V2

Lemma 2.7. If rs(V'(i,7)) < 0.5, then u;,3 & V5.

Proof. Suppose to the contrary that u;+3 € Vo. Then uit1,vit3,uiss € Vo.
If {viga, vigs}N(VIUV) # 0, then rp(V'(i44,3)) = 0.5. If v;14,vi45 € Vo,
then w44, vi46 € V2, we also have rp(V'(i +4,3)) = 0.5. It follows that
vi+1 € Vp and vi42 € V4, which implies that 77 (V' (i +4, 3)) > 1(see Figure

2.4), a contradiction. 0
U2 U ..i Y, U, 4 5 g Yits
0000000000
%2 U-u - V+| Uitz ”M V« V+5 Vitty Vot7 Uies

i

Figure 2.4: Case for ui43 € V2
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Lemma 2.8. If r¢(V'(4,7)) < 0.5, then

1) 74(V'(3, 7)) is at least 0.5,

2) V'(6,7) NV = {viya},

(3) V'(6,7) NVa = {upp1,uip2,vigs} and V'ENN Vo = V'(GE,7) \
{Vi3, Uig1, Uit2, Vigs}s OF V' (5,7) N Vo = {tiga, tiss,vig1} and V'(E,7) N

Vo =V (i, 7) \ {vi43, Uiss, tigs, vit1 }.

Proof. By Lemma 2.5-2.7, we have that r;(V'(3,7)) is at least 0.5 and
vit3 € V1. It follows that u; 3, V42, Vi+qa € Vp and one vertex of {ui41,%it5}
belongs to Va(see Figure 2.5(1)). If u;y1 € V2, then uiyo,vi45 € Vo. If
u;45 € Vo, then u;p4,v:41 € Va(see Figure 2.5(2)). O

V-2 u-g, v LX) Uu-z "-+:l "'M °-+s "um "+1 Vits
i

Figure 2.5: Case for vi4s € Vi

Lemma 2.9. If rf(V'(i,7)) = 0.5, then r;(V'(i —7,7)) > 1 and 74(V (i +
7,7) 2 1.5, 0r rp(V' (i —7,7)) 2 1.5 and (V' (i +7,7)) > 1.

Proof. By symmetry, we only need to consider the case shown in Figure
2.5(1). Since N(v;)NVa # @ and N(uize) N V2 # 0, we have v;_1,ui48 €
V. By Lemma 2.5 and Lemma 2.7, we have r;(V'(i — 4,7)) > 1 and
rs(V'(i +5,7)) > 1. We see that r#(V'(3,3)) = 0 and r;(V' (i + 5,2)) =
0. It follows that ;(V'(i — 4,4)) = rp(V'(i — 4,7)) — r4(V'(5,3)) > 1
and 7(V'(i + 7,5)) = rs(V'(i +5,7)) —rs(V'(i + 5,2)) > 1. Therefore,
1V (-7,7))21and rs(V' (i +7,7) > 1.

Now, we prove that (V' (i —7,7)) > 1.5. Suppose to the contrary that



r#(V'(i —7,7)) = 1. Since ry(V'(,7)) = 0.5, we have u;_5 & Va. If u;_ €
Vi, thenrp(V'(i=7,7)) > 1 and w;_3,vi—3 € Vo. It follows that u;_s, vi—q €
Va and 74(V'(i = 7,7)) > 1.5(see Figure 2.5(1)), a contradiction. Hence,
u;2 € Vp. It follows that u;—4 € Vo and v;_4 € V). There are three cases

depending on u;_3:

Case 1. u;_3 € Vo. Then r;(V'(i — 7,7)) > 1 and u;_s € Vp. It follows
that at least one vertex of {v;—s,vi—s} belongs to ¥ U V3, which implies
that 7¢(V'(i — 7,7)) > 1.5(see Figure 2.5(2)), a contradiction.

Case 2. u;_3 € V. Then v;_3 € V3, which implies that r,(V' (E-7,7) 2
1.5(see Figure 2.5(3)), a contradiction.

Case 3. u;—3 € Vo. Then v;—3 € V] and w;.5 € V5. It follows that
at least one vertex of {vi_7,vi_¢} belongs to V} UV, which implies that

r+(V'(i — 7,7)) 2 1.5(see Figure 2.5(4)), a contradiction.

From the above discussion, the lemma follows., O

o . 0 0 OO o —
Ugmd Uyt Uym? Ve Usms Vot Vimd Vicl Uimtf U Uigd Vid2 Vigd Yigd Uids Vidd) Vit Yets
I [}

i

Uy U8 Uy U

(¢} i

Figure 2.5: Some cases for r](V'(i -7,7))=1

Lemma 2.10. If r;(V'(i — 7,7)) = 0.5 and r¢(V'(i + 7,7)) = 0.5, then
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rs(V'(3,7)) > 2.
Proof. By Lemma 2.8, there are three cases.

Case 1. vi_2,ui+s € Vao. Then ui41,vi46 € V. It follows that v;y1,u;q3,
viys, uite € Vo and 74(V'(4,7)) 2 0.5. Since N[usys) N (Vi UVa) # 0, we
have u;1s € Vi U V3, which implies that r;(V'(3,7)) > 1. Since r;(V'(i —
7,7)) = 0.5, we have v;,u; ¢ Va. Since N[v;] N (V; U Vo) # 0, we have
v; € Vi. Then r4(V'(4,7)) > 1.5. Since N[viy3) N (Vi U V3) # 0, we have
{vi42, Vi43, Viga} N (Vi U Vo) # @, which implies that r¢(V'(3,7)) > 2 (see
Figure 2.6).

o
V-9 Vg " 3 3 Uia7 VitB Va9 Vit 20Uis 1t Vi 12V 1 Vit 14 Vi 15
' 1

Figure 2.6: Case for v;—2,uits € V2

Case 2. v;_2,vi+8 € V2. Then u;41,ui45 € Va. It follows that viy1, uiys,
vips € Vo and r4(V'(,7)) = 0.5. Since N[v;] N (V3 U VL) # 0, we have
v; € V1. Since N(viyg] N (V1 UV3) # 0, we have viy¢ € V). It follows that
r#(V'(i,7)) > 1.5. Since N[vi43]N(V1UV2) # 8, we have {vit2, Viys, Viga}N
(Vi U V3) # @, which implies r7(V'(i,7)) = 2 (see Figure 2.7).

U Uigl Vie2 Visd Vied Vises Vil

Figure 2.7: Case for vi—2,viy8 € V2

Case 3. u;—g,uits € Vo. Then v;,vi46 € Vo. It follows that u;, vit1,vigs,
uiye € Vo and r4(V'(3,7)) > 1. Since 74(V' (i —7,7)) = 0.5 and r4(V' (i +

7,7)) = 0.5, we have u;4+1,uiys € Va.

Ifu;4; € Vi and uiys € Vi, then rp(V' (i47,7)) > 2 (see Figure 2.8(1)).

489



If uip1 € Vo or uiys € Vg, then uip3 € Vo, It follows that wiyy,viys,
uip5 € Vp. Since Nvig2) N (V1 U V) # 0 and Nv,4g) N (V3 U VL) # 0, we
have that {viy2,uiy2} N (Vi UV,) # 0 and {vigs,uira} N (V1 U VR) # 0,
which implies that r;(V'(i +7,7)) > 2 (see Figure 2.8(2)).

This completes the proof. O

Us Usel Uad Vet Uird Uit Uity Tas? Uia8 Thed Ui 10Pie 11 Ve 124 1§Vis 14 Ve 15
1

u, U, 7 Y 1 2 $thels

0—0
Vseg Uiaf %t Yimt Uis Vimg el Uim Viel) U Uil Ued Ugd Uied Uit Vigd) Yia? Yied Yied Yirl0Vis 11 U134 1§ Vv 14 Vie 15
2)

Figure 2.8: Case for ui—2,ui4s € V2

Lemma 2.11. yr(P(n,2)) > [3*1(n > 5).
Proof. Let
S ={i:0<i<n—1,r(V/(7i,7)) = 0.5},
Sy ={i:0<i<n—-1,rp(V'(74,7)) =1},
S ={i:0<i<n—1,ry(V(7i,7)) 2 15, |{i = 1,i +1}n S| < 1},
Szp ={i:0<i<n—1,r(V'(75,7)) 2 1.5, [{i —1,i+1} N S;| =2}.

By Lemma 2.8, rs(V'(74,7)) > 0.5, hence we have {0,1,...,n — 1} =
51U S3 U S5, U S3. By Lemma 2.9, we have |S1| < |Sa| + 21Ss2|. By
Lemma 2.10, we have that 7;(V'(7,7)) > 2 for any integer i € S33. By
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Lemma 2.4, we have

7 x vr(P(n,2))
= 7x Z‘UEV(P(n,Z)) 95 (v)
= TX P vev(P(na2)(Ts(v) +0.5)
= TX Y ev(pn2yTr(v) +7n
= Yocign-1T#(V(74,7)) +Tn
= Yies, THV(T6, 7)) + Xies, rr(V/(T4, 1)) + Pies,, e (V!(74,7))
+2ies,, TV, 7)) +Tn
0.5[S1| + |S2| + 1.5|S31| + 2|S32| + Tn
0.5|S1| -+ |S2| + |S31| + | Ss2| + 0.5(|S31] + 2|Sa2]) + 7n
|S1] + 12| + |S31| + |Ss2| + 7n

8n,

v

\%

which implies that yr(P(n,2)) > [82]. o
From Lemma 2.1 and Lemma 2.11, we have the following

Theorem 2.12. yg(P(n,2)) = [#](n>5). O
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