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Abstract

In this short paper, we introduce the second order linear
recurrence relation of the AB-generalized Fibonacci sequence and
give the explicit formulas for the sums of the positively and nega-
tively subscripted terms of the AB-generalized Fibonacci sequence
by matrix methods. This sum generalizes the one obtained earlier by
Kilig in [2].
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1 Introduction
For n > 1, the Fibonacci sequence is defined by
Fn+l =F,+ Fo_i,

where Fop = 0 and F; = 1. The sum of the Fibonacci numbers subscripted
from 1 to n can be expressed by the formula

ZFi = Fpyo ~ F.
i=1

Recently, Kilig (2] introduced the generalized Fibonacci sequence and gave
the explicit formula for the sum of the terms of this sequence using matrix
methods. To obtain this sum, he constructed essential matrices and used
the concept of positively and negatively subscripted terms of the generalized
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Fibonacci sequence. Kili¢’s definition provided a motivation to the
construction of the so called AB-generalized Fibonacci sequence.
Let n > 0 and let A and B be nonzero integers with A% 4+ 4B # 0 and
A+ B # 1. The AB-generalized Fibonacci sequence {v,} has the
recurrence relation

Un41 = Avp + Bun_y,
where v =0 and v; = 1.
The Binet’s formula of the n** term of the AB-generalized Fibonacci
sequence {v,} has the form

an_ﬁn
= e

where o and 8 are the roots of the equation z2 — Az — B = 0. Using
the recurrence relation of the sequence {v, }, the n** negatively subscripted
term of the sequence {v,} has the form

a~ " — ﬂ-n
n =TT p

Following the methods employed by Kilié, we show in this paper that

= 1 - Bv_(n41) = V-n
Z;“"‘ A+B-1 and

iv.=vn+1+an"‘1
! A+B-1 ~

=1

Kili¢ proved the results for the special case B = 1.

2 Definitions

The following concept is found in [2].

Definition 2.1 [2] Let A be a nonzero integer. The generalized
Fibonacci sequence {u,} for n > 1 is defined by the recurrence rela-

tion
Unt1 = AUp + Un-1,

where uo = 0 and u; = 1, the sum of the positively subscripted terms
of the sequence {u,}, denoted by S}, is given by

n
St=2 u

=0
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and the sum of the negatively subscripted terms of the sequence {uy,},
denoted by S, is given by

n

S; =Zu_¢ .

i=0

Definition 2.2 Let {v,} be an AB-generalized Fibonacci sequence. The
sum of the positively subscripted terms of the sequence {v,}, denoted

by Sin, is given by
S+n = Zvi’

=0

and the sum of the negatively subscripted terms of the sequence {vn},
denoted by S_,, is given by

n

S_.n = Z V—i.

t=0

3 Sum of the Positively Subscripted Terms

To obtain the explicit formula for S}, Kili¢ (2] first constructed two key
matrices that generate S}'. We shall use a similar technique, with one
matrix, to generate S;,,. Consider the 3x3 matrix M defined by

1 0 0
M=|1 A 1],
0 B O
where A and B are nonzero integers with A2 + 4B #0 and A+ B # 1.

Lemma 3.1 For every n > 0,

1 0 0
M" = S+n Un+1 Un .
BS+(,,_1) B‘Un B‘Un_l

Proof: For n =1, we see
1 0 0 1 0 0
A{[1 =1 A 1 = S+1 V2 m .
0 B O BS.H) B'Ul B'Uo

For induction, assume that
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1 0 0
M" = S.|.n Un+1 Un .
BS+(n_1) B‘U,, B‘Un_l

Then

O

0
A
B

O = O

1 0 0
M"-'-1 = M"M = S+n VUn41 Un
BSi(n-1) Bvp Bun

|

[ 1 0 0
= S+n + Un41 A'Un-l-l + By, Un+1
| B(Sy(a1) + %) B(Avq+Bun1) Bun

[ 1 0 0
= | Si(n+1) Vne2  Vntl |-
| BS+n B’l)n+1 B‘Un

Thus, by the Principle of Mathematical Induction, the assertion must be
true. (]

We shall derive now the explicit formula for S4,.

Theorem 3.2 For everyn > 0,

Proof: Let n > 0 and let Kpr()) be the characteristic polynomial of the
matrix M.

Then
A-1 0 0
Ky(A)=det| -1 A-A -1 = (A—1)(A\2 — AX - B).
0 -B A
Hence, the eigenvalues of the matrix M are
A+VAZ+4B A-—VAT14B
AL = 5 Az = 5 and A3 =1.

Since A+ B # 1 and A% + 4B # 0, it follows that the eigenvalues of the
matrix M are distinct. Now, let H be the matrix defined by
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H is well-defined since A + B # 1 and det(H) = B(\; — X2) # 0. Let D,

1
H= 1— 1_

B

1-4a-B

be the diagonal matrix defined by

0

A1

0

Az

B B

J .

A3 0 O 1 0 0
Di=1 0 A 0 |=]0 X 0.
0 0 X 0 0 X
Then,
[1 0 0 1 0 0
MH=|1 A 1}['{#5 A1 )\2:'
| 0 B 0 ——pF B B

[ 1 0 0
=g AM+B A)+B

| =25 Bu o By

[ 1 0 0
o N
| == BM Bk

1.0 0
0 X O
0 0 A

Since det(H) # 0, the matrix H is nonsingular, that is, H~! exists. Con-
sequently, H=*MH = D,, that is, M is similar to the diagonal matrix D,.
It follows that

r1 0 0
| =25 B B

= HD,.

(H'MH)" = D!
(H'MH)(H™'MH)---(H"'MH) = D}
H‘IM(HH"‘)M(HH“)M-n--M(HH‘l)M‘H = D7
H‘IRAJIMIM{---MIMH = DT
HMMM...MMH - Dr

HMrH = D
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This means that M™H = HD}. By substitution,

[ 1 0 0 1 0 0O

M"H = Sin Upntl  Un 3B 5 A A2

BS+(n—1) B‘Un B'Un._] i—A-B B B
1 0

= Sin + TLXELE + TA'E'E'

/\lvn-i-l + Bu,
BS+(n_1) + 1= A 5 + B v"-é BM\v, + Bzv,,_l

0
A2Un41 + Bug
BXzv, + B2'vn—l

and

1 0 o0 0 0
HD} = 1_%_3 AL /\2 A (2'
1-A-B A

1
0
0
1
= l—é— An+1 An+l

T=A-B ABA1 ‘BA"

Therefore, by equality of matrices,

Un41 Bv, 1
Sent T A-BYT-A-B ~ 1-4-B
S _ TUnt1-— Bv, +1
" 1-A-B
S _ Unp1+ By, —1
T TTA+B-1

Corollary 3.3 For everyn >0,
(@) AT = Mvng1 + Bun; and

(b) /\'{H = AaUn41 + By,
where M1 and X\ are eigenvalues of the matriz M.

It is worth noting that if B = 1, then S, is equal to S} for alln >0
The following result was obtained by Emrah Kilig (2].

Theorem 3.4 (2] For everyn >0,
Unt1 + Up — 1
St= _ﬂ_T"_
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4 Sum of the Negatively Subscripted Terms

Applying the same technique to generate S_,,, consider the 3x3 matrix N

defined by
1 0 0
N=(1 -4 1],
o 4 o
where A and B are nonzero integers with A2 +4B #£0and A+ B # 1.
Lemma 4.1 For every n >0,
1 0 0
N® = BS_n B'U-(n+l) Bv_,, .
S—n-1  V-n  Vo(n-
Proof: For n =1, we see
1 0 0 1 0
N! = BS_, Bv_; Bu_; = 1 _%
S._o V-1 Voo 0 %

o= O
| VR

For induction, assume that

1 0 0
N* = BS_n B‘v_(,,_H) B‘U_n

S-(n—l) V-n ’U_(n_l) -
Then
1 0 0 (1 0 ©
N*+*l= N"N =| BS_, Bv_(n41y Bu_, 1 -4 1
See)  V-n Vo-n [ [0 F O

1 0 0
= B(S-n + 'U—(n+1)) "'A'v—(n+1 +v_n B'v—(n-i-l) :l
S-n-1 tV-n  —BU-nt BU-(n-1)  V-n

[ 1 0 0
= BS_(,H.I) B‘U._(,-,...g) Bv_(n_H) .
—n V- (n+1) Ven

Thus, by the Principle of Mathematical Induction, the assertion must be
true. o

We shall derive now the explicit formula for S_,,.
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Theorem 4.2 For everyn > 0,

1= Bvu_(n41) — V-n
A+B-1

Proof: Let n > 0 and let Ky(A) be the characteristic polynomial of the
matrix N.

S_n=

Then
A-1 0 0
Ky(A)=det| -1 )\+§ -1 | = ()\—1)(/\2+§)\—§).
o -4 A

Hence, the eigenvalues of the matrix N are
—A+VA?+4B —A—VAZ+4B
- 2B e = 2B

Since A+ B # 1 and A? + 4B # 0, it follows that the eigenvalues of the
matrix N are distinct. Now, let J be the 3 x 3 matrix defined by

1 0 0
J=| zF5T Mo
A1 B B

J is well-defined since A+ B # 1 and det(J) = (A1 — A2) # 0. Let D; be
the diagonal matrix defined by

A3 0 0 1 0 0
Dy=| 0 A 0 |=[0 X 0{.

and A3 =1.

A

0 0 X 0 0 X
Then

1 0 0 1 0 0
NJ=1|1 —1% 1 'AT%:—I )\11 /\12

0 5 O A7E-T B B

r1 0 0

_ B —ANFL  —Add
4 1)\ 13

[ 757 BM FA2

T 0 0

| a7B=1 M B2
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= JD,.
Since det(J) # 0, the matrix J is nonsingular, that is, J~! exists. Con-

sequently, J"!NJ = D, that is N is similar to the diagonal matrix D,.
Now, following the proof in Theorem 3.2, N*J = JD%. By substitution,

1 0 0 1 0 0
N*J=| BS_n Bv_(n4y1y Bv_n ZT{%_—I At A

S-p-y  Von V- llaEm B OE
1 0 0
B%u_g, —_n
= | BS-n+ Spt t ATEST BMY-(ni) +9-n  BAav_(uin) +0-n |,

S_n-1) + TFEAT + B MV-n+ TFR dvon + S0

and
[ 1 0 0 1 0 0
JDE = m—%_—l Al A 0 AT 0
L L 0 0 A3
L A4¥4B-1 B B 2
[ 1 0 0
= | =B Ao

1 AT A2
L7551 BB
Therefore, by equality of matrices,

Bz'v_(n+1) Bu_, B
BSnt g 1t 2481 = ATE-1
1— Bu_ns1) = vn

S_, =
" A+B-1
O
Corollary 4.3 For everyn > 0,
1= B™0n41 + B0 if n is even
= A+B-1 !
5-n=) 14B v B, .
A+ B_1 , ifnisodd.
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Corollary 4.4 For everyn > 0,
(@) AT = BA1v_(n41) + V-n; and
(®) A31! = BAav_(n41) + Ve,
where A\; and Ay are eigenvalues of the matriz N.

If B =1, then S_, is equal to S, for all n > 0. The following results
were obtained by Emrah Kilig [2].

Theorem 4.5 (2] For everyn >0,

1—-v_ -V
5o = 'U('n:;l) V—n

Corollary 4.6 [2] For every n > 0,

Up —V 1+1 . .
s nHl T~ ifn is even

S, = A
" w , ifnisodd.
A
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