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Abstract: A graph G is called a fractional (g, f, m)-deleted graph if after
deleting any m edges then the resulting graph admits a fractional (g, f)-
factor. In this paper, we prove that if G is a graph of order n, and if
1<acsg@ < fl@) <bforany z € V(G), §(G) 2 ¥E=D 4 oy,
n> (a+b)(i(atb)+2m—2)’ and lNG(zl) U Ng(za)U---U Ne(z:)| > _%5 for

any independent set {zi,2s,...,%;} of V(G), where i > 2, then G is a

fractional (g, f,m)-deleted graph. The result is tight on the neighborhood

union condition.
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1 Introduction

All graphs considered in this paper are finite, loopless, and without
multiple edges. Let G be a graph with the vertex set V(G) and the edge
set E(G). Let n = [V(G)|. For a vertex z € V(G), the degree and the
neighborhood of z in G are denoted by dg(z) and Ng(z), respectively. Let
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A(G) and §(G) denote the minimum degree and the maximum degree of G,
respectively. For S C V(G), we denote by G[S] the subgraph of G induced
by S, and let G — S = G[V(G)\S]. For two disjoint subsets S and T of
V(G), we use eg(S,T) to denote the number of edges with one end in §
and the other end in T. Given a vertex z € V(G), let E(z) = {e € E(G)le
is incident to z}. Let w(G) denote the number of components of a graph
G. The toughness t(G) of a graph G is defined as follows: ¢(G) = 400 if G

is a complete graph; otherwise,

t(G) = min{WCI;,s_l_—gj | S C V(G),w(G-S) >2}.

Suppose that g and f are two integer-valued functions on V(G) such
that 0 < g(z) < f(z) for all z € V(G). A fractional (g, f)-factor is a
function h that assigns to each edge of a graph G a number in {0,1] so that
for each vertex = we have g(z) < d(z) < f(z), where d(z) = X hl(e)
is called the fractional degree of z in G. If g(z) = f(z) = k (ke;_E(lz)is an
integer) for all z € V(G), then a fractional (g, f)-factor is just a fractional
k-factor.

Yu [4] proved that if G is a connected graph with 6(G) 2k > 1, n 2
4k — 3, and max{dg(z),de(y)} = % for each pair of nonadjacent vertices
z and y, then G has a fractional k-factor. Liu and Zhang [3] revealed the
relation between the fractional k-factor and the toughness of a graph by
showing that for an integer k > 2, if n > k+ 1 and t(G) > k — £, then
G admits a fractional k-factor. Anstee [1] gave a necessary and sufficient

condition for a graph to have a fractional (g, f)-factor as follows:

Theorem 1 (Anstee [1]) Suppose that f and g are two integer-valued func-
tions defined on the verter set of a graph G such that 0 < g(z) < f(z)
for each x € V(G). Then G has o fractional (g, f)-factor if and only if
for every subset S of V(G), g(T) — dg-s(T) < f(S),where T = {z €
V(G\S | de-s(z) < g(=)}.
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Given two integers k,m > 1, a graph G is called a fractional (k,m)-
deleted graph if removing any m edges from G, then the resulting graph has
a fractional k-factor. Zhou [5] first introduced the concept of a fractional
(k, m)-deleted graph, and showed that if G is a graph with n > 4k — 5 +
2(2k + 1)m and 6(G) > 3, then G is a fractional (k,m)-deleted graph.
Moreover, Zhou [6] established a neighborhood condition for a fractional

(k, m)-deleted graph.

Theorem 2 (Zhou [6]) Let k > 2 and m > 0 be two integers. If G is a
connected graph with n > 9k — 1 — \/2(k - 1)2 + 2 + 2(2k + 1)m, §(G) >
k+m+ -(%412;1, and

[Ne(z) U No@)] > 5(n+k—2)

for each pair of nonadjacent vertices x and y, then G is a fractional (k,m)-

deleted graph.

Other results on fractional k-factor and fractional (k, m)-deleted graphs
can refer (2, 7, 8].

In this paper, we first extend the concept of a fractional (k, m)-deleted
graph to a fractional (g, f,m)-deleted graph. A graph G is called a frac-
tional (g, f, m)-deleted graph if for each edge subset H C E(G) with |H| =
m, there exists a fractional (g, f)-factor h such that h(e) =0 for all e € H.
That is, after removing any m edges, the resulting graph still has a fractional
(g, f)-factor. Our main result is stated below, which presents a neighbor-

hood union condition for a graph to be a fractional (g, f, m)-deleted graph:

Theorem 3 Let G be a graph of order n. Let a,b,i be three integers with
i22andl <a < b Letg,f be two integer-valued functions defined
on V(G) such that a < g(z) < f(z) < b for each z € V(G). If §(G) >
-lﬂ%-_—ll +2m, n> “"’bxi(atb)"'zm-z), and

bn
a+b

|Ng(z1) U Ng(x2) U--- U Ng(z;)| =

131



for any independent subset {z,,za,...,z;} of V(G), then G is a fractional
(g, f,m)-deleted graph.

2 Proof of Theorem 3

Before showing the proof of Theorem 3, we need to verify the following
Lemma 4, which provides a necessary and sufficient condition for a graph

to be a fractional (g, f, m)-deleted graph.

Lemma 4 Let f,g be two integer-valued functions defined on V(G) such
that 0 < g(z) < f(z) for each = € V(G). Then G is a fractional (g, f,m)-
deleted graph if and only if for any subset S of V(G) and a subset H of
E(G) with |H| =m,

56(S,T) = £(S)+ 3 _ do-s(z) — 9(T) = Y _ du(z) - ec(T, S),

z€T z€eT

where T = {z € V(G)\S | dg-5(z) — dn(z) + e (=, 5) < 9(z)}-

Proof. Let G’ = G — H. Then G is a fractional (g, f, m)-deleted graph if
and only if G has a fractional (g, f)-factor. By Theorem 1, this is true if
and only if for any subset S of V(G),

6c/(8,T") = f(S) + dgr-s(T") — 9(T") 2 0,

where T' = {z € V(G'\S | dg'-s(z) < g9(x)}.

It is easy to see that dgr_s(z) = dg-s(z) — du(z) + ec(z,S) for
any ¢ € T'. By the definitions of 7" and T, we have 7' = T. Hence,
6c' (S, T") = 6¢(S, T) =Y et dn(z) +ec(T, S). Thus, 65 (S,T") 2 0if and
only if 6¢(S,T) = X .e7 du(z) — ec(T, S). It follows that G is a fractional
(g, f,m)-deleted graph if and only if (S, T) = f(S) + > ;cr do-s(z) —
9(T) 2 X erdu(z) — ea(T, S). u]

The following corollary immediately follows from Lemma 4:
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Corollary 5 Let g and f be two integer-valued functions defined on V(G)
such that 0 < g(z) < f(z) for each z € V(G). Let G be a graph and
H C E(G) with [H| = m > 0. Then G is a fractional (g, f,m)-deleted
graph if and only if
56(5,T) = f(8) + 3 do-s(x) = 9o(T) 2 ¥ dur(2) - ec(T, )
zeT zeT

for all disjoint subsets S and T of V(G).

Proof of Theorem 3. Assume to the contrary that G satisfies the con-
ditions of the theorem, but is not a fractional (g, f, m)-deleted graph. By
Corollary 5 and noting the fact that 3°_.r du(z) — eq(T, S) < 2m, there
exist disjoint subsets S and T of V(G) such that
8c(5,T) = f(S) + ) _ do-s(z) — ¢(T) < 2m — 1. (1)
x€T

We choose subsets S and T such that |T'| is minimal. Obviously, T # 0.
Claim 1 dg_s(z) < g(z)—1<b—-1 foranyz e T.

Proof. If dg—s(z) 2> g(z) for some x € T, then the subsets S and T\ {z}
satisfy (1). This contradicts the choice of S and 7. O

Let d; = min{dg_s(z)|z € T} and choose z; € T such that dg_s(z;) =
di. If 2 > 2 and T\ (UjZ{ Np[z;]) # 0, let

d, = min{dg-s(z)|z € T \ (Ui} Nr[z;))}

and choose z, € T \ (UiZ{ Nr|z;]) such that dg_s(z,) = d,. So, we get
a sequence such that 0 < d; < dp <+ <dr < g(z)—1<b—-1and an

independent set {z;,zs,...,2,} C T.

Claim 2 [T| > (i — 1)b+1.
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Proof. Assume that |T'| < (i — 1)b. Then |S| +d; = dg(x1) = 6(G) >
ﬂf_’-_ll+2m. By (1) and 0 < d; < b—1, we have

2m—-1 > f(8)-g(T)+dg-s(T)
> a|S|+di|T| - [T}
= a|S| + (d1 - )IT|
b2(i — 1) .
> a,(-——a—— —dy + 2m) + (dy — b)(¢ — 1)b
= b(i—1)+di(b(i —1) —a) = b*(i — 1) + 2am
> 2m.
This produces a contradiction. O

Since dg_s(z) < b—1and |T| > (i = 1)b+ 1, we get 7 2> i. Thus, we
can choose an independent set {z1,z2,...,z;} € T.
In view of the condition of the theorem, we get

bn :
;nsmmmmumuMwwwmm+§@

and
i

bn
1512 — = 3 ds- )
j=1
Noting that
'NT[mJ” - INT[:BJ'] n (Ui;iNT[xz])l 2 1:.7 =2,3,...,i—1

and
j
|Uiy Nrlz)l < ) INrlz)]

z=1

Z(da_s(xz) + 1)

z=1

J
= Y (d:+1),5=12....5,

z=1

IA
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+d.-(i— 1)-di+2m -1
i—1

= i+ ((a+b—1)dy —d}) +(a+b-1)) d;
Jj=2
+d,-(a+b+z‘-1)—d?+2m-1
i—1
<
b =
+dila+b+i—-1)—d?+2m—1
= - 4 +i  —d? -
= 273 +i(a+b)d; —di +2m — 1.
Ifd; > 0, then 0 < 2d; —d? — 1 < 0 since n > (“+b)(i(“tb)+2’"_2) and
2m(1 — d;) < 0, a contradiction.
If d; = 0, then dl = ... =d; = 0. By (2), we have |§| > 2% and

IT| < n—|S| < 2&. Since dg—s(T) 2 3 c7 du(z) — ec(T, S), we have

#(S) +do-s — g(T) — (3 dur(2) - e(T, 5))

z€T
bn
> —— —
> a2 =3 du(z) +ec(T. )
zeT
> 0
also a contradiction. This completes the proof of the theorem. O

Theorem 3 is best possible, in some extent, on the conditions. Actually,
we can construct some graphs such that the neighborhood union condition
in Theorem 3 cannot be replaced by |[Ng(z1) U Ng(z2) U --- U Ng(z;)| =

bn. 1
atb ~

Let Gy = Kp: be a complete graph, G2 = (at + 1)K be a graph con-
sisting of at + 1 isolated vertices, and G = G V G, where ¢ is sufficiently
large (ie., t > Kﬂ#"ﬁ - &5 for some i. Thus, 6(G) > ﬂi‘—lz + 2m,
and n > EXREEHHIM-2)) Then n = |Gy| +|Gz| = (a+b)t + 1, and for

any independent set {z},2,...,z:} C V(G2), we have

bn b
arb |Ng(z1) U Ne(z2) U - U Ne(z:)| = bt > % 1.
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Let § = V(G)), and g(z) = f(z) = a for any z € V(G,); T = V(G2),
and g(z) = f(z) = b for any = € V(G2). Then f(S) — 9(T) + dg-s(T) —
(Xzer du(z) —ec(T, S)) = a|S| - b|T| = abt — b(at +1) = —b < 0. Hence,
G is not a fractional (g, f,m)-deleted graph.
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