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Abstract: A graph G is called a fractional (g, f,n',m)-critical deleted
graph if after deleting any n’ vertices of G the remaining graph is a frac-
tional (g, f,m)-deleted graph. In this paper, we give two binding number
conditions for a graph to be a fractional (g, f,n',m)-critical deleted graph.
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1 Introduction

All graphs considered in this paper are finite, loopless, and without
multiple edges. Let G be a graph with the vertex set V(G) and the edge
set E(G). Let n = |V(G)|. For a vertex = € V(G), the degree and the
neighborhood of z in G are denoted by d¢(z) and Ng(z), respectively. Let
A(G) and §(G) denote the maximum degree and the minimum degree of G,
respectively. For S C V(G), we denote by G[S] the subgraph of G induced
by S, and let G — § = G[V(G)\S]. For two disjoint subsets S and T of
V(G), we use eg(S,T) to denote the number of edges with one end in S
and the other in T. The binding number bind(G) of a graph G is defined
as follows:
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Suppose that g and f are two integer-valued functions on V(G) such that
0 < g(z) £ f(=z) for all z € V(G). A fractional (g, f)-factor is a function
h that assigns to each edge of a graph G a number in [0,1] so that for each

vertex = we have g(z) < di(z) < f(z), where d%(z) = Y h(e) is called
e€E(x)

the fractional degree of z in G. If g(z) = f(z) for all z € V(G), then a
fractional (g, f)-factor is a fractional f-factor. Moreover, if g(z) = f(z) =k
(k > 1 is an integer) for all z € V(G), then a fractional (g, f)-factor is just
a fractional k-factor.

A graph G is called a fractional (g, f,m)-deleted graph if for each edge
subset H C E(G) with |H| = m, there exists a fractional (g, f)-factor h
such that h(e) = O for all e € H. That is, after removing any m edges,
the resulting graph still has a fractional (g, f)-factor. A graph G is called
a fractional (g, f,n')-critical graph if after delated any n’ vertices from G,
the resulting graph still has a fractional (g, f)-factor.

The first author of this paper first introduced the concept of a frac-
tional (g, f, n’, m)-critical deleted graph [1]. A graph G is called a fractional
(g, f,n',m)-critical deleted graph if after deleting any n' vertices from G,
the resulting graph is still a fractional (g, f,m)-deleted graph. If g(z) =
f(z) for all z € V(G), then fractional (g, f,m)-deleted graph, fractional
(g, f,')-critical graph, and fractional (g, f, n’,m)-critical deleted graph are
fractional (f,m)-deleted graph, fractional (f,n’)-critical graph, and frac-
tional (f, n’, m)-critical deleted graph, respectively. Furthermore, if g(z) =
f(z) = k (k > 1 is an integer) for all z € V(G), then fractional (g, f,m)-
deleted graph, fractional (g, f,n’)-critical graph, and fractional (g, f,n’, m)-
critical deleted graph are just fractional (k,m)-deleted graph, fractional
(k,n')-critical graph, and fractional (k,n’, m)-critical deleted graph, respec-
tively. Some results on degree condition for fractional (k,m)-deleted graphs
can be seen in [2].

Zhou [4] gave the binding number condition for a graph to be a fractional

(k,m)-deleted graph.
Theorem 1 (Zhou [4]) Let k > 2 and m > 0 be two integers, and let G be
a graph of order n withn_>_4k—6+-f__ﬂl. If

(2k — 1)(n — 1)

bind(G) > k(n—2)—-2m+2’

then G is a fractional (k,m)-deleted graph.

Zhou and Shen [6] obtained the binding number condition for fractional
(f,n')-critical graphs.

Theorem 2 (Zhou and Shen [6]) Let G be a graph of order n, and let
a,b, and n’ be non-negative integers such that 2 < a < b, and let f be an
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integer-valued function defined on V(G) such that a < f(z) < b for each
z € V(G). If bind(G) > atb—D(n-1) * oo > (a+b2ga +b-3) L b

an—(a+b)~-bn'+2 -1’
then G is fractional (f,n’)-critical.

Zhou, Bian and Liu [5] proved that under some specific conditions, bind-
ing number condition for fractional (f, n’)-critical graphs can be improved.

Theorem 3 (Zhou, Bian and Liu [5]) Let G be a graph of order n, and let
a,b, and n’ be non-negative integers such that 2 < a < b, and

—_ — —_ /
> (a+b-1)(a+b-2)—-2 + bn ‘
a a—1

Let f be an integer-valued function defined on V(G) such thata < f(z) < b
for each z € V(G). If G satisfies

(a+b-1)(n-1)

bind(G) 2 =

and (b—1)n+a+b+bn' -2
—-1)n a n —
5(6) 4 (L= r 2] ,

then G is a fractional (f,n’)-critical graph.

In this paper, we will extend Theorems 2 and 3 to fractional (g, f,n’, m)-
critical deleted graphs. Our two main results as follows:

Theorem 4 Let G be a graph of order n, and let a,b,n', and m be non-
negative integers such that 2 < a < b. Let g, f be two integer-valued func-
tions defined on V(G) such that a < g(z) < f(z) < b for each z € V(G).

If bind(G) > UG andn > fath)(atbod) | WL then G

is a fractional (g, f,n', m)-critical deleted graph.

Theorem 5 Let G be a graph of order n, and let a,b,n/, and m be non-

negative integers such that 2 < a < b, n > {atb-l(a+b=2)-2 , Mz—"—‘ Let

g, f be two integer-valued functions defined on V(G’) such that a < g(x) <
f(z) < b for each x € V(G). If G satisfies

(@+b—1)n-1)

bind(G) > a(n—1) =t =

and (b—1)n+a+b+bn+2m—2
—_ n a m m —
§(G) # | o

then G is a fractional (g, f,n/, m)-critical deleted graph.

1y
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Clearly, Theorem 5 is stronger than Theorem 4 under some conditions.
We will show that Theorem 4 is best possible for certain combinations of
(a,b,n',m).

Let m = 0 in Theorems 4 and 5, we get two results on binding number
condition for fractional (g, f,n')-critical graphs, which are an extension of
Theorems 2 and 3, respectively.

Corollary 1 Let G be a graph of order n, and let a,b, and n' be non-
negative integers such that 2 < a < b. Let g, f be two integer-valued func-
tions defined on V(G) such that a < g(z) < f(z) < b for each z € V(G).

If bind(G) > PG and n 2 (etH@tb=3) | bn’ then G is a
fractional (g, f,n')-critical graph.

Corollary 2 Let G be a graph of order n, and let a,b, and n’ be non-
negative integers such that 2 < a < b, n = L‘ib"—l)iﬁ";z)— + ""1 Let
g, f be two integer-valued functions defined on V(G) ‘such that a <gz) <
f(z) b for each z € V(G). If G satisfies
(a+b-1)n-1)

a(n—1) —bn'

bind(G) >

and
n+a+b+bn -2

(b—
§(6) # | T T,
then G is a fractional (g, f,n’)-critical graph.

If n’ = 0 in Theorems 4 and 5, then we obtain binding number condition
for fractional (g, f, m)-deleted graphs as follows:

Corollary 3 Let G be a graph of order n, and let a,b, and m be non-
negative integers such that 2 < a < b. Let g, f be two integer-valued func-
tions defined on V(G) such that a < g(z) < f(z) < b for each = € V(G).
If bind(G) > %ﬁ and n > M-&- 2, then G is a

fractional (g, f,m)-deleted graph.
Corollary 4 Let G be a graph of order n, and let a,b, and m be non-
negative integers such that 2 < a < b, n > (“+b—1)(“+b_2) =2 4 2”‘1. Let
g, f be two integer-valued functions defined on V(G) such that a <g(z) <
f(z) < b for each z € V(G). If G satisfies
(a+b- 1)(n -1)
a(n—1)—2m

bind(G) >
and
+a+b+2m—2
a+b-1
then G is a fractional (g, f, m)-deleted graph.

s(c) # | &2 I,
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The proof of our main results is based on the following lemma:

Lemma 1 (Gao [1]) Let G be a graph, g, f be two integer-valued functions
defined on V(G) such that g(z) < f(z) for each x € V(G). Let n', m be
two non-negative integers. Then G is fractional (g, f,n’, m)-critical deleted
graph if and only if

f(8) — 9(T) + dg-s(T)
{fU)+ ) du(z) - en(T, 9)} (1)

UgS.|U|=n'.H‘;E(G—U),IH|=m =

for all disjoint subsets S,T of V(G) with |S| > n’.

2 Proof of Theorem 4

Suppose that G satisfies conditions of Theorem 4 but is not a fractional
(g, f,n',m)-critical deleted graph. Obviously, T # @. Otherwise, (1) holds.
By Lemma 1 and the fact ) . dp(z) —eqy (T, S) < 2m, there exist disjoint
subsets § and T of V(G) such that

f(8) —9(T) +dg-s(T) S bn' +2m — 1, (2)

where |S| > n’. We choose S and T such that |T'| is minimum. Thus, for
each x € T, we have dg_s(z) < g(z) — 1 < b— 1. Otherwise, if there exists
some z € T such that dg_s(z) > g(z), then S and T'\ {z} also satisfy (2).
This contradicts the choice of S and T

Let d = min{dg_s(z) : 2 € T}. Then0<d<b—-1, and

£(8) +de—s(T) - £(T) 2 a|S| +d|T| - H|T).

Thus,
bn' +2m —1 > a|S| — (b - d)|T). 3)
We choose z; € T such that dg_s(z;) = d. We shall get some contradic-
tions in the following two cases.
Case 1. 1<d<b-1.
Let Y = (V(G)\ S) \ Ng—-s(z1). Then z; € Y \ Ng(Y). Thus, Y # 0,
Ng(Y) # V(G), and |Ng(Y)| > bind(G)|Y|. We get

n—12 [N(Y)| 2 bind(G)|Y| = bind(G)(n — d - |S]),

that is to say,

_ _ —
IS|2n—d— Pl 5p_g_0n=(e+h) —bn'—2m+2

bind(G) a+b-1 )
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Case 1.1. 3<d<b-1.
By (3) and |T| < n —|8|, we obtain

bn' +2m > a|S| - (b—d)(n—|S)) =(a+b—-3d)|S| - (b—d)n. (5)
Multiplying (5) by (a + b — 1), and combining (4), we have
0 > (a+b—1)[(a+b—d)|S|—(b—d)n—bn'—2m]
> (a+b-d)(a+b—1)(n—-d)—an+(a+b)+bn'+2m-2]
—(a+b—-1)[(b—d)n+bn'+2m]
= (d-Dan—-bn'-2m—-(a+b-d)(a+b-1)]—(a+b—d)
> (d-2)(a+b—ad) (6)

However, by 3<d <b—1<a+b, (6) does not hold, a contradiction.

Case 1.2. d =2.
Obviously, b > 3. We first prove the following claim.

Claim 1 (b—-2)(a+b-1)|T| <a[(n-2)(a+b—1)—an+a+b+bn'+
2m — 2] — (@ +b—1)(bn' + 2m) + (a+b—1); that is, |T| < g25(n -2 -

an—{a+b)—bn'—2m+2 bn'4+2m 1
ath-1 ) — TR+ g

Proof of Claim 1. If (b—2)(a+b-1)[T} 2 a{(n —=2)(e+b—1) —an+
a+b+bn'+2m—2 —(a+b—1)(bn' +2m) + (a+b—1) +1, then

)

a _an—(a+b)—bn'—2m+2

Ty > (n—2

T b-2 a+b-1
_Im’+2m+ 1 + 1
b-2 b—2 (b—2)(a+b—1)

Thus, from (4) and n > (°+b)(z+b'3) + "";’f%’ﬁ, we get

an —(a+b)—bn' —2m +2

IS|+IT] > n-2-

a+b-1
a an—(a+b)—bn' —2m +2
tpon 2 a+b-1 )
bn' +2m 1 1

5-2 Th-2 G-2atb-1)

_ n+an—(a+b)(a+b—2)+(a+b—2)(bn’+2m)
- (b-2)a+b-1)
_bn’+2m 1 1

b=2 Tbh-2 B-2)a+tb-1)
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(@+b)(a+b—3)+ -2 (bn' +2m)
= " b-2)a+b-1)
_(@+b)(a+b—2) = (a+b—2)(bn’ +2m)
b-2)(atb-1)
bn' +2m 1 1
TT3=z T2t G-2)e+bo-D
(a+b-1)(n' +2m) - (a+b) bn' +2m

z nt C-Da+b-1) BT
1 1
2 T o e oD
= n.

This contradicts the fact |S| + |T| < n.
By Claim 1, (3) and (4), we derive the following contradiction:

bn' +2m—1
> a|S|-(b-2)|T|
an—(a+b) —bn' —2m +2
> aln-2- a+b-1 )
a an—(a+b)—bn'—2m 42
_(b-z)(b—2 B : a?i-b—l )
bn' +2m 1
~Tp—z T5=3
= bn'+2m—1.
Case 1.3. d =1,
Case 1.3.1. |T|<59—(n __an—(a+b) b"—2m+2) lm'f-z-T_l-

Using (3) and (4), we get the followmg contradlctlon

bn' +2m —1
> alS|-(b-1)|T|
an —(a+b) —bn' —2m + 2

> afn-1- a+b-1 )
a an—(a+b)—bn' —2m +2
(b l(n—l_ a-)l-b—l )
_bn'+2m—1)
b-2
= bn'+2m-1.

Case 1.3.2. [T| > 52y (n — 1 — 2=(etbobn=3mi2y _ pn'tamoy
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By (4), we have

S|+ 1T

an—(a+b)—bn' —2m+2
n—1-

a+b—-1

a an—(a+b)—bn'—2m+2, bn'+2m—1
ool a+b-1 Y
a+b—1( 1 an—(a+b)—-bn'-2m+2, bn'+2m—1
b—1 T a+tb—1 ) - %1
(b-1n+bn'+2m—-1 bn'+2m—-1

b—1 T b-1 7

which contradicts the fact that |S| + |T| < n.

Case 2. d=0.
In this case, we first show the following claim.

Claim 2 an—(a+bz:_bln'—2m+2 > 1.

Proof of Claim 2. Since n

[\

v

Thus, we get

> (a+b)(:+b—3) + fmj-Zm , we have

an—(a+b)—bn'—2m+2—(n—-1)
(a—Dn—(a+b)—bn'—2m+3
(a_l)((a+b)(¢;+b—3) +bn’tim)
(a—l)(a+:)(a+b—3) —(a+b)+3
20e+b-3)—(a+b)+3
a+b—-3>0.

an—(a+b) bn'—2m+2

—(a+b)—-bn'—2m+3

>1.

Leth=|{z:z€ Tdc_s(:c) =0},and Y = V(G)\ S. Byd =0,
we have Ng(Y) # V(G). Also, by T # 0, we have Y # 0. So, |[Ne(Y)| >
bind(G)|Y|. Therefore,

So,

151 2 n

n —h > |Ng(Y)| 2 bind(G)|Y| = bind(G)(n — |S]).

_n—h >n— (n—h)(an - (a +b) — bn—2m+2)
bind(G) (a+b-1)(n-1)

™
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By (2), (7), Claim 2 and the fact |T| < n — 5|, we get

bn'+2m—1
2 f(S) +de-s(T) - 9(T)
2 alS|+|T|-h-bT|=0|S|—(b-1|T|—hr
2 a|S|—(-1)n—|S)~h=(a+b-1)|S|-(b—1)n—h
_ _(n—h)(an—(a+b) —bn' —2m +2)
> (a+b-1)(n @rb-Dm=D) )
~(b-1n—-~h
— — — ,—
= an— (n — h)(an (a.r-:—_b)1 bn' — 2m + 2) _n
— — — , —
> an— (n—1)(an (af-:-_b)1 bn' —2m + 2) _1
= bn'+2m+ (a+b)—3>bn' +2m,
which is a contradiction.
(a+b=1)(n—1)

Remark 1. The condition that bind(G) > E=(eFh—bw—2zmT7) 0

Theorem 4 cannot be replaced by bind(G) > (an_((‘;ﬂ')'_lm:;}n T3+ Let

2<a=b,n" >0 be integers. Let n = ((a+b—1)(a+b—2)+(a+b-2) +
(a+2b—-1)n'+(a+b+1)m)/a,l = ((a+b+n"+m—1))/2,and h = n—2] =
n—(a+b+n'+m—1) = ((a+b—1)(b—2)+(a+b-2)+(2b—1)n'+(b+1)m)/a
be integers. Let G = K, VIKy. X = V(IK3), and for each z € X, we have
{Ng(X \ z)| = n — 1. By the definition of bind(G), we have

No(X\z) n-1_  (a+b—1)(n—1)
X\z ~2-1 an—(a+b)—-bn'-2m+2

bind(G) =

Let S = V(K4), T = V(IK3), H be any subgraph of G[T] with m edges.
Then |S| = h > 7/, |T| = 2I, and ) crdu(z) — en(S,T) = 2m. Since
a = b, we have g(z) = a = b= f(z) for all z € V(H). Thus,

f(8) + de-s(T) - g(T)
= al§| - (b-1)T)
a(a+b—1)(b—2)+(a.+b—2)+(2b—1)n'+(b+l)m
—(b—l)(a+b+n’+m—1)a
bn'+2m -1 <bn' +2m

O+ du(@) - en(T, 5},

max
UCS|Ul=n'HCE(G~U),|H|= zeT

By Lemma 1, G is not a fractional (g, f,n/, m)-critical deleted graph.
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3 Proof of Theorem 5

To show Theorem 5, we need the following lemma, which is a neighbor-
hood condition for a graph G to be a fractional (g, f, n', m)-critical deleted

graph.
Lemma 2 Leta,b,n’,n and m are non-negative integers such that1 < a <
b. Let G be a graph with order n such that n > (°+""1)(°+b'2)"'b" "’2""'2
Let g, f be two integer-valued functions defined on V(G) such that a <
g(z) < f(z) < b for each z € V(G). If
(b—1)n+|X|+bn'+2m -1
a+b-1

|Ne(X)| >

holds for each non-empty independent subset X C V(G), and

(b—-1)n+a+b+bn'+2m—2
at+b-1

then G is a fractional (g, f,n',m)-critical deleted graph.

G) >

b

If n’ = 0 in Lemma 2, we obtain the following neighborhood condition
on fractional (g, f,m)-deleted graphs.

Corollary 5 Let a,b,n and m are non-negative integers such that1 < a <
b. Let G be a graph with order n such that n > (°+b_l)(“+b'2)+2”“2 Let
g, f be two integer-valued functions defined on V(G) such that a < g(:z:) <
f(z) £ b for each x € V(G). If
(b-1n+|X|+2m—-1

a+b-1
holds for each non-empty independent subset X C V(G), and
b-1n+a+bdb+2m-2

a+b-1 ’
then G is a fractional (g, f, m)-deleted graph.

Taking m = 0 in Lemma 2, we have the following corollary, which is
stronger than Theorem 5 in [3].

INa(X)| >

5(G) >

Corollary 6 Let a,b,n’ and n are non-negative integers such that 1 < a <
b. Let G be a graph with order n such that n > (""""1)(“"""2)""’" =2 . Let
g,f be two integer-valued functions defined on V(G) such that a < g(a:) <
f(z) £ b for each x € V(G). If
G-n+|X|+bn' -1
a+b-—1

|Ne(X)| >
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holds for each non-empty independent subset X c_: V(G), and

(b-1n+a+b+bn' -2

5(G) > atb—1

?

then G is a fractional (g, f,n')-critical graph.

Proof of Lemma 2. Suppose that G satisfies conditions of Lemma 2, but
is not a fractional (g, f, n’, m)-critical deleted graph. Obviously, T # 0. By
Lemma 1, there exist disjoint S and T satisfying

f(8) —9(T) +dg-s(T) < b’ +2m -1, (8)

where |S| > n/. We choose S and T such that |T'| is minimum. Thus, we
have dg_s(z) < g(z) —1<b-—1foreachz e T.
Let d = min{dg_s(z)|z € T}, then

0<d<b-1,
5(G) < d+18l. (9)

Now, we consider the following two cases according to the value of d.
Casel. 1<d<b-1.
Using (8) and (9) and noting |S|+ |T| <nand b—d > 1, we get

bn' +2m -1

2 f(8) +dg-s(T)—g(T)

> a|S|+d|T| - biT|

= alS|—(b-d)|T|

2 a|S|-(b-d)(n—|S])

= (a+b-d)|S|-(b—-d)n

> (a+b—d)(§(G)—d)— (b—d)n

> (a’*'b—d)((b_1)n+‘;:-_:tblm+2m—1—-d)—(b—d)n.
That is,

I)yn+a+b+bn' +2m —

1 /
Py —d)—(b—d)n—bn'-2m+1.

(10)

0 > (a+b—d)( -

Multiplying (10) by (a + b — 1), we obtain
02(d-1)(an—(a+b-d)(a+b—1)—bn'—2m)+ (a+b-1). (11)
Case 1.1. d=1.
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Due to (11), we have 0 > (a+b—1), contrary to the fact that 1 <a <b.

Case 1.2. d =2.

Asd<b-1,weseeb>3. By (11) and n > (°+b'1)(“+b:2)+°"1+2""2,
we have the following obvious contradiction:

0 > (d-1)an—(a+b—-d)(a+b—1)—bn'—2m)+ (a+b—-1)
= (an—(a+b-2)(a+b-1)—bn'-2m)+(a+b-1)
> —2+(a+b-1)2a=1

Case 1.3. 3<d<b-1

Clearly, b > 4 sinced < b—1. By (11) and n
we derive the following contradiction:

> (a+b—1)(a+b—~2)+bn’'+2m—2
= a H

0

v

(d-1)(an—(a+b—d)(a+b-1)—bn'—2m) + (a+b—1)
(d-—1)(an—(a+b-3)(a+b-1)=bn'—2m)+ (a+b-1)
(d-1)(a+b-3)+(a+b—-1)>2(a+b-3)+(a+b-1)
3(a+b)—7>0.

v v

Case 2. d =0.
Let Y = {r € T | dg_s(z) = 0}. Obviously, Y # 0, and Y is an
independent set. Thus, by Lemma 2, we have

(b—1n+|Y|+bn'+2m —
a+b-1

L < INe)] <81. (12)

In view of (12) and |S| + |T| < n, we get
f(8) +dg_s(T) — ¢(T)

> alS| +de-_s(T) - bT|
> alS|+I|T| - |Y]-b|T]
= a|S|-(b-1IT|-1Y]
2 al|S|=(b-1)(n-|S)-Y]
= (a+b-1)S|-(-1)n-1Y|
e =Dn+|Y|+bn'+2m -1
> (a+b—1) 2 b_1 Y= (b=1n-|Y|
= bn' + 2m — 1.
This contradicts (8). ]

Remark 2. The following example shows that the neighborhood con-

dition |Ng(X)| > (b_l)"+?£'__";"+2""l in Lemma 2 cannot be replaced by

INg(X)| > G-llotlXLebn's3m=1 [et =g > 1, n' 20, t > 3 be integers,
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and 1—"—22“;&'—'-5 is an integer. Since a = b, we have g(z) = a = b = f(2)
for all z € V(G). Let G = K(p-1)t4n'+2ms1 V (2aK; U (=Defim=lp
Then n = (a+b— 1)t +n' + 4dm. Let X = V(2aK;). So,
(@) = (Bb-1t+n'+2m+1
(a+b-1)((b—-1)t+n'+2m+1)

a+b-1
_ (b=1n+a+b+bn'+2m—1
B a+b—1
S (b=1n+a+b+bn'+2m -2
a+b—-1 !
and
[Ne(X)] = (b-1t+n"+2m+1
_ (b-n+a+b+bn'+2m-1
- a+b-1
_ (b-n+2a+bn'+2m -1
- a+b-—1
(b—1)n+|X|+bn' +2m -1
- a+b-—1 )

Therefore, |Ng(X)| > (b—l)n+IaXI;; b;""'zm_l holds for any non-empty inde-
pendent set X C V(G). Let'S = V(Kp-rysnsams)s T = V(2aK1 U
-‘-ﬂ&,}zﬂ'—le), H is a subgraph of G[T] with m edges. Then |S| =
(b=1)t+n'+2m+1>n/,|T| =at+2m—1,de_s(T) = (t—2)a+2m -1,
and ) rdu(z) —en(S,T) = 2m. Thus,

f(8) +de-s(T) - g(T)

bS] + dg-s(T) — a|T|
b((b—1)t+n'+2m+1)+(t—2)a+2m —1—a(at +2m —1)
b(b—1)t+n'+2m+1)+ (t—2)b+2m —1-b(bt +2m —1)
bn' +2m —1

{(fU)+ Y _ du(z) — en(T, 9)}.

z€T

< max
UCs|Ul=n',HCE(G-U),|H|=m

Namely, G is not a fractional (g, f,n/, m)-critical deleted graph.

Now, we begin to prove Theorem 5.
Proof of Theorem 5. Suppose that G satisfies the conditions of Theorem
5, but is not a fractional (g, f,n’, m)-critical deleted graph. Obviously,
T # 0. By Lemma 1, there exist disjoint subsets S and T satisfying

f(8) — 9(T) +dg-s(T) < bn’ +2m — 1, (13)
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where |S| > n’. We choose S and T such that |T'| is minimum. Then
dg-s(z) <g(z)—1<b—1foreachz €T.

For each X C V(G), X # 0 and Ng(X) # V(G). Let Y = V(G) \
Ng(X). Clearly,  #Y C V(G).

Claim 3 X N Ng(Y) = 0.

Proof of Claim 3. Assume that X NNg(Y) # 0, say z € XNNg(Y). By
z € Ng(Y), we have y € Y and zy € E(G). Thus, y € Ng(z) € Ng(X),
contradicting y € Y = V(G) \ Ng(X). o

R b—1In+|X bn'+2 -1
Claim 4 |Ng(X)| > &=2o4l 4—': o

Proof of Claim 4. Using Claim 3, we have

[X| + Na(Y)| < n (14)
and
Ng(Y) # V(G). (15)
According to (14), (15) and the definition of bind(G), we get
. |Ne(Y)| n—|X| n—|X|
bind(G) < < = : 16
(@) < =T S Wen Ne(] ~ n-Wo) )
From (16), we have
n—|X|
INg(X)1 2 n b md(0)’ (17)
Let F(t) = n — 2=IXl. Then, by X C V(G), we obtain
F'(¢) = 'X |0

Combining this with bind(G) > ;ﬁ%':lé%%, we get

(a+b 1)(n - 1) )

F(bind(G)) 2 F(ze—

Thus,
_n—lX| > n - | X| =n__(n—|X|)(¢z(n—1) bn’—2m)
bind(G) ~ atb=1)(n—1 (a+b-1)(n-1)

a(n—1)—-btn'-2m

(18)
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By (17), (18) and n > (&£2-L(b-9-2 4 tn'43m  we obtain

|Na(X)|
n—|X| >no (n — ) X])(a(n — 1) — bn’ — 2m)
bind(G) ~ (a+b-1)(n-1)
(b—1)(n —1n+ (a(n — 1) — bn' — 2m)| X| + (bn' + 2m)n
- (a+b-1)(n-1)
(b—1)(n—=1n+(n—-1)|X|+((e —1)(n —1) — bn' — 2m)|X|
- (e+b-1)n-1)
+ (bn' + 2m)n
(a+b—-1)(n-1)
b=1)(n—-Dn+(n-1)X]|+((a-1)(n—1) - bn' — 2m)
(a+b-1)(n-1)

v

v

+ (bn’ 4+ 2m)n
(a+b-1)(n—-1)
b-—1(n—1Nn+(n-1|X|+(a-1)(n-1)+ (bn'+ 2m)(n —1)
- (@a+b-1)(n—-1)
(b—1n+|X|+bn'+2m+a—-1
a+b-1
(b—-1n+|X|+bn'+2m—1
a+b-1
Therefore, Claim 4 holds. (m]
Since each § # X C V(G) satisfies |[Ng(X)| > =UntiXltbntamiai
we get

b-1n+a+bdn'+2m

6(G) 2 ) (19)
. b—1 b+bn’ +2m—2
Claim 5 §(G) > {=lntetbibn'42m=-2
Proof of Claim 5. Suppose that §(G) < (b'l)""":titbl"l"'zm—z. By(19),
(b-1)n+a+bn'+2m (b—1)n+a+b+bn'+2m—2
< <
[ a+b-1 1=é@) =1 a+b-1 )
That is,
(b—-1n+a+bn'+2m (b-1n+a+b+bn'+2m—2
= §(G) = .
[ Py 1=6G)=1| P J
This contradicts the condition of Theorem 5. m]
Now, the result follows from Claim 4, Claim 5 and Lemma 2. m]

63



References

(1] W. Gao, Some results on fractional deleted graphs, Doctoral disderta-
tion of Soochow university, 2012.

[2] W. Gao, W. Wang, Degree conditions for fractional (k,m)-deleted
graphs, Ars. Combin., accepted for publication.

[3] S. Zhou, A sufficient condition for a graph to be a fractional (f,n)-
critical graph, Glasg. Math. J., 52(2010) 409-415.

[4] S. Zhou, A sufficient condition for graphs to be fractional (k,m)-
deleted graphs, Appl. Math. Lett., 24(2011) 1533-1538.

[5] S. Zhou, Q. Bian, H. Liu, A remark about fractional (f,n)-critical
graphs, An. St. Univ. Ovidius Constanta. Ser. Mat., 19(2011) 365-372.

[6] S. Zhou, Q. Shen, On fractional (f, n)-critical graphs, Inform. Process.
Lett., 109(2000) 811-815.



