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Abstract. For any n2=7, we prove that there exists a tournament of order n, such
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1. Introduction

Let T be a tournament (a digraph in which every pair of distinct vertices
is joined by exactly one arc). We denote the in-neighborhood and
out-neighborhood of a vertex # in T by N;(u) and Nj(u) respectively.

Let D be a digraph with vertex set V(D) and arc set E(D). D is
called primitive if there exists positive integer p such that for each ordered
pair of vertices # and v there is a walk of length p from u to v
(notation u—£—>v). The minimum such p is called the exponent of D .

Definition 1.1". Let D be a digraph and X be a subset of V(D).
The “set exponent” exp,(X) is defined to be the smallest positive integer p
such that for each vertex y of D there exists a walk of length p from at
least one vertexin X to y.

Definition 1.2". Let D be an arbitrary digraph of order » and
1<k <n then we define

F(D, k) = max{exp,(X)| X c V(D),|X| =k} .
F(D,k) iscalled the “k" upper generalized exponent ” of D .

Let PT, be the set of all primitive tournament of order 7, and let
E(n, k)={F (T, k)ITePY;} be the upper generalized exponent set for
primitive tournament of order ».

In [4], Zhou and Shen gave the upper generalized exponent sets for
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tournaments on n(n=7) vertices (as the following theorem) .
Theorem 1.1), For n2>7 and 4<k<n-1 or n224 and k=23,

{2,3,4,,n+1} k=2,
E(n,k)={{2,3,4,",n-k+2} 3<k<[n/2]+),
{1,2,3,4,--,n—k+2} [n/2]+25k<n-1.

We notice that in this theorem, the limit n2>7 is necessary on the condition
that 4<k <n-1, but it must be strengthened to n2>24 for £=2,3. It was
proved but not constructed that 2e E(n,2) in [4]. In order to show
2 € E(n,2), one needs to find a tournament T on n vertices with F(7,2)=2.
And it was also pointed out in [2] for some special n(n=7andn=3(mod4)),
F(T,2) =2. In this paper, we will prove that 2 E(n,2) forany n=>7.

2. Main Results

Let n>7, the notation 7, is used to denote the specified digraph of
order n with V(7,)={1,2,3,,n} and
£(1)= {{(i,i+k(modn))| 1<isnk=1,2,4,6,~,n-5n-3} if nis odd,

"\ E(T,L)U{G,n) |3si s n-Li# n-2}U{(n1),(n,2),(n,n-2)} if niseven.
Note: We assume that n = n(modn) .

It is obvious that T, contains the subgraph 7, , if n(n2>7) iseven.

Lemma 2.1. Forany n217, T, isatournament.

Proof. There are two cases to consider.

Case 1. n(n27) is odd. Let X={1,2,4,6,,n-5n-3} and Y=
{n-klke X} hence XNY=¢ and XUrU{n}={1,2,3,,n} . For any
ijeV(T) and i+, if jeN;()={i+k(modn)|ke X} which implies
j,£i+k(modn) forany ke X ,thereexists teY suchthat j=i+t(modn).
Since teY there exists k' € X such that t=n-k , thus j=i+n-k
(modn), so i=j+k(modr) and hence ie Ny (j). It is easy to see that
jeN7 (i) and ieN;(j) are impossible to be established at the same time.
Consequently 7, is a tournament.

Case 2. n(n=7) is even. T, contains the subgraph 7, , which is a
tournament. According to the constructing of 7,, it is easy to see that 7, isa
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tournament.

The proof is completed. u

Theorem 2.1. Let n27, there exists a path of length 2 for each pair of
distinct vertices i,j in T,.

Proof. There are two cases to consider.

Case 1. n(n27) is odd. For {i, j} cV(T,), we are going to prove that
there exists i—2—> . Since je V(Y:,)\{i} we only need to prove that
vaMile U M.

1aN?, (1)

For i+l(modn), i+2(modn), i+4(modn)e Ny (D),

N, (i+1X(modn)) = {i +1+ k(mod n)| k =1,2,4,6,--,n-3}
={i+k(modn)| k=2,3,5,7,--,n-2},

Ny (i+2(modn)) = {i+2+ k(modn)| k =1,2,4,6,--+,n~3}
={i+kmodn)| k = 3,4,6,8,---,n-1},

N7 (i +4(modn)) = {i + 4+ k(modn) | k =1,2,4,6,---,n-3}
={i+k(modn)| k =5,6,8,10,---,n-1,1} .

Hence V(T,)\{i} = N} (i +1(modm)) UN; (i +2(mod n)) U Ny (i +4(mod n))

c U mM®.

keN3 ()

Case 2. n(n27) is even. We know that T

n

contains the subgraph T, .
According to Case 1 7,_, there is a path of length 2 from each vertex i to

each vertex j #i.Now we only need to prove the existence of n—*—j and
j—2>n forany jeV(T,,). In other words, we only need to prove V{T,.)c

U Mo ad vz e |J Mo

teN; (n) teNy (n)

OIf teN; (),

Nz ()= Ny () ={t+k(modn-1)|k=1,2,4,6,--,n-6,n-4} .

For 1,2,n-2eN;(n), N; (0={23,57,-,n-5n-3}, N; (2)={3,4,
6,8,--,n-4,n-2}, N; (n-2)={n-11,3,5,n-5}.

Hence ¥(7,.)=N; OUN; (QUN;. (n-2)c | N ().

- teNy, (n)
@If teN (n),
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N7 ()= N7 (OU{n}={t+kmodn-1)|k =1,2,4,6,--,n—6,n—4}U{n},
N; @) =V(T)\(N; (OU)) = {1 + k(mod n—1) | k =3,5,7,-+-,n~5,n-3,n~2} .

For 3,4,57eN;(n) , N;(3)={68,,n-212} , N;(49={7,9-,
n-3,n-123} , N;(5)={810,-,n-2,13,4} , N;(7)={10,12,--,n-2,],
3,5,6}.

Hence V(7,_,)=N; G)UN;(HUN; )UN; M |J N ®)-

teN, ()
In conclusion, there exists a path of length 2 for each pair of distinct vertices
i,j in T,. ]
Corollary 2.1. If n27 and k=23, F(T,,k)=2.
Proof. By Theorem 2.1, we have F(7,,k)<2. By [4, Lemma 3.4.] we have
F(T,,k)22.Hence F(T,,k)=2. ]
Base on the conclusion above, we can have the following theorem.
Theorem 2.2. For n27 and 2<k<n-1,

{2,3,4,,n+1} k=2,
E(n,k)=4{2,3,4,,n—k+2} 3<k<[n/2]+],
{1,2,3,4,-,n—k +2} [n/2]+2<k<n-1

Proof. For n>7 and k=2,3, by Corollary 2.1 we have 2= F(T,,k)
€ E(n,k). And by Theorem 1.1 we know that {3,4,---,n+1} ¢ E(n,2) and
{3,4,-+-,n-1} € E(n,3) . By combining Theorem 1.1 we complete the proof. m
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