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Abstract

For a connected graph G of order n > 2 and a linear ordering
8:v1,02,..., va of V(G), d(s) = Yo7y d(vi, vi+1), where d(vi, vis1)
is the distance between v; and vi41. The traceable number t(G) and
upper traceable number t*(G) of G are defined by t(G) = min{d(s)}
and t*(G) = max{d(s)}, respectively, where the minimum and max-
imum are taken over all linear orderings s of V(G). The traceable
number ¢(v) of a vertex v in G is defined by ¢{(v) = min{d(s)},
where the minimum is taken over all linear orderings s of V(G)
whose first term is v. The maximum traceable number t*(G) of
G is then defined by t*(G) = max{t(v) : v € V(G)}. Therefore,
t(G) < t*(G) < t*(G) for every nontrivial connected graph G. We
show that t"(G) < M%J for every nontrivial connected
graph G and that this bound is sharp. Furthermore, it is shown that
for positive integers a and b, there exists a nontrivial connected graph
G with ¢(G) =a and t"(G) =bifand only ifa < b < | 2]
Keywords: traceable number of a graph, maximum traceable number
of a graph, upper traceable number of a graph.
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1 Introduction

We refer to the book [2] for graph-theoretical notation and terminology not
described in this paper. In [4, 5] Goodman and Hedetniemi introduced the
concept of a Hamiltonian walk in a connected graph G, defined as a closed
spanning walk of minimum length in G. In [3] this concept was studied
from a different point of view. For a connected graph G of order n > 3 and
a cyclic ordering s : v1,va,...,Vn,Un+1 = v of vertices of G, the number
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d(s) is defined as 3", d(vi, vi41), where d(v;, viy1) is the distance between
v; and vi4) (the length of a shortest v; - v;4+1 path in G). The Hamiltonian
number h(G) and upper Hamiltonian number h*(G) of G are defined in
[3] by h(G) = min{d(s)} and h*(G) = max{d(s)}, respectively, where the
minimum and maximum are taken over all cyclic orderings s of vertices of
G. It is shown that h(G) is, in fact, the length of a Hamiltonian walk in G.
For a nontrivial connected graph G of order n and a linear ordering
s : v1,v2,...,U, of vertices of G, the number d(s) is defined in 7] as
S d(vi, vit1). The traceable number t(G) of G is then defined by

t(G) = min{d(s)},

where the minimum is taken over all linear orderings s of vertices of G. Thus
if G is a connected graph of order n > 2, then ¢(G) > n — 1. Furthermore,
t(G) = n—1if and only if G is traceable (that is, G contains a Hamiltonian
path). In fact, the traceable number of a connected graph G is the minimum
length of a spanning walk in G. The upper traceable number t+(G) of G is
defined in [8] by
t*(G) = max{d(s)},

where the maximum is taken over all linear orderings s of vertices of G.
Another related measure of traversability of a graph was introduced in
[7]. For a vertex v in G, the traceable number t(v) of v is defined by
t(v) = min{d(s)}, where the minimum is taken over all linear orderings s
of vertices of G whose first term is v. Observe that the traceable number
t(G) of a connected graph G can be alternatively defined as

t(G) = min{t(v) : ve V(G)}.

On the other hand, the mazimum traceable number t*(G) of G is defined in
[6] by
t*(G) = max{t(v): ve€ V(G)}.
By the definitions of t(G), t*(G), and t*(G), we have the following
observation.

Observation 1.1 For every nontrivial connected graph G,
t(G) < t*(G) < tH(G). (1)

Initially, it may appear that t*(G) = t*(G) for every nontrivial con-
nected graph G but this is not the case. For example, for the graph G of
Figure 1, t(G) = 4, t*(G) = 5, and t*(G) = 9. In Figure 1 each vertex of
G is labeled by its traceable number.

For the chromatic number x(G) of a graph G, there are a number of
instances when a lower bound f(G) and an upper bound g(G) are given for
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5
Figure 1: A graph G with t(G) = 4, t*(G) = 5, and t+(G) = 9

x(G) and it is shown that x(G) can never be closer to g(G) than to f(G),

that is,
ve < | 1€LE0)

For example, it is well known that the chromatic number x(G) of a graph
G of order n is at least as large as its clique number and at most n, that is,

w(G) < x(G) <n.
Reed (9]} showed that x(G) can never be closer to n than to w(G). Thus

x(G) < [“’(Gzﬂ J

for every graph G of order n. It is also well known that x(G) < A(G)+1 for
every graph G. Reed conjectured that x(G) can never be closer to A(G)+1
than to w(G). That is, Reed conjectured that

w(G) + A(G) +1 J
2

x©) < |
for every graph G. Also, it is well known that
w(G) < x(G) Sn+1-p(G)

for every graph G of order n, where 3(G) denotes the independence number
of G. Brigham and Dutton [1] showed that x(G) can never be closer to
n+ 1 — B(G) than to w(G). Thus

(@) < [w(G)+n—2kl—ﬁ(G)J

for every graph G of order n. For the bounds for t*(G) given in (1), we
show that t*(G) can never be considerably closer to ¢*(G) than to ¢(G).
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2 An improved upper bound for the maxi-
mum traceable number of a graph

We noted in (1) that for every nontrivial connected graph G,
t(G) < t*(G) < t¥(G).

We now show that in most instances there is an improved upper bound for
t*(G). First, we establish an additional definition. The eccentricity e(v) of
a vertex v in a connected graph G is the maximum distance from v to a

vertex of G.
Theorem 2.1 For every nontrivial connected graph G,

~E) < l-t(G)+t;'(G)+1J.

Proof. We first show that
t*(G) — t(G) < t*(G) — t*(G) + 1. (2)

Since the result follows immediately if ¢(G) = t*(G), let us assume that
t*(G) > t(G) + 1. Let z be a vertex in G such that t(z) = t*(G). We will
show that

t*(G) — t(G) < e(z) <tH(G) - t*(G) + 1.

Since t(G) < t*(G), suppose that G is a graph of order n > 3 and let sp :
v1,V2,...,Un be a linear ordering of vertices of G such that d(so) = t(G).
Then z = v; for some integer i (2 < ¢ < n). If z = vy, then let g 1 be the
reversal of sg and observe that

t*(G) = t(z) < d(sg") = d(s0) =#(G),

which is a contradiction. Hence assume that 2 < i < n — 1 and consider
the linear ordering

§1: Ui = Z,V1,V2,...3Vi—1,Vig1, Vit2,-+ -y Un.
Observe that

t*(G) = t(z) < d(s1)
= d(So) + d(z,‘U]) + d(vg_l,v;.,.l) - [d(vi_l,vi) + d(’U", ‘Ui+1)]
< d(So) + d(=z, 1) £ tHG) + e(z).

Therefore, t*(G) — t(G) < e(z).
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To show that t*(G) — t*(G) + 1 > e(z), observe that there are distinct
vertices y, z € V(G) — {z} such that d(z,y) = 1 and d(z, z) = e(z). Let

$2: W =Z,W2 =Y, W3y...,Wp =2

be a linear ordering whose initial, second, and terminal vertices are z, Y,
and 2, respectively, and consider the linear ordering s3 : wo,ws, ..., wn, w;.
Observe that
t+(G) > d(s3) = d(s2) + d(z, 2) — d(z, y)
> t(z) +e(x) — 1 =t*(G) + e(z) - 1,
that is, t+(G) — t*(G) + 1 > e(z). Thus (2) holds, as claimed. Adding
t*(G) + t(G) to both sides of (2), we obtain
HG)+tH(G)+1
2

and so the result follows. n

t*(G) <

If G is a star of order n > 3, then ¢(G) = 2n — 4 and t*(G) = t1(G) =
2n — 3, that is, t*(G) = 3(221‘;12);‘:1 Therefore, the upper bound in
Theorem 2.1 is sharp.

3 A realization result

We now investigate the sharpness of the lower bound for t*(G) given in (1),
that is, ¢(G) < t*(G). Indeed, we determine all pairs a, b of positive integers
for which there exists a nontrivial connected graph G with {(G) = a and
t*(G) = b. We begin with a lemma.

Lemma 3.1 For a pair n,r of integers with3 < r < n—1, let G, be the
graph of order n obtained from a complete graph K, of order v and a path
P of order n —r + 1 by identifying one of the r vertices of K, and one of
the two end-vertices of P. Then G, is traceable and

t*(Gn,r) = I_&‘{:}.J .

Proof. Let V(K,) = {u1,us,...,u,} and P : vo,vy,...,v, = u, where
g=n-—r > 1. First observe that t(v) = t(u;) =n—1for 2 < i <r. Also,
t(vg) = n. On the other hand, observe that for each i (1 < i < g—1), either
of the two linear orderings

Sip ¢ 'U.','UO,'Ul,---,Ui_l,vi+1,vi+2,---,vq,u2,u3,--~,ur
Siy ¢ Uiy Vitdy--.,VUq, U2, U3y ooy Upy Vi1, Vi—2 ..., U
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gives us t(v;). Hence
t(v;) = min{n — 14 4i,n+4q —i}.
If ¢ is odd, then observe that
max{t(v;): 0<i<q}=n-1+%qg+1)=3Bn-r-1).
If q is even, then
max{t(v;): 0<i<g}l=n-1+%=1(8n—-r-2)
Therefore, the result follows in each case. n

We are now prepared to present the desired result.

Theorem 3.2 Let a,b be a pair of positive integers. Then there exists a
nontrivial connected graph G with t(G) = a and t*(G) = b if and only if
asbs|%).

Proof. Since the statement clearly holds for 1 < a < 3, we assume that
a > 4. Suppose that G is a graph of order n such that {(G) = a and
t*(G) = b. Hence there exists a spanning walk Wy : v, v1,...,v, of length
a and for each vertex v € V(G), v = v; for some i (0 < ¢ < a). By
symmetry, we may further assume that 0 < ¢ < |a/2). If v = v, then
clearly t(vp) = a. Otherwise, consider the spanning walk W; given by v
followed by Wp. Let £(W) denote the length of a walk W and observe that

t(v) < UW;) = d(v,v0) + &(Wo) < |§] +a=|%].

Therefore, b = t*(G) < [3a/2].

For the converse, let a,b be a pair of integers with 4 < a < b < |3a/2].
We construct a traceable graph G (of order n = a + 1) such that {(G) = a
and t*(G) = b. If b = a, then consider G = K,41. If b = [3a/2], then
consider G = P,41. Otherwise, observe that 4 < 3a—2b+2 < a=n—1. Let
Ga+1,30—2b+2 be the traceable graph of order a+1 described in Lemma 3.1.
Then t(Ga+1,30—2b+2) = @ and

t*(Gas1 3a-2642) = [3(a+1)-(§;-2b+2)-1J =b

)

which is the desired result. ]
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