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ABSTRACT. In this paper we introduce the notion of a generalized
triple derivation f, with an associated triple derivation d, on a lattice
and investigate some related results. Among some other results we
prove that “Let (L, A, V) be a distributive lattice and f be a general-
ized triple derivation, with associated triple derivation d, on L. Then
the following conditions are equivalent for all z,y,z € L: (a) f is an
isotone generalized triple derivation on L, (b) feayaz = fz A fy A Sz,
() fzv fa V fz = favyv:.”

1. INTRODUCTION

In 1940, G. Birkhoff [6] gave the notion of a lattice. The distributive
lattices were introduced by Gritzer in 1971. In 1979, R. E. Hoffmann gave
the concept of a partially ordered set(poset). Lattices play an important
role in many fields such as information theory and cryptanalysis ( see [5,
8, 12, 18] and references there in).

Posner(17] studied the notion of a derivation on rings. Moreover,in the
past few decades several researchers have studied this notion in rings and
near rings.Braser[7) and Hvala[16] introduced the concept of a generalized
derivation in rings. This notion has been further studied by Gélbasi and
E. Koc, N. Argag and E. Albas ( see [2, 10, 13, 14] and references there in).

Many researchers have studied analytic and algebraic properties of lat-
tices ( see (3, 4, 6, 11, 12, 15, 18, 19, 9, 20] and references there in). Xin et
al. [19] studied the notion of a derivation, previously studied for rings, near
rings and C*- algebras, for lattices and discussed some related properties.
Alshehri(l] studied generalized derivations in the context of lattices.

In this paper the concept of a generalized triple derivation, with an asso-
ciated triple derivation, on lattices is introduced and some related identities

Key words and phrases.  Lattice, modular lattice,distributive lattice,derivation,
triple derivation, generalized triple derivation.

2010 Mathematics Subject Classification. 06B35, 06B99.

Email: zafarbhatti73@gmail.com, imranjavaid45@gmail.com
* Corresponding author: chaudhry@bzu.edu.pk.

ARS COMBINATORIA 113(2014), pp. 463-471



are investigated.This concept is more general than the concept of a gener-
alized derivation.

The motivation behind this paper is to initiate a study of the proper-
ties of generalized triple derivations, with associated triple derivations, on
lattices and prove certain results.

2. PRELIMINARIES

Definition 2.1. Let L be a non empty set endowed with operations A and
V. Then (L,A,V) is called a lattice if it satisfies the following conditions
forall z,y,z€ L:

(jJ)zAhz=z,zVT==x

(i) zAy=yAz ,zVy=yVvz;

(i) Ay Az=zA(yAz), (zVy)Vz=zV(yVz);

() (zAy)Vz=z, (zVy)Az=z.

Definition 2.2. A lattice (L, A, V) is called a distributive lattice if it sat-
isfies the following conditions for all z,y,z € L:

(W) A(yVz)=(zAy)V(zAz);

(i)zV(yAz)=(zVy A(TVz).

It is known that in o lattice the above two conditions (v) and (vi) are equiv-
alent [6].

Definition 2.3. Let (L,A,V) be a lattice. A binary relation < on L is
defined by: z<yifendonlyifzAy=xz,zVy=y.

Definition 2.4. A lattice (L, A, V) is called a modular lattice if it satisfies
the following conditions for all z,y,z € L:
(vii) Ifz < z,thenzV (yAz) = (zVy) Az

The following lemma is already known.

Lemma 2.5. Let (L,A,V) be a lattice. Let the binary relation < be as in
definition 2.3. Then (L,<) is a partially ordered set(poset) and for any
z,y € L, z Ay is the g.1.b of {z,y} and x Vy is the Lu.b of {z,y}.

Definition 2.6. An ideal I of the lattice (L, A, V) is a non-empty subset I
of L satisfying the properties:

(vii) s <y,yel=>zel;

(ix)z,ye I=>zVvyel

Let F be a derivation of any type on a lattice L. In the sequel we shall
write F; for F(z), z € L, and Fy for F(I), I C L.

Definition 2.7. Let (L, A, V) be a lattice. A function d: L — L is called
a derivation on L if dzpy = (d, Ay) V (z Ady), for all z,y € L.



Definition 2.8. Let (L, A, V) be a lattice. A function f : L — L is called
a generalized derivation on L if there exists a derivation d : L — L such
that for allz,yec L :

fery = (£ AY) V (z Ady).
Definition 2.9. Let (L,A,V) and (M,A,V) be lattices. A function « :
L — M is called an homomorphism if it satisfies the following conditions
forallz,ye L:
(z) a(z Ay) = a(z) Aa(y),
(zi) a(z Vy) = a(z) V aly).
If M = L then a is called an endomorphism. If a satisfies z(zi) then it is
called A-homomorphism (V-homomorphism).

3. GENERALIZED TRIPLE DERIVATIONS

In this section we describe the concept of a generalized triple derivation,
with associated triple derivation d, on a lattice L and prove our results
regarding this notion.

Definition 3.1. Let (L, A, V) be a lattice. A functiond : L — L is called

a triple derivation on L if :
dopynz: = ([dz AYyAZ)V(ZAdy A2)V(ZAYyAd,) forallz,y,z € L.

Definition 3.2. Let (L,A,V) be a lattice. A function f: L — L is called
a generalized triple derivation, with associated triple derivation d, on L if
ferngnz = (F. AYAZ)V(zAdyA2Z) V(T AyAd,) for all z,y,z € L.

Obviously every derivation on a lattice (L, A, V) is a triple derivation and
every generalized derivation, with associated derivation d, is a generalized
triple derivation with associated triple derivation d. The following examples
shows that the converse of above mentioned results are not true in general.

Example 3.3. Fvery triple derivation is not a derivation.
Let L be a lattice of Figure 1. Letd: L — L be defined by

0, z=0,1,b
dx_{ b, T =a,c.

Let (z,y,2) = (a,b,c). Then deayn: = danonc = d. = b and
(dzAyA2)V(zAdyA2)V(ZAYAd,) = (da AbAC)V(aAdyAc)V(aAbAd,) =
(bAbAC)V(aAOAC)V(aAbAD)=cVOVD=0b.

Now dzpy = dapp = dp =0 and
(dz AY)V(zAdy)=(da AD)V(aAdy) =(aN0)V (bAD)=0Vb=b.
So D is not a derivation.

Example 3.4. Every generalized triple derivation is not a generalized
derivation.
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FIGURE 1. Lattice

Let L be a lattice of Figure 1. We define mappingsd : L — L and
f:L—Lby

b, T =a,cC

z, z=a,0
fz=¢ b r=c

d=={0, z=0,1,b

and

c z=1b.
Let (z,y,2) = (a,b,¢). Then feaynz = fanone = fe =b and
(feAYAZ)V(ZAdyA2)V(zAYAd,) = (faNDAC)V(aAdyAc)V(aAbAd,) =
(aAbAc)V(aAOAC)V(aAbAbL)=cVOVDE=b.
Now fz/\y = fant = fo = c and
(fzAY)V(zAdy)=(faAb)V(aAdy)=(aAb)V(aA0)=bVO =0
So f is not a generalized derivation.

Definition 3.5. Let (L, A, V) be a lattice and f a generalized triple deriva-
tion, with associated triple derivation d, on L. Then

(a) f is called an isotone generalized triple derivation if x < y implies
D, < D,.

(b) If f is one-to-one, then f is called a monomorphic generalized triple
derivation.

(c) If f is onto, then f is called an epic generalized triple derivation.

Proposition 3.6. Let (L,A,V) be a lattice and f a generalized triple
derivation, with associated triple derivation d, on L. Then the following
hold for all z,y,z € L:

(a) d: < f: £z,

(b) fz Afy Afz S f:t/\y/\z _<_ fz A fy A fz:

(c) If I is an ideal of L with I C L, then fr C I,



(d) If L has a least element 0, then fo =0,
(e) If L has a greatest element 1 then f, = (fi Az) V d,.

Proof. (a) Let z € L. Then

dz = dzpznz = ([dz AT AZ)V(ZAd: AZ)V (TAT Ad;) = dy Az, which
implies

(1) d; < z.

Further, feAdz = foaznzAde = (fz AZAZ)V (2Adz AZ)V (zAZAL:)) Ad.
The last relation along with (1) and definition 2.1(iv) implies fz A d, =
((fe Az) Vdg) Ady = d,, which implies

(2) dz < fa.

Also f: VT = fenzaz VT = ((fz ATAZ)V(TAdz AT)V (TATAd,)) V.
Using (1) and definition 2.1(iii and iv), from the last relation we get
feVe=((faAZ)Vd:)VE = (fzAz)V(d: VZ) = (f: Ax) VT = z, which
implies

(3) f= < z.

Using (1), (2) and (3), we get d; < fr < z.
(b) Let z,y,z € L. Then
feagnz = (Fz AYA2)V (2 Ady A2)V (z Ay Ad,), which implies
e ANy Az < fzaynz. Since f, <y for all y € L, therefore fz A fy A f, <
fz Ay Az Thus

(4) fz/\fy/\fz S fz/\yl\z-

Since o AyAz < fryzAdyA2<dy < fyandzAyAd, <d; < f.,
therefore

(5) fx/\yAz szvfyvfz-

Using (4) and (5), we get

fx /\fy /\fz S fn:/\y/\z S f:x: nyvfz-

(c) Let z € I. Since f; < z, therefore f, € I for all z € I. Thus f; C I.
(d) Since 0 is the least element, then (a) gives 0 < d, < f: < z, which
implies fo =0.

(e) For each z € L we have d, <z < 1. Thus

fz = finenz = (LAZAZ)V(IAd AZ)V(LAZAd,) = (finz)Vvd,. O

Proposition 3.7. Let (L, A, V) be a lattice with greatest element 1. Let f
be a generalized triple derivation, with associated triple derivation d, on L.
Then forallz € L :

(a') Iffl <z then fl < fan

(b) If f1 2 =, then f. = z.
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Proof. (a) Let z € L and f; < z. Then proposition 3.6(e) along with
definition 2.1(iv) implies fz A fi = ((fiAz)Vd)Afi = (fivdz)Af1 = f1,
which gives f; < f..

(b) Let z € L and f; > z. Using proposition 3.6(a and e), we have
fe=(inz)Vd,=zVd, == |

Proposition 3.8. Let (L,A,V) be a lattice and f a generalized triple
derivation, with associated triple derivation d, on L. Then the following
hold for all z,y,z € L:

(a) fe= (szsz Ax) vd;.

(b)) Ify<zAzand f; =z then fy =y,

(c) If L has a greatest element 1, then f; =1 if and only if f; = z.

Proof. (a) Let z,y € L. Then

fz = Favyviynene = (fovpva AT ATV (VY V2)Adz AZ))V((zV
yV z) Az Adg)). The last relation along with proposition 3.6(a) implies
f:n = (f::Vsz Aw) \ dx-

(b) Let y < (z A z) and fr = 2. Then

fy = Fenyne = (fe AYAZ) V(2 Ady AZ)V (ZAYAd,) =yVdyA(yAd;) =
yA(yAd:)=y.

(c) Let fr = z. Then obviously f; = 1.

Conversely let f; = 1. Since z < 1 and f; = 1. Then (b) implies f =z. O

Remark 3.9. Let the lattice (L, A, V) have a least element 0. Then f is o
monomorphic as well as epic generalized triple derivation, with associated
triple derivation 0 : L — L defined by 0 =0 for allz € L.

Theorem 3.10. Let (L, A,V) be a lattice and f a generalized triple deriva-
tion, with associated triple derivation d, on L. Then the following hold for
allz,y,z€ L:

(a) f2=fa.

(b) fe =z if only if favyvz = (fVyV2)A(TV fyVZ)A(zVYV f3).
Proof. (a) Consider,

2=f(fo)=flehzAf)=(faNTAf)V(ZNd A fe)V(ZAZ ALy =
fzVdz Vds,. Since d; < f; <z and dy, < fz, therefore f2 = f..
(b) Let f; =z. Then
fevgvz =z VyVz=(xVyV2)A(zVyV2)A(zVyVz2)
=(fVyV2IAN(ZV fyVZ)A(zVYV f2).
Conversely, let foyyvz = (e VYVZ)A(ZzV fyVZ)A(zVyV I2).
Replacing y and z by z in the last equation, we get f; = z. ]

Theorem 3.11. Let the lattice (L, A, V) have a greatest element 1. Let f
be o generalized triple derivation, with associated triple derivation d, on L.
Then the following statements are equivalent for all z,y,z € L:

(a) f is an isotone generalized triple derivation on L,
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(b) fz =z A f1,
(c) feaynz = fz A Jy A fz,
(d) f:tVsz L fz ny V fi.

Proof. (a) = (b) Assume that f is an isotone, then f, < f; . Since f; < z,
therefore fr < z A f1. Further, Proposition 3.6(e) gives fr = (fi Az)Vd,,
which implies f; Az < f,. Thus f- =z A f;.

(b) = (c) Let fz =z A f;. Then
feAfyAfe=@AHIAYAfINEAfL) =(@AyAZ)AfL = Szaynz-
(c) = (a) Let foayn: = fo Afy A f: and z < (y A 2). Then

fz= fa:/\y/\z = fz /\fy A fz, which implies f; < fy Afz= fy/\z~ Hence f is
an isotone.

(a) = (d) Since f is an isotone therefore f; < frvyv: » fy < fovyv: and
fz < f:tVsz» Hence f; V fy V fz £ favyva.

(d) = (a) Let f2V f, V f: < fovyvz 8and 2 < (y V 2). Then

frVfyV f: < szsz = fyvz, which implies f; < .nyz- Hence f is an
isotone. a

Theorem 3.12. Let (L, A, V) be a modular lattice and f a generalized triple
derivation, with associated triple derivation d, on L. Then the following
conditions are equivalent for all z,y,z € L:

(a) f is an isotone generalized triple derivation on L,

(b) .fz/\y/\z = fa,- A fy A fz.

Proof. (a) = (b) Assume that (a) holds. Then for z,y,z € L

szy/\z < fzy f::Ay/\z < fy and fz/\yl\z < fz. Thus f:l:/\yl\z < fz A fy A fz.

Since L is modular and f, AyAz <z AyAz<z, therefore

Fzaynz = (fz AYAZ)V(TAdy Az)V (ZAYAd,) = ((fz AyAz)V(dyAZ)Az) >

((fzAyAz)AZ)V(zAyAd,). Since fz AyAz < z and L is modular,

therefore fzayn: > (fz AYA2)V(zAYAd,) = (fzAyA2)V(yAd))Az >

(fzAyAZ)Az=fr AyAnz 2> Jz A fy A fz. Thus, Sfrayaz 2 .fz/\fy/\fz-
(b) = (a) Since f is a A-homomorphism, so it is an isotone. O

Theorem 3.13. Let (L, A,V) be a distributive lattice and f a generalized
triple derivation, with associated triple derivation d, on L. Then the fol-
lowing conditions are equivalent for all z,y,z € L:

(e) f is an isotone generalized triple derivation on L,

(b) f:AyAz = fz Afy A fzy

(c) fz ny \' fz = fosz-

Proof. Since a distributive lattice is a modular lattice, therefore Theorem
3.12 implies that conditions (a) and (b) are equivalent.

(a) = (c) Assume that f is an isotone generalized triple derivation. Since
dz < fz £ fovyvz eand dy < fy < fovyvz, therefore Proposition 3.8(a)
implies
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fz= (f:r:Vsz A 1') Vd; = (szsz \ d:!:) A (37 \ da:) = fa:Vsz A z. Thus
f:vfyvfz = (fa:Vsz /\x)V(szsz/\y)v(fa:VszAz) = f=Vsz/\($VyV2) =

f xVyvz:
(c) = (a) Since f is a A-homomorphism, so it is an isotone. O

4, CONCLUSION

We have introduced the concept of a generalized triple derivation on
lattices. It has been shown that for a distributive lattice (L, A, V) and a
generalized triple derivation f, with associated triple derivation d on L,
the following conditions are equivalent for all z,y,2 € L: (&) f is an
isotone generalized triple derivation on L, (b) fzayaz = fz A fy A fz, (c)
fzV fy Vf= szsz-
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