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Abstract

For a vertex set S with cardinality at least 2 in a graph G, we need a tree
in order to connect the set, where this tree is usually called a Steiner tree
connecting S (or an S-tree). Two S-trees T and T" are said to be internally
disjoint if V(T) NV (T') = S and E(T) N E(T") = 0. Let kc(S) denote
the maximum number of internally disjoint Steiner trees connecting S in G.
The generalized k-connectivity x;.(G) of a graph G, which was introduced
by Chartrand et al., is defined as minscv(g),s|=k kc(S). In this paper,
we get a sharp upper bound of generalized k-connectivity. Moreover, graphs
with order n and k3(G) = n — 2, n — 3 are characterized.

Keywords: connectivity, Steiner tree, internally disjoint trees, generalized
connectivity, networks.
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1 Introduction

All graphs in this paper are undirected, finite and simple. We refer to book [2]
for graph theoretical notation and terminology not described here. In the world,
there are numerous networks as, for example, transport networks, road networks,
electrical networks, telecommunication systems or networks of servers. All net-
works can be modeled by a graph or a digraph whose vertices and edges represent,
respectively, the processing elements (nodes of the network) and the communica-
tion links between them. Many attempts have been made to study reliability of
such a network. Several classical measures are the edge-connectivity, the vertex-
connectivity (or simply the connectivity) and super connectivity. Thousands of
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articles on connectivity have been published, such as {1, 5, 6, 7, 8, 13, 15]. There
is another well measure, the generalized connectivity.

For a graph G = (V,E) and a set S C V(G) of at least two vertices, an
S-Steiner tree or a Steiner tree connecting S (or simply, an S-tree) is a such sub-
graph T = (V' E’) of G that is a tree with S C V'. Two Steiner trees T’ and
T’ connecting S are said to be internally disjoint if E(T) N E(T') = @ and
V(T)NV(T') = S. For S C V(G) and |S| > 2, the generalized local con-
nectivity £(S) is the maximum number of internally disjoint trees connecting S
in G. Note that when |S| = 2 a Steiner tree connecting S is just a path connect-
ing the two vertices of S. For an integer k with 2 < k < n, the generalized
k-connectivity ki (G) of G, introduced by Chartrand et al. in [3], is defined as
kk(G) = min{k(S) : § C V(G) and |S| = k}. Clearly, when |S| = 2, k2(G)
is nothing new but the connectivity x(G) of G, that is, kK2(G) = &(G), which
is the reason why one addresses «x(G) as the generalized connectivity of G. So
the generalized k-connectivity is a natural and nice generalization of the concept
of vertex-connectivity. There have appeared many results on the generalized con-
nectivity (see [3, 4, 12, 9, 10, 13]).

In addition to being a natural combinatorial measure, the generalized connec-
tivity can be motivated by its interesting interpretation in practice. Suppose that
G represents a network. If one considers to connect a pair of vertices of G, then a
path is used to connect them. However, if one wants to connect a set S of vertices
of G with |S| = 3, then a tree has to be used to connect them unless the vertices
of S lie on a common path. This kind of tree with minimum order for connecting
a set of vertices is usually called a Steiner tree, and popularly used in the phys-
ical design of Very Large Scale Integration (see [14]). For a set S of vertices,
usually the number of totally independent ways to connect S is a local measure
for the reliability of a network. Then the generalized k-connectivity can serve for
measuring the global capability of a network G to connect any k vertices in G.

Chartrand et al. in [4] obtained the following result.

Theorem 1. [4] For every two integers n and k with2 < k < n, ki(K,) =
n—[k/2].

The following result was given by Li et al. in [10], which will be used later.

Theorem 2. [10] For any connected graph G, k3(G) < &(G). Moreover, the
upper bound is sharp.

2 Main results

For a graph G, let V(G), E(G), G be the set of vertices, the set of edges,
the complement of G, respectively. As usual, the union of two graphs G and
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H is the graph, denoted by G U H, with vertex set V(G) U V(H) and edge set
E(G)UE(H). Let mH be the disjoint union of m copies of a graph H. A subset
M of E(G) is called a matching in G if no two edges in M are adjacentin G. A
matching M saturates a vertex v, or v is said to be M-saturated, if some edge of
M is incident with v; otherwise, v is M-unsaturated. M is a maximum matching
if G has no matching M’ with |M’| > |M]|.

To start with, we give the bounds of x3(G).

Proposition 1. For a connected graph G of order n (n > 3),1 < k3(G) < n—2.
Moreover, the upper and lower bounds are sharp.

Proof. 1t is easy to see that k3(G) < k3(K,). From this together with Theorem

1, we have k3(G) < n — 2. Since G is connected, x3(G) > 1. The result holds.
It is easy to check that the complete graph K, attains the upper bound and

the complete bipartite graph K ,—; attains the lower bound. O

From Theorem 2, one may think that the monotone property of «, namely,
Kn S Knoy £+ kg £ k3 £ kg = kis true for 2 < k < n. Unfortunately, some
counterexamples have been found to show that there exist some integers %, j such
that2 <i < j < nbutk; > k;.

Let us now introduce one such example. Let Gy, G2 be two copies of the com-
plete graph K. (r > 4), and G be a graph obtained from G,'G; by identifying
one vertex in each of them. Clearly, |V(G)| = 2r—1andeachG; = K, (i = 1,2)
contains | 5] edge-disjoint spanning trees, say T;1,Ti g, -+ ,T;|5). Then the
treesT; =T,,;UTo; (1 <j < |%]) are | 5] edge-disjoint spanning trees of G,
which are also | 5] trees connecting § = V(G). Therefore, k3,-1(G) > |§] >
2. Since G has a cut vertex, it follows that x2(G) = (G) = 1. So K2,_1(G) >
k2(G) = &(G). In fact, Li et al. in [10, 11] already gave two such examples. One
of them is the graph G = KV (K| x1 | UKx21) (k 2 7,¢ 2 1), which satisfies
that K, (G) = t + 1 but k(G) = t. Clearly, kx(G) > £2(G) = &(G). Unlike the
above example, in this example it is not necessary that V(G) = S. Another ex-
ample is the graph G given in [10] (page 2154, Figure 9) that has x(G) = 4k + 2,
k3(G) = 3k + 1 and later in [11] Li showed that x4(G) = 3k + 2, and so
k4(G) > ka(G). But for every two integers i and j with i < j, examples are
needed to show that x; > ;. In any case, the monotone property cannot be
guaranteed.

Let S be a set of & vertices of a connected graph G and 7T be a set of internally
disjoint Steiner trees connecting S. A Steiner tree T connecting S is of type I if
V(T)=SandTisof type IIif V(T)\ S # 0. Then T = T; U T2, where the
trees of 7; are type I, and the trees of 75 are type II (Throughout this paper, 7,
Ty, T are always defined as this).

The following lemma is immediate by the above definitions.
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Observation 1. Let k, n be two integers with 3 < k < n, and G be a connected
graph of order n, and S C V(G) with |S| = k. Foreach T € Ty, |E(T) N
(E[SJUE[S,8))| =k —1; for T € Ty, |E(T) N (E[S] U E[S, 8))| > k, where
S=V(G)\S.

As we all know, a graph with large connectivity must have good edge distribu-
tion (almost uniform distribution). Now, we show that generalized k-connectivity
has a similar property.

Theorem 3. For any graph G with order at least k,

. 1 1 _
ooy | = 1EIS)| + £1E(S, Sl

where S C V(G) with |S| = k, and § = V(G) \ S. Moreover, the bound is
sharp.

kk(G) <

Proof. 1t suffices to show that |T1| + |T2| < £15|E[S]| + £|E[S, S]|. From
Observation 1, |E(T) N (E[S] U E[S,S])| = k — 1 for each T € T;. Thus,
(k= 1)|Ti| < |E[S]), thatis, |73 < L.

For T € T, |[E(T) N (E[S] U E[S, 5])| = k by Observation 1. On the one
hand, re7|E[T) N (E[S] U E[S, 8))| = Erex |E[T) N (E[S] U E[S, 8))| +
Sren|E[T] N (E[S] U E[S,8))| > (k — 1)|T1| + k|Ta|. On the other hand,
Trer| E[TIN(E[S|VES, S))| = Zren; |[E[TIN(E[S|VE(S, S])|+Zren| E[TIN
(E[S]U E[S, S])| < |E[S]| + |E[S, 8]|. Thus, (k — 1)|T1| + k| T2| < |E[S]| +
|E[S, S]|. Combining this with |T;| < J%i_ﬁlll, we have |T1| +|T2| < 25 |E[S]|+
B[S, 5]

Figure 1: The edges of a tree are shown by the same type of lines.

To show sharp the sharpness of the bound, we consider the graph G = K, V
Ky. Let V(Ky) = {v1,v2, -+ ,vc} and V(Ky) = {ui,uz, - ,ux}. From
this theorem, set S = V(K}), we have xx(G) < Z5|E[S]| + 1|E[S, S]] =
=0+ + - k* = k. It suffices to show that kx(G) > k. Without loss of
generality, let S = {uq,ug, ++ ,Uk,,V1,V2, "+ , Uk, } Where ky + kz = k. Then
the trees T = uyv; Uuow; U+ - - Uttg, v; Un v; Uvav; U - -Uvg, v (ko +1 < i < k)
and Tj = ug, 41 U g, 4502 U Ung, 450, Uugv; Uugu; U Uug v(1 <
J < ko) form k pairwise internally disjoint S-trees (see Figure 1), which implies
that . (G) = k. So the bound of this theorem is sharp. O
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Remark 1. For a regular graph G, if G contains a clique of order k, then
it must has small generalized k-connectivity by Theorem 3. Thus, in a sense, to
obtain large generalized k-connectivity, a graph G must have almost uniform edge
distribution.

Theorem 4. For a connected graph G of order n, k3(G) = n — 2 if and only if
Gi= Ky or G =10, \i&

Proof. Sufficiency. If G = K,, then we have k3(G) = n — 2 by Theorem 1.
If G = K, \ e, then k3(G) < n — 2 by Proposition 1. We will show that
k3(G) = n — 2. It suffices to show that for any S C V(@) such that |S| = 3,
there exist n — 2 internally disjoint S-trees in G,

Lete = wv,and W = V(G)\ {u, v} = {wy,ws, -+ ,wn_2}. Clearly, G[W]
is a complete graph of order n — 2. If |{u, v} N S| = 1 (see Figure 2 (a)), without
loss of generality, let S = {u,w;, wy}, then the trees T; = w;u U w;w; U wiws
together with 71 = ww; U wyws, Ty = uws U vwy U vw; form n — 2 pairwise
internally disjoint S-trees, where i = 3,--- ,n — 2. If [{u,v} N S| = 2 (see
Figure 2 (b)), without loss of generality, let S = {u, v, w; }, then the trees T; =
w;u U w;v U w;w; together with T = ww; U wyv for n — 2 pairwise internally

disjoint S-trees, where ¢ = 2,-.-,n — 2. Otherwise, suppose S C W (see
Figure 2 (c)). Without loss of generality, let S = {w;,wq,w3}. The trees T; =
wiwy Uw;ws Uwiws (i = 4,5, -+ ,n—2) together with T = wow; Uwows and

T3 = vwy Uuws Juw;s and T3 = vwy Uvws Uvwg form n— 2 pairwise internally
disjoint S-trees. From the arguments above, we conclude that k3( K, \e) > n—2.
From this together with Proposition 1, £(K, \ e) = n — 2.

Figure 2: The edges of a tree are by the same type of lines.

Necessity. Next we show that if G # K,,, K, \ e, then k3(G) < n — 3, where
G is a connected graph. Actually, we only need to show that k3(G) < n — 3 for
a graph G obtained from the complete graph K, by deleting any two edges. Let
G = K, \ {e1,e2}, where ey, ez € E(K,). Itis easy to see that e; and e, form
a path of order 3 (see Figure 3 (a)), or e; and e are two independent edges (see
Figure 3 (b)). First, we consider the former case. Let P; = zyz, S = {z,y, z}.
Then |E(G[S]) U Eg[S, S]| = 3(n — 3) + 1. Since 2y, yz ¢ E(G), there exists
no tree of type I. So each tree connecting S must belong to type IJ. From
Observation 1, each tree of type IT uses at least 3 edges in E(G[S]) U Eg|[S, 3].
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So 3(n — 3) + 1 edges form at most 1(—";;-)'*'—1 trees. Thus x3(G) < |T| =
[Th| + 72| =0+ 72| < ML-;’)_‘F_I, and k3(G) < n — 3 since k3(G) is an integer.

Figure 3: Graphs for Theorem 4 and 5.

Next, we consider the latter case. Set e; = zwy, ez = yz, S = {z,y,z}. So
w, € S and |E(G[S]) U Eg[S,S]| = 3(n — 3) + 1. If zy and zz form a tree
of type I, then the tree use two edges in E(G[S]) U Eg[S, 5] and the remaining
3(n — 3) — 1 edges in E(G[S)) U Eg|[S, 5] form at most 2(2—3_3):l trees of type
I1. So |T| = |Th| + |Ta| < 1+ 32371 and 3(G) < |T] < n — 3 since
k3(G) is an integer. If zy and zz do not form a tree in 7y, then all the edges of
E(G[S]) U Eg|S, 5] can only form trees of type II. From Observation 1, each
tree of type I uses at least 3 edges in E(G[S]) U E¢|S, ). Thus k3(G) < |T| =
|T| < 331 and k3(Q) < n - 3.
O

Li et al. obtained the following result in [10].

Lemma 1. [I0] Let G be a connected graph with minimum degree 6. Then
k3(G) < 8. In particular, if there are two adjacent vertices of degree &, then
k3(G) <6 — 1.

Recall that G denotes the complement of a graph G. Let us now give our
main result.

Theorem 5. Let G be a connected graph of order n (n 2 3). k3(G) =n —3if
and only if G = PyU(n—4)K, or G = P3UiP,U(n—2i—3)K, (i = 0,1) or
G = C3UiP,U(n—2i-3)K, (i =0,1)or G = rP,U(n—-2r)K; (2 <7 < | 5]).

Proof. Sufficiency. Assume that k3(G) = n — 3. From Lemm 1, 4(G) >

k3(G) = n — 3 and hence §(G) < n— 1 — §(G) < 2. So each component
of G is a path or a cycle. We will show that the following claims hold.
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Claim 1. G has at most one component of order larger than 2.

Proof of Claim 1. Suppose, to the contrary, that G has two components of order
larger than 2, denoted by H and H; (see Figure 3 (c)). Let 2,y € V(H,) and
z € V(H,) such that dy, (y) = dy,(2z) = 2 and z is adjacent to y in H;. Pick
S = {z,y,z}. Clearly, dg(y) =n—-1—-dg(y) =n—-1—-dy,(y) =n-3.
The same is true for z, that is, dg(z) = n — 3. This implies that 6(G) < n — 3.
Since all components of G are paths or cycles, §(G) > n — 3. S0 6(G) = n—3
and dg(y) = dg(z) = 6(G). Since yz € E(G), by Lemma 1 it follows that
#3(G) £ §(G) — 1 = n — 4, a contradiction.

Claim 2. If H is a component of G of order larger than three, then G =
Pyu ('n - 4)K 1.

Proof of Claim 2. Assume, to the contrary, that H is a path or a cycle of order
larger than 4, or a cycle of order 4, or H is a path of order 4 and there exists
another nontrivial component in G.

Suppose that H is a path or a cycle of order larger than 4. We can pick
a Psin H. Let Ps = vy,v,,v3,v4,05, S = {wg,v3,vs} (see Figure 3 (d)).
Since vov3, v3vg ¢ E(G[S]), there exists no tree of type I connecting S. From
Observation 1, each tree of type II uses at least 3 edges. Since |E(G[S]) U
Eg[S,5)| = 3(n — 3) — 1, we have | T5| < 32=3=L and |T| = |T3| = n — 4
since k3(G) is an integer. This contradicts to £3(G) =n — 3.

Suppose that H is a cycle of order 4. Set H = v,, vy, v3,v4 be a cycle, and
S = {vg,v3,v4} (see Figure 3 (e)). Since vpv3,vavy ¢ E(G][S]), there exists
no tree of type I. Since each tree of type I uses at least 3 edges by Observation
1 and |E(G[S]) U Eg[S, 5]| = 3(n — 3) — 1, we have [T| < 32=3=1 and
|7} = |72| = n — 4, which also contradicts to £3(G) =n — 3.

From the above arguments, we assume that H = P; = v,vav3vy is a path
of order 4 and there exists at least one edge in G, say e = u;us. Choose S =
{ve,v3,u1} (see Figure 3 (f)). We claim that there exists one tree of type I.
Otherwise, all trees are trees of type /1. Since each tree of type I1 uses at least 3
edges by Observation 1, |E(G|[S]) U Eg[S, 5]| = 3(n — 3) - 1, we have |T| =
72| £ L"’;-ﬂ Then £3(G) < n — 4, a contradiction. So 7] = vou; U vau is
atree of type I. Since k3(G) = n — 3, there are n — 4 trees of type I connecting
S. Set Gy = G\ E(T1). Thendg, (v2) = dg, (va) = dg, (u1) = n — 4 and each
edge incident to v or vz or u; must belong to a tree of type JI. By the definition
of internally disjoint trees, each tree of type I uses at least one vertex of S. One
can see that there exist at most n — 6 trees such that each tree uses exact one vertex
of 5. Then each remaining tree uses at least two vertices of 5. So there exist at
most nn — 5 trees connecting S, a contradiction.

Claim 3. If H is a component of G of order 3, then G = C3 UiP U (n —
2i —3)K; (i=0,1)orG = P3UiP,U(n—2i - 3)K, (i =0,1).

We only consider the case that H = P3. If H = P; = v,vqvs, then each
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of the other components are independent edges. We claim that G contains at
most 2 independent edges except H, say e; = ujus and e3 = wiw,. Choose
S = {vg,u3, w1} (see Figure 3 (g)). Similar to the proof of Claim 2, there
exists one tree of type I, say T1. If T} = vau; U vaw), thendg,(v2) = n —5
where G; = G\ E(T}) and there exist at most n — 5 trees connecting S in Gy,
which implies that £3(G) < n — 4, a contradiction. So 77 = wyu; U vaw; or
To = voup U vyw,;. Without loss of generality, let T} = wjuy U vow;. Set
Gy = G\ E(Ty). Then dg,(w;) = dg,(v2) = n — 4 and each edge incident to
w; or v must belong to a tree of type II. By the definition of internally disjoint
trees, each tree of type IT uses at least one vertex of 5. One can see that there
exists at most . — 7 trees such that each tree uses exact one vertex of S. Then
each remaining tree uses at least two vertices of S. So there exist at most n — 5
trees connecting S, which contradicts to kK3(G) =n — 3.

From the above arguments, we can conclude that G = P, U (n — 4)K; or
G = P;UiPU(n—2i-3)K, (i =0,1)or G = C3UiP,U(n—2i—3)K; (i =
0,)orG=rPU(n—2r)K, (2<r < |}]).

Necessity. We show that k3(G) > n — 3 if G is a graph such that G =
P4U(n—4)K1 orG = P3U‘iP2U(’n—2'i—-3)K1 (i=0,1) orG = C3UiPU
(n-2i—3)K1(i=0,1)or G=rPU(n—2r)K; (2 <r < |%]). We have
the following cases to consider.

Casel. G=rP,U(n—2r)K; 2 <r < |}]).

We can regard the graph G as a graph obtained from the complete graph K,
by deleting an edge set M, where M is a matching of K,,. We only need to prove
that £3(G) = n — 3 when M is a maximum matching of K,,. Let S = {x,y, z}.
Since |:S| = 3, S contains at most a pair of adjacent vertices under M.

If S contains a pair of adjacent vertices z and y under M, then the trees
T; = w;zUw;yUw; z together with T,,_3 = zyUyz form n— 3 pairwise internally
disjoint trees connecting S, where {wy,ws,-- ,wn_4} = V(G) \ {z,¥, 2,2}
such that 2’ is the adjacent vertex of z under M if z is M-saturated, or 2’ is any
vertex in V(G) \ {z, y, 2} if z is M-unsaturated. If S contains no pair of adjacent
vertices under M, then the trees T; = w;zUw;yUw;z together with T,,_s = yzU
zy'Uy'zand T, 4 = yz'Uzz’'Uzz and T, 3 = z2yUy2z'U2'z form n—3 pairwise
edge-disjoint S-trees, where {wy, w2, ,wn-6} = V(G) \ {z,v,2,2",¥',2'},
z',y', 2’ are the adjacent vertices of z, y, z under M, respectively, if z, y, z are all
M -saturated, or =, 3’ are the adjacent vertices of z, y under M, respectively, and
2’ is any vertex in V(G) \ {z,y, z,z’,y'} if z is M-unsaturated.

From the arguments above , we know that x(S) > n—3 for S C V(G). Thus
k3(G) > n—3. From this together with Theorem 4, we know that k3(G) = n—3.

Case2. G=C3UiP,U(n—-2i-3)K, (i=0,1)orG = P3UiP,U(n -
2i —3)K; (i=0,1).

We only need to check that k3(G) > n—3 for G = C3 U P, U (n — 5)K.
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Let C3 = v1,v3,v3 and P» = ujuy, and let S = {z,y, z} be a 3-subset of G.
If S = V(C3), then there exist n — 3 pairwise internally disjoint S-trees since
each vertex in  is adjacent to each vertex in G \ S. Suppose S # V(Cj3). If
|§ N V(Cs)| = 2, without loss of generality, assume that z = v; and y = va.
When SNV (P,) # 0, say z = u;, the trees T; = w;z U w;y U w;2 together
withT,_4 = zzUyz and T},_3 = zup Uugus U zv3 U upy form n — 3 pairwise
internally disjoint trees connecting S, where {wy,ws, -+ ,wp-5} = V(G)\
{z,y, z,u2,v3}. When SNV (P;) = 0, the trees T; = w;z U w;y U w;z together
with T}, _3 = zz U zy are n — 3 pairwise internally disjoint trees connecting S,
where {w;,w,--- ,ws} = V(G)\ {z,9,2,v3}. If |SN V(C3)| = 1, without
loss of generality, assume z = v;. When |[SNV(P,)| = 2, say y = u; and
z = ug, the trees T; = w;zUw;y Uw; 2 together with T,,_4 = z2UvezU vy and
Th—3 = zy U yvs U zv; form n — 3 pairwise internally disjoint trees connecting
S, where {wy, wa, - - ,wa—5} = V(G)\ {z,9, z,v2,v3}. When SNV(P;) =1,
say u; = v, the trees T; = w;z U wyy U w; 2z together with T,,_s = 22 U 2y
and T,y = zug Uugua UvgyUwozand T,,_3 = zyUyvs Uwvzz aren — 3
pairwise internally disjoint trees connecting S, where {wy,ws, + ,Wn_¢} =
V(G)\{z,y, z,v2,v3,u2}. When |SNV(P2)| = @, the trees T; = w;xUw;yUw;z
together with T),_4 = xzU zyand T,,_3 = zy U yv3 U zv; form n — 3 pairwise
internally disjoint S-trees, where {wy, w2, - ,wn-5} = V(G)\{z, ¥, 2, v, v3}.
If SNV(C3) = @, when |[SNV(P)| = 0or [SNV(P)| = 2, the trees
T: = wyz U w;y U w;z form n — 3 pairwise internally disjoint S-trees, where
{wi,ws, - ywn-3} = V(G)\{z,y, 2}. When SNV (P,) = 1, say u3 = z, the
trees T; = w;z U w;y U w; z together with T,,_3 = £z U zy form n — 3 pairwise
internally disjoint S-trees, where {wy,ws, -+ ,wa—4} = V(G) \ {z,¥, z,u2}.

From the above arguments, we conclude that x(S) > n — 3 for § C V(G).
Thus k3(G) = n — 3. From this together with Theorem 4, k3(G) = n — 3.

Case3. G = P, U (n - 4)K;.
This case can be proved by an argument similar to Cases 1 and 2. O

Remark 2. In this paper, we characterize graphs with x3(G) =n—2,n—3.
There exists an interesting problem: To characterize graphs with x3(G) = 1.

Acknowledgement: The authors are very grateful to the referee’s comments and
suggestions, which helped us a lot to improve this paper.
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