HIGHER-ORDER CAUCHY OF THE SECOND KIND AND
POLY-CAUCHY OF THE SECOND KIND MIXED TYPE
POLYNOMIALS

DAE SAN KIM AND TAEKYUN KIM

ABSTRACT. In this paper, we investigate some properties of higher-
order Cauchy of the second kind and poly-Cauchy of the second
mixed type polynomials with umbral calculus viewpoint. From our
investigation, we derive many interesting identities of higher-order
Cauchy of the second kind and poly-Cauchy of the second kind mixed
type polynomials.

1. INTRODUCTION

For A € C with A # 1, the Frobenius-Euler polynomials of order «
(a € NU {0}) are defined by the generating function to be

) 1-2 ae"=iﬂ(“) @V, (see [2, 4, 5, 6, 13])
P 2 n nl’ 1 % 9y Oy .

As is well known, the Bernoulli polynomials of order a € N U {0} are also
defined by the generating function to be

—_ zt )yl
@) (ez_l) e n§=0:3n (@)=, (see [1,2,4,7, 8)).

When z = 0, B{*) = B{*(0) are called the Bernoulli numbers of order a.
The Stirling number of the first kind is defined by

B) @r=z(z-1)---(z—n+1)= Zn:Sl(n,l)x‘, (ne Nu{0}).

=0
From (3), we note that
™ —m! — = —_—
(4) (log(1+z)) m.gnsl(l,m) i §(1+m)!sl(l+m,m)x .
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It is known that the Stirling number of the second kind is given by

(5) (¢ m! Z SZ(I + ™) o, (m e NU{0}), (see [14, 15]).
l=m
The poly-logarithm factorial function is defined by

o0

(6) Lifi(z) = % T (k€ Z), (see |9, 10, 11]).

The poly-Cauchy polynomials of the second kind is given by

o m
(1) Life(~log(1+2) (1 +t)"= C,(,")(x)m, (see [10, 11, 12]).
n=0 :
and the Cauchy numbers of the second kind with order r (r € NU {0}) are
defined by the generating function to be

t
(8) ((1+t)log(1+t) ZC nt , (see [10, 11, 12)).

Now, we consider the polynomials Aff’k)(a:) whose generating function is
defined by

r o0 n
® ((1 oo t)) (- logt+5) {1497 = ,;,A&’k)%?’
where 7 € NU {0} and & € Z.

AP (z) are called higher-order Cauchy of the second kind and poly-Cauchy
of the second kind mixed type polynomials. When z = 0, A7"F) = (%) (0)
are called the higher-order Cauchy of the second kind and poly-Cauchy of
the second kind mixed type numbers.

Let F be the set of all formal power series in the variable ¢ over C as follows:

k
-t—akGC}.

(10) .F={f(t)=zakk|
k=0

Let P = Cjz] and let P* be the vector space of all linear functionals on P.
(L|p(z)) denotes the action of the linear functional L on the polynomial
p(z), and the vector space operations on P* are defined by (L + M|p(z)) =
(L|p(zx)) + (M |p(z)), (cL|p(z)) = ¢(L|p(z)), where c is a complex constant.
For f(t) € F, let (f(t)|z™) = an. Then, by (10), we see that

(11) (t*|z™) = nlé,k, (see [14, 15]),
where 4, . is the Kronecker’s symbol.

Let us assume that f1(t) = E,‘:":O(le");—';. By (11), we see that {f(t)|z") =
(L|z™). That is, f(t) = L. Additionally, the map L — f1(t) is a vec-
tor space isomorphism from P* onto . Henceforth, F denotes both the
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algebra of the formal power series in ¢ and the vector space of all linear
functionals on P, and so an element f(t) of F will be thought as a formal
power series and a linear functional. F is called the umbral algebra. The
umbral calculus is the study of umbral algebra.

The order of the power series f(t)(# 0) is the smallest integer for which ax
does not vanish. The order of f(t) is denoted by O (f(t)). If O (f(¢)) =0,
then f(t) is called an invertible series. If O (f(t)) = 1, then f(t) is said to
be a delta series.

For f(t) € F and p(z) € P, we have

(12) f(t)-g)(f(t)lw") o PlE) = k_zomp(x o7» (see [14)).

Thus, by (12), we get
(13)

O Z“"p EDait, p(0) = (Hp(a) = Al (o).

From (13), we note that
(14)  t*p(z) = p®(z), e¥'p(x) =p(z+y), (*|p(z)) =p(y)-

For O(f(t)) = 1, O(g(t)) = 0, there exists a unique sequence s,(z) of
polynomials such that (g(t)f(t)*|sn(z)) = nlénk, for n,k > 0. The se-
quence s,(z) is called the Sheffer sequence for (g(t), f(t)) which is denoted

by sa(z) ~ (9(2), £(2)).
Let p(z) € P and f(t) € F. Then we see that

(15) (F(®)lzp(z)) = (Be S (B)Ip(z)) = (f'()Ip(z)), (see [14]).
For s,(z) ~ (g(t), f(t)), we have the following equations:

n 1 _ L N ;
(16) sn(x>=j2=joﬁ(g(f(t)) L(eY]an) =

where f(t) is the compositional inverse of f(t) with f (f(t)) =

(17) (f(t)) e=f) = an(z) P for all z € C,
n=0
. (n
(18) sn(z+w)=)_ (k) 8k(2)pn—k(y), where pn_(y) = g(t)sn-x(v),
k=0
and
19) )\ 1
Sny1(z) = ( g((t))) f,—(t)sn(a:), f(t)sn(z) = nsp_1(z), (see (3, 5,9, 14)).
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For sp(z) ~ (g(2), £(t)), rn(z) ~ (h(t),I(t)), we have

(20) sn(x) = i Cﬂ,mrm(x)’
m=0

where

1 [r(f®)
(21) Cnm = — < (f(t))l(f(t))

>, (see [14]).

In this paper, we consider higher-order Cauchy of the second kind and poly-
Cauchy of the second kind mixed type polynomials and we investigate some
properties of those polynomials with umbral calculus viewpoint. From our
investigation, we can derive many interesting identities related to higher-
order Cauchy of the second kind and poly-Cauchy of the second kind mixed
type polynomials.

2. HIGER-ORDER CAUCHY OF THE SECOND KIND AND POLY-CAUCHY OF
THE SECOND KIND MIXED TYPE POLYNOMIALS

From (3) and (17), we note that A" () is the Sheffer sequence for the
r

pair ((;E—e_'—l) mf(-_—t—,e‘ - 1). That is,
- tet \" 1

(1K) () ~ £ _
(22) AR () ((e‘—l) Lifk(—t)’e 1).
Komatsu considered the number A", which was denoted by Tr(f_)l (n) (see
[10 — 12)).
By (22), we easily see that

tet \" 1 -
(rE) (1) ~ t_

(23) (et — 1) I A @) (1,et-1),

and we see that (z), ~ (1,e —1). :
From the uniqueness of Sheffer sequence, we note that
(24)

(etti 1) szkl( —t)n A(r'k) (z) = (z)n = ,.,;)Sl(n’ m)z™ (1, et — 1) .
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By (24), we get

(25)
49 = (552) Bint-t@n = 3 simm) (551) Lisut-a
m=0
_ n —t)l
mZ_:oSl(" m)( ) Z:u(z+1)k"”
_ = ( 1) (m)l e~t—-1 m—
_mz—‘;Sl(n,m)Z l'(l+1)k ( — ) T !
i 1
= Z_:osl(n m)z (l‘(l L(;’S,):

m-!

x z + )|Sz(a+r,r)( Z1)2(m = D)ag™1=

SRS Vv
=3 > (l)mmsl(n »m)Sz(a+r,r)(—z)" "¢

(m—-l:g-}-r) (l + l)k

n n m-—j m—!
=Z{ >y (l)( i) Sl(n,m)Sz(m-l—j+r,r)}(-—x)".

Therefore, by (25), we obtain the following theorem.

Theorem 1. For n,r >0, k € Z, we have

o @
e = 30 2 E "

j=0 \ m=j =0

x Si(n,m)Se(m —l—j + 7, r)}(—a:)j.
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From (16) and (22), we note that

(26)

ATR) ()

-_-i_l. ( t )rLifk(—log(1+t)) (log (1 +t))’ z">:z:j
~ ! \\(1+¢)log (1l +¢)

n n—j

- Z_ll. (l+J)'Sl(l + 5, 5) (M)t s

0
t T
x<((1+t)log(1+t)) Lifi (—log (1 +1))

LX)
~

z"""> 27,

and

(27) <((1 ) l(:g T t))’ Life (log (1 +1)) xn_z_j>
_ Z A(r»k) (a1t
- Zf_';z,..

By (26) and (27), we get

n n—j
(28) AT (z) = Z {Z ( )s,(l + j,J)AS_’?_J} !

I=
= Z{Z ( ) n—1 J)A"""}
j=0
Therefore, by (28), we obtain the following theorem.
Theorem 2. Forn,r > 0 and k € Z, we have

n n—j
ArP@) =3 {Z ('[) S1(n - z,j)AY'k’} 27
j=0 \I=0

It is known that

t " z—1 k—n+1)
(29) (Bg(l—+t)) (1+¢) l;)Bk (z )k| :
In particular, for z =1 — r, n = r, we have
i T e (k—r+1) tk
(30) ((1+t)log(1+t)) =,§B’° =)



By (26) and (30), we get

(31)
o0 Bga—f-f'l)(l _ "')

; n n—j n
A=) =33 (z +j)sl(l R

=0 1=0 a=0
x (Lify (—log (1 +1)) |t2z™~!=7) 27

n—l-j

n n—j n .
= . (a_r+1) B 1 .
,-;o;(l+j)sl(l+1’3) Z B; (1 r)a!(n 1=

a=0

x (Lify, (—log (1 +1)) |z"~t=7-2) 27

3j=0 \ I=0 a=0

x G _,_a}mj,

n—j
where C‘,(,k) are the poly-Cauchy numbers of the second kind.
Therefore, by (31), we obtain the following theorem.
Theorem 3. Forn,r > 0 and k € Z, we have

n n—jn—j-=l i
i =355 (7)1 s aamea

j=0 \ I=0 a=0

By (29), we easily see that

=]

t ot
(32) A+t)log(1+1) 2 BU

n=0
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Thus, by (26) and (32), we get

(33)
Ay —Jz_;g(,ﬂ)sl(m,n

X <Lif;c (—log(1+ t)), ((lT)lotg(—1+t))rxn-‘_j> z7
n n-jn-j-1 .
X P R [ EXIEP

J=0 \ {=0 a=0 a;+:--+ar=a

-

. k :

X (H Bg‘:‘)) Cr(;-)J-t-a}-""]'
1=1

Therefore, by (33), we obtain the following corollary.

Corollary 4. Forn >0, r€ N and k € Z, we have

() = Z{ZZ R O [ Gl [

j=0 \ l1=0 a=0 ai1+:-+ar=a

X S1(l45.3) (HB““’) o, ,}x:

From (18) and (19), we can derive

(34)
AP E+y) =Y (?) A @)Wn-ir (¢ = 1) APP(2) = nATR(z).

=0

By (19) and (22), we get

(35)
] ) n m m-=l 1 m-—a m—1{
AL(z) = 2 AT (z - 1) ’”; g a(+2)(a+(1;((l+1))"sl(n’m)

x BU) (3 g 2": fj ;limz(m S1(n,m)B7 (1 - ).
m=0a=0



From (11), we note that
(36)
b - (3

o)

=<( t ) Lifi (~log (1 4+ ) (1 +)¥

m=0

a:">
:z::t"‘1> .

xn—1>

(1+¢)log (1 +1)

t T
N <((1+t)log(1+t)) Lifi (—log (1 +1t)) (1 +¢t)Y

By (15) and (36), we get
(37)

Al (y) = ) Lifi (—log(1+¢t)) (1 + t)y)

a‘ (1 +t)]og(1+t)

<(a a +t)log(1 +t)) ) Life (—log(1+1¢)) (1 +1)* x"‘1>
+

(3: (Lifi (—log(1+1)))) (1 +1t)* z"">

mn-—l>

)

"L fi (=log (1 4+1)) (Be(1 + t)¥)

< (1+t)log(1+t)

1+t)log(1+t)
(y—1)

(a‘ (ramsg) ) e s

t T , ol e
+ <((1 TOle( t)) (O (Lifr (—log (1 +1)))) (1 + )Yz

Now, we observe that

l a1 a—1
(38) IOg (1 + t) —1 l Z ( 1) :L' - z ( 1) (l)a l—a

t2 pyard a-+2 a+2
l l-a-1
(-1) ( )
= (I — a)lz®.
a%(:) l—a+2
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By (38), we get

(39)
<(at ((1 +1) lcfg(l +t)) )Lifk (—log(1+¢t))(1+t)¥ xn—1>
r+1 _
=T<((1+t)lct*g(l+t)) log(lz;t) tLifk(—log(1+t))(1+t)y

= r"i (—1)':“_(7;: — 1)! (n - 1)

:c""1>

a
a=0

t r+1 . ,
x<<(1+t)log(1+t)) Lifi (—log (1 +1)) (1+1¢)

=r Z ()"t —e - 1) (n; 1)A£r+1,k)(y)

a=0 n—a+l1
n-1

1a+1| n—1 .
Z( a)-i-2a( ) $1+1k)()

a

It is not difficult to show that
(40)

(Life (—log (1 +1))) = Lifi1 (= log(:(ll:t;)l)og_(f:fkt)( log (1 +1))

By (40)1 we get
(41)

<((1 +t) hjg 1+ t)) (BeLifr—1(—log(1+1¢)))(1+¢)Y xn—1>

_ ( t )T Lifr—1(—log(1+1¢)) — Lifi (—log (1 +1))
A\ +¢t)log(1+1) (1+t)log(1+1)

1
V| _¢pn
X (1+1) nt:r

= % (A&rﬂ,k—l)(y) _ ATS,H'I"‘)(y)) .

Therefore, by (37), (39) and (41), we obtain the following theorem.



Theorem 5. Forn>1,r,k € Z withr > 1, we have

- . 1 e+1,1 -1
AR (@) = 27 (2 — 1)+r23( a( a )5313“’
a=0

1 /-
o (r+1,k-1) _ A(r41,k)
+ - (An (z) — AC (z)) .

Now, we compute the following equation (42) in two different ways:

t -
(42) <<(1+t)10g(1+t)) Lify (—log(1+t)

On the one hand,

(43) <((1 ) : )rLifk (—log (1 +1t)) (log (1 +¢))™

mn—l—m>

log (1+1t)
n—m !
=§E%memmmm

¢ T
x <((1+t)log(l+t)) Lifi (—log (1 +1))

n—m n -( x
B g ™ (l + m) Sit+mmA,

n—m

= Z ml! (7) Si(n — l,m)fil(r’k).

=0

On the other hand, (42) is

.

’ Lifi (—log(1+1t))(log(1 + t))"')

(44)
< 1+¢) log(l + t)) Lify (~log (1 +1)) (log (1 +¢))™ ez

zn—l>

< (1+t)log(1+t))
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t A m
- <(a ( T +t)) )szk (~log (1 +1)) (log (1 + )

t r ) .
* <((1 Fh)log (1 + t)) (@:Lifi (~log (1+1))) (log (1 + £))

.
-
)

xn—l

* <((1 ) l;g(l n t)) Lifi (~log (1 +1)) (8 (log (1 + t))™)

Here, we observe that

(45)
t T . m
<(6, <(1 TDTee( +t)) ) Lif (—log (1 +t)) (log (1 +¢))
=r<( ¢ )r“ log(14+8) =t e (“log(1+2)

xn—1>

(1+¢t)log(1+1) 2

zn—l>
ml

=r Z msl(l +m,m)('n - 1)l+m

x (log (1 +1))™

n-m-—1

1=0
n—-l-m-—| —l-m-1
(=1)**1al (") ek
X Z P At a1
a=0
=7 n_in:_l n—lz_i‘_m (=1)**alm! (n - 1) (n ~l-m- 1)
=0 a=0 a + 2 l + . a
x S1(l +m, m)-‘igjll_’fr)t_a_p
and
(46).

<<(1+t) lcfg(l +t)) (BeLif (~log (1 +1))) (log (1 +¢))™ :r,"_1>

_ < ( t ) (Lz‘fk_l (log(1 +1)) - Lify (~log(1 + t)))
(1+t)log(1+1) (1+t)log(1+1¢)
xn—1>

x (log (1 +¢))™




n—m-—1

1 alr N L T
= ) (g.,. )'51(l+mm)(n 1)l+m'—l'71‘(‘4$zjll—’:n Y Asljxl-g)

=0
_"’i"l ("= Sil+m m)( ALY A(Hl'k))
T 4 n-l-m z+ R S

Finally, we easily see that

(47)
<(__t___) "Lifi (~log (1 +1)) (3

)

: ' . - m-1
=m<(m) Lifi (—log (1 +12)) (1 + )~ (log (1 + 1))

(1+t)log(1+1¢)

zn—l>

mz(l 1)|Sl(l+m 1,m=1)(n - Digm-147%_(-1)

n-—-m

=Y m ( : 1)51(l+m— 1,m- 1A (-1).

=0

Therefore, by (43), (44), (45), (46) and (47), we obtain the following theo-
rem.

Theorem 6. Forn—1>m > 1, we have

n—-m

Z (1;) Si(n - l’m)jfr,k)

=0

n-m=1in—i-m-1
(-netlal fn-1\(n-l-m-1 F(r+1,k)
=r 3 2 5 Gl o )SErmmAie

a=0

n—m-l
1 n (r+1,k—-1) F(r+1,k)
* ,Z n—l-m (z+ )S‘(Hmm) (AL - A750)

n-—

+ Z (t+ )sl(z +m—-1,m-1)A"_(-1).
For s,(z) ~ (g(t), f(t)), we note that

n-1
(48) d—i—sn(z) = Z (1;) (f-'(t)lx"-l) si(z)

=0
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From (22) and (48), we can derive the following equation (49):

n—1
B T

1=0

n—1 0 m
B £
- (z>——( SO

1=0

= (- 1)"n'z( 1)+ A(rk)( ).

t

For /is."’k)(x) ~ ((;“_—l)r T:(-—zi’et - 1), ,(.")(:z:) ~ ((#)s,t), let us

assume that

(50) AR (z Z Cn,mBY)(z), (r,s€N).

m=0
By (21), we get
(51)

1 t T t i
C"""=‘1m<((1+t)log(1+t)) (log(1+t)) Lifi (~log(1+1))

:1:">
n—-m

Z (l+ ),31(l+m ym)(N)i4m

x (log (1 +t)™

In—l—m>

t r+s . .
><<((1+t)1og(1+t)) Lifi (—log(1+1))(1+¢)
5~ n-l—m>

= Z ( n )Sl(l +m,m) <ZA(1‘+3 k)(s)
Therefore, by (50) and (51), we obtain the following theorem.

a=0

T L (l)sl(n—l,m)x‘iz(”"k)(s)'



Theorem 7. Forn >0, r,s € N, we have

AH@) =Y {f:n (',‘) Si(n~ z,m)ﬁ,‘”‘""’(s)} B (z).

m=0 \ I=0

For A0P(2) ~ () zzkmmoet - 1) HOG) ~ (($32)0¢), et

us assume that

(52) ATRN(z) = Y CoamHY) (z|)),

m=0

where A\ € Cwith A#1,rnse Nand k€ Z.
From (21), we have

(53)

1 t T . t s
C"’m=m<<(1+t)log(l+t)) Lifi (-log (1 +t)) (1+m)

:L'">
n—m

Z (l+ ),Sl(l*‘m’m)(")wm

x (log (1 +¢t))™

1
=ml

. t ° n—l-m
< (1+t)log(1+t)) L’f"(_bg(l”))(l'*'i—_,\) z"! >

E(aornn E () o-rom

l= a=0
xn—l—m—a>

* <((1 +t)log (1 +t)) Lifi (—log(1+1))

n‘;( )sl(z+m,m)n—§l‘_—,m( )( ! ) (n—1—-m) AR

a=0

-m 1
- "z Z (a)( )a —1 m)A(T.k).
1=0 a=0
Therefore, by (52) and (53), we obtain the following theorem.

Theorem 8. Forn>0,7,s €N, k€ Z and A € C with A\ # 1, we have

Arhi(z) = z{'i"z(") DG 5,6 lm)A‘“‘"}Hﬁf’ (=12).

m=0 \ I=0 a=0
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Let us consider the following two Sheffer sequences:

i@~ ((#55) T -1)

and N
@)n =) Si(n, )z’ ~ (1,e' = 1).
1=0
Suppose that
(54) AR @) =" Com(@)m.
m=0
By (21), we get
(55) Crym = (n>/153'31-
m
Therefore, by (54) and (55), we get
A (k) = - Y G(nk)
(56) A = 3 () A @,

where r,n >0 and k € Z.
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