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Abstract

Let G be an edge-colored graphs. A heterochromatic path of G
is such a path in which no two edges have the same color. Let g°(G)
and d°(v) denote the heterochromatic girth and the color degree of
a vertex v of G, respectively. In this paper, some color degree and
heterochromatic girth conditions for the existence of heterochromatic

paths are obtained.
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1 Terminology and Introduction

We only consider finite undirected simple graphs. Any undefined notations
follow that of Bondy and Murty [1). We use V(G) and E(G) to denote the
vertex set and the edge set of a graph G, respectively. An edge coloring of
G means a function C : E(G) — N, the set of natural numbers. If G is
assigned such a coloring, then we say that G is an edge colored graph. De-
note the edge colored graph by (G, C), and call C(e) the color of the edge
e € E. A heterochromatic(rainbow, or multicolored) path of G is such a

*Corresponding author: Shuo Li, mail address: Department of Mathematics, Changji
University, Changji, P. R. China, 831100, E-mail: lishuo@mail.sdu.edu.cn.

tThis work is supported by research grants from the distinguished young scholars
of Shandong province(No. 2007BS01021); and also by Changji University fund from
Xinjiang province(No. 2008YJYBG09).

ARS COMBINATORIA 116(2014), pp. 171-176



path in which no two edges have the same color. A cycle in an edge colored
graph is called heterochromatic if any two edges have distinct colors. The
heterochromatic girth of G is the length of a shortest heterochromatic cycle
in G, and we denote the heterochromatic girth of G by g°(G). For a vertex
v of G, we say that color ¢ is represented at vertex v if some edge incident
with v has color i. The color degree d°(v) is the number of different colors
that are represented at v, and the color neighborhood CN (v} is the set of
different colors that are represented at v. A maximum color neighborhood
N¢(v) is a color neighborhood of v with maximum size. Let P be a path,
if u and v are two vertices on a path P, uPv denotes the segment of P
from u to v, whereas vP~1u denotes the same segment but from v to u. A
z-path is a path with 2 as one of its end-vertices. For a vertex v € V and
a subgraph H of G, the neighbor set of v in H, Ny (v) , is defined to be
the set of vertices of H adjacent to v, and the degree of v in H, dy(v), is
defined as the size of Ny (v).

In the middle of last century, many important theorems on long path
and long cycles were given. Note that G contains either & Hamilton cycle or
a cycle of length at least ¢, which implies that G contains either a Hamilton
path or a path of length at least ¢ — 1.

In 1952, Dirac showed the degree condition for a given graph G con-
taining a path.

Theorem 1.1 (7] For a given graph G and a given integer d, if d(v) > d
for every vertex v of G. Then G contains a path of length at least d.

In 1963, pésa studied the parameter for every pair of nonadjacent ver-
tices in G to obtain sufficient conditions for various kinds of cycles. The
following conclusion is obtained.

Theorem 1.2 [9] For a 2-connected graph G and a given integer ¢, if
d(u) + d(v) > ¢ for every pair of nonadjacent vertices u and v in G, then
G contains either a Hamilton cycle or a cycle of length at least c.

In recent years, the research on long heterochromatic paths and long
heterochromatic cycles has become an important domain. There are many
existing literatures dealing with the existence of paths and cycles with
special properties in edge colored graphs. In [4], Chen and Li showed that
for an edge colored graph G with a k —good coloring, i.e., d°(v) > k for any
v e V(G), if 3 <k <7, then G has a heterochromatic path of length at
least k—1, whereas if £ > 8, then G has a heterochromatic path of length at
least [2£]+1. In [5], Chen and Li studied the long heterochromatic paths in
heterochromatic triangle free graphs. In [6], Chou, Manoussakis, Megalaki,
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et al. Showed that for a 2-edge colored graph and three specified vertices z,
y and z, to decide whether there exists a color-alternating path from z to y
passing through z is NP-complete. In [8], Li and Wang investigate the long
heterochromatic cycles in edge-colored graphs. Thomason and Wagner [10]
showed that for an integer t < 5, very few edge colorings of the complete
graph k, using at least ¢ colors contain no rainbow path Pj;.

In 2005, Broersma, Li, Woeginger, et al. Studied long heterochromatic
paths in edge colored graphs, and obtained the following results.

Theorem 1.3 [2] For an edge colored graph G and an integer k, if d°(v) >
k for every vertex v of G. Then for every vertex z of G there exists a
heterochromatic z-path of length at least ["—;’l]

Theorem 1.4 (2] For an edge colored graph G and an integer s, if |CN(u)U
CN(v)| 2 s > 1 for every pair of vertices u and v of G, then G contains a
heterochromatic path of length at least [§] + 1.

Very recently, Chen and Li (3] proposed the following Conjecture.

Conjecture 1.5 [3] Let G be an edge colored graph and & > 3 is an
integer. Suppose that d°(v) > k for every vertex v of G. Then G has a

heterochromatic path of length at least & — 1.

In this paper, based on conjecture 1.5, we conclude the following result.

Theorem A. Let G be an edge colored graph with ¢g°(G) > k + 1, where
k > 3 is an integer. If d°(v) > d for any vertex v € G. Then G has a

heterochromatic path of length at least [kﬁf—l]

In Section 2, we will prove some lemmas that will be used in this proof
of our main result. In Section 3, we will prove Theorem A.

2 Lemmas

Lemma 2.1 Suppose G is an edge colored graph with g¢(G) > k + 1,
where k > 3 is an integer, and P = upu; ... is a heterochromatic path
of length I. If two edges uou; and wou; (k < i<i+k-2<j <)
exist and their colors are distinct and do not appear on the path P. Let
G = G[{uo,u,-,u,~+1, . ,Uj}], then ch,(uO) <j—i-k+3.

Proof. First let N& (uo) = {uy, = ©i,%y,,...,Uy,_,,Uy, = u;j, where ¢
1 < Y2 < ... <y = j} be a maximum color neighborhood of ug
(G',C). We need to show that there exists s such that u,,,, — u,,
k-1, where 1 < s < t—1. Otherwise, we can assume u,,, , — Uy,
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k—2foralll <s<t—1. Since g°(G) > k+ 1, it is easy to see that
g°(G’) 2 k + 1. Since the cycle ugu,,_, Puy,ug is not heterochromatic,
by C(uy,uo0) ¢ C(P), we can conclude that C(uouy,_,) € C(uy,_, Puy,).
Similarly, the cycle uouy, _, Puy,_, ug is not heterochromatic, we must have
C(uoum-z) € C(uyc-zpuve—l)'

In the same way, we can get, orderly, C(uouy,) € C(uy,Puy,,,), 1 < s <
t — 1. Then the cycle uguy, Puy,ug is heterochromatic and length at most
k, a contradiction. This implies that there exists s € {1,2,...,¢t — 1} such
that u,,,, —uy, >k — 1. Then we get that d%,(u) <j—-i—-k+3. O

In a similar way, we can get the following property.

Lemma 2.2 Suppose G is an edge colored graph with g¢(G) > k41, where
k > 3 is an integer, and P = wou; ... is a heterochromatic path of length
l. If the edge upu; exists and its color does not appear on the path P. Let
G' = G[{uo,u1,uz,...,u;}] and k < i < I, then d%, (ug) <i—k+2.

Now we can state our main theorem.

3 Proof of Theorem 1.3

Proof. First suppose P = ugujus ... is one of the longest heterochro-
matic paths in G, then CN(ug) € C(P)U {C(uouy,),i = 1,2,...,s} and
{C(uouz,)si = 1,2,...,s\C(P)| = s, CN(w) C C(P) U {Cluy,w),i =
1,2,...,t} and [{C(uy,w),i=1,2,...,t}\C(P)| =t, where k < z; < z3 <
<2, L0y <y <...<y <Il-k Since g°(G) 2 k+1, i.e,
there exists no heterochromatic cycles of length k in G, we have z; > k,
Tig1 > zi+k-2,fori=12,...,s- Ly <l-k yj;1>y; + k-2 for
i=12,...,t-1

By Lemma 2.2, we have that

{C(uouz), C(uous),...,Cluouz, ) <71 -k + 1.

We can also get from Lemma 2.1 that forany 1 <i<s-—1,

H{C(uotz,+1), C(uouz,+2), - - -y CtoUz,yy -1), CUoUz )} < Tigr—zi—k+2.
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So

H{C(uou1), C(uouz), ..., Cluomi-1), C(uow)}|
< {Cluour)H + |{C(uou2),0(u0u3), -+« C(uotiz, 1), Cuouz, )}
+ |{C(u0uzl+l)s O(u0u1'1+2)1 ey C(uouzz—l)) C(uﬂuzz)}l
+ I{C(uouwz-l-l)! C(u0u$2+2)’ SRR} C(uou-’l‘s—l)v C(U'Ou:cs)}l
+... (1)
+ [{C(uouz,_,+1), C(uotz,_,+2); - - -, C(uouz, 1), C(uous, )}
+ [{C(uous+1), Cluottss2), - - - , Cluowui-1), Cluour)}|
Sl4(m—-k+)+(ze—z1—k+2)+(x3—22-k+2)+...+
+($s — Tg—1 —k+2)+(l—.’b'3)
=1-3s(k-2).

On the other hand, for any vertex v which is adjacent to uo but does
not belong to the path P, the color of the edge ugv is not same as the color
of the edge uy,uy; +1 for any 1 < j < t, for otherwise, vuoPuy,w P~ uy, 1
is a heterochromatic path of length I + 1, a contradiction. So we have
C}'IN(UO)\{C(Uoui) 11 <4 L1} C C(PI\{C(uy,uy;+1) : 1 < 5 < t}, and
then

|CN(up)\{Cluou;): 1 <i< i} <l-t. (2)
From Inequalities (1) and (2), we have

d |CN (o)
|CN(uo)\{Cluous) : 1 S i S I} + [{Cluows) : 1 <4 < l}| 3)

(I—t)+[l—s(k—2)] =2l —s(k—2) —t.

IAIN A

On the other hand, since the color degrees of the two vertices ug and
u; are both at least d, and because of the assumption that P is one of
the longest heterochromatic paths, we have that d°(ug) > d, d°(w) > d,
l+s>dand !+t > d, respectively. This implies that s > d — [ and
t > d— 1. Now we can get from Inequality (3) that

2—sk-2)-1t
—(@d-Dk-2)-(d-1)
—(d=D)(k-1) (4)
—dk-1)+1l(k-1)

I(k+1) —d(k—1).

A A
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So we have dk < I(k + 1), and | > [£%]. This proves Theorem A. O

The following is an immediate result of the preceding theorem.

4 Some results based on the Theorem

Corollary 4.1. Let G be an edge colored graph, and d°(v) > d for any
vertex v € V(G). If G contains no the heterochromatic cycles. Then G has
a heterochromatic path of length at least d.

Corollary 4.2. Let G be an edge colored graph with g°(G) > k+1, where
k > 3 is an integer. If d°(v) > d and d < k + 1 for any v € V(G). Then G
has a heterochromatic path of length at least d — 1.

References

(1] J.A. Bondy and U.S.R. Murty, Graph Theory with Applications,
North-Holland, Amsterdam 1976.

[2] H.J. Broersma, X. Li, G. Woeginger and S.G. Zhang, Paths and cycles
in colored graphs, Australasian J. Combin. 31(2005), 297-309.

(3] H. Chen and X. Li, Long heterochromatic paths in edge-colored
graphs, Electron.J.Combin.12(2005), § R33.

[4] H. Chen and X. Li, Color degree condition for long heterochromatic
paths in edge-colored graphs, Electron.J.Combin.14(2007), § R77.

(5] H. Chen and X. Li, Long heterochromatic paths in heterochromatic
triangle free graphs, arXiv:0804.4526v1 [math.CO] 29 Apr 2008.

[6] W.S. Chou, Y. Manoussakis, O. Megalaki, M. Spyratos and Zs. Tuza,
Paths through fixed vertices in edge-colored graphs, Math. Inf. Sci.
Hun. 32(1994), 49-58.

[7] G.A. Dirac, Some theorems on abstract graphs, Proc.London
Math.Soc. 2(1952), no.3, 69-81.

(8] H. Li and G. Wang, Color degree and heterochromatic cycles in
edge-colored graphs, Rapport de Recherche, 1460(2006), LRI, CNRS-
Université de Paris-sud, France.

[9] L. Pésa, On the circuits of finite graphs,Magyar Tud. Akak. Mat. Ku-
taté Int. Kozl. 8(1963), 355-361.

[10) A. Thomason and P. Wagner, Complete graphs with no rainbow path,
Graph Theory 54(2007), 261-266.

176



